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PREFACE 


This book is based on a preprint edition, An Introduction to Matrix- 
Tensor Methods in Theoretical and Applied Mechanics , which was issued 
on a more or less interim basis and has been used by the author in at least 
six of his graduate courses. The present book represents a complete 
rewriting and bringing up to date of the earlier work, in the light of 
classroom experience. The purposes of the text are: 

1. To introduce the engineer to the very important (and increasingly 
important) discipline in applied mathematics—tensor methods. Be¬ 
cause the author’s classroom experience has convinced him that the 
engineer can follow tensor theory most easily when it is presented in 
matrix form, this has been the method used in the text. 

2. To show the fundamental unity of the different fields in continuum 
mechanics—with the unifying material formed by the matrix-tensor 
theory. Too often the student loses sight of the real connections be¬ 
tween fields that we have artificially dccompartmentalized. A truer 
understanding of the important and basic segment of engineering— 
mechanics of continua—can be obtained, the author feels, when the 
various portions of this field are presented as part of the complete 
fabric. 

3. To present to the engineer modern engineering problems. For this 
reason, mathematical arguments have been kept to a minimum or 
avoided entirely where they would tend to add little to the physical 
understanding of the phenomenon being discussed. However, it 
should also be emphasized that the book is not to be thought of as 
nonmathematical. It requires of the student an understanding of 
differential and integral calculus, vector analysis, complex variable 
theory, mathematical analysis, and related topics usually considered 
to be the equipment of the graduate engineer or scientist. The 
fundamentals of matrix and tensor theory are covered in a form suf¬ 
ficient for the purposes of the text—and for additional advanced use 
as well. 

In the first chapter the fundamentals of matrix algebra and calculus are 
presented, as well as a brief review of vector analysis and the introduc- 
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tory complex variable theory. This coverage, together with the current 
undergraduate mathematical training of engineers, should be sufficient 
preparation. 

Chapter 2 presents the elements of tensor theory. The fundamental 
nature of the tensor is emphasized: the requirement that it behave in a 
certain manner under a transformation (rotation) of axes about the origin. 
The connection between the tensor and the matrix is brought out, and the 
groundwork in matrix-tensor analysis is laid. 

Curvilinear coordinates, one of the most useful and important topics in 
applied mathematics to the engineer, is discussed in Chapter 3. The entire 
development, presented in matrix-tensor form, leads to expressions which 
permit one to put all of the equations of mathematical physics in any 
orthogonal curvilinear form whatever. 

The remaining chapters indicate the applications of the theory to con¬ 
tinuum mechanics—to fluids and to solids. Chapters 4 and 5 give the 
theory and some applications in the mathematical theory of elasticity. 
The essential tensors are derived, and their position in the theory is 
described in detail. Chapter 6 presents a discussion of matrix-tensor 
methods as they occur in structural engineering. Chapter 7 presents the 
application of matrix-tensor methods to plate and shell theory; Chapter 8 
considers viscous flow phenomena, Chapter 9, plasticity. In all cases, the 
arguments and theory are presented from the matrix-tensor point of view', 
and the similarities (as well as essential differences) between the various 
fields are constantly brought out. 

Chapter 10 presents a subject that is based squarely upon the matrix- 
tensor theory and that crosses all the fields considered in the text (and 
others). A form of dimensional analysis is described that is based upon 
tensoral invariance arguments, enabling one to give, without derivation, 
the qualitative form of many of the equations of mathematical physics 
and hence engineering. 

A list of references to the standard works in the various fields considered, 
and to other special reports and books mentioned, is supplied. At the end 
of each chapter is a problems section. 

In the author’s graduate courses, he found it possible to complete essen¬ 
tially the entire book in a single three-hour-a-w ? eek semester. A graduate 
course in engineering mathematics was a prerequisite for this course. In 
his senior elective course the author was able to complete Chapters 1 
through 4 in a threc-hour-a-w f eek semester. As a senior course, it should 
be possible to present the entire text in two semesters. 

The author is indebted to Professor Francis Murnaghan whose inspiring 
lectures at Johns Hopkins University first introduced him to applied 
matrix-tensor methods. Professor Murnaghan’s textbooks have been re¬ 
ferred to liberally for basic source material. Several of the treatments 
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presented are those given by Dr. Murnaghan in his lectires. However, 
in the interests of engineering simplification, the author las taken some 
liberties in the form of presentation. If there are errors h this material 
as given here, the fault lies with the author. 

S. F. Borg 
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Chapter 1 


MATHEMATICAL PRELIMINARIES 


1-1 Introduction. In this chapter a brief treatment of matrix 
algebra is presented. In addition a discussion is given, in abbreviated 
form, of vector analysis and complex variable theory. The presenta¬ 
tion of the topics in this chapter is utilitarian in form and, insofar as 
the vector analysis and complex variable portions are concerned, it is 
more in the nature of a review and refresher of the introductory phases 
of these subjects. A knowledge of the material presented in this and 
the next chapter will give an adequate mathematical background for 
the later portions of the text. 


1-2 Definition of a Matrix. A rectangular array of m rows and n 
columns of numbers or other quant ities is called a matrix. We designate 
this matrix with a capital letter, as A , and show it in its expanded 
form as 



'«11 

«i 2 

«13' 

a 21 

a 2 2 

«23> 


( 1 - 1 ) 


In the above expression, a^ represents an element of the matrix. 
Note particularly that the subscripts of the elements carry a position 
significance. That is, the first subscript represents the row position of 
the element and the second subscript represents the column position. 

A matrix is not a determinant. 1 As a reminder of this, the enclosing 


1 More precisely: 

1. A determinant is a quantity associated with a square array of n 2 elements. Thus, 

I an «i2 I 

I <*21 ®22 I 

is also given by the quantity 011022 — 012021 . 

2. A matrix need not be square. It is simply a set of mxn elements in an ordered 
array. Thus 



does not imply any particular operation need be performed on the elements at } . 

Footnote continued on page 2. 
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bars are shown curved as against the ordinary usage of straight bars 
for the determinant. 

The number of rows in a matrix need not necessarily be the same as 
the number of columns. If the number of*rows does equal the number 
of columns then the matrix is a square matrix . 

A matrix which consists of elements in a single row is sometimes 
called a row matrix. If the elements are in a single column it is some¬ 
times called a column matrix. No particular distinction, in general, 
need be made between the one and the other. 

The elements of a matrix may or may not have any physical signifi¬ 
cance. For example, the elements may be pure numbers, as 

(6 -3.2 7£) (1-2) 

or the elements may be components of a velocity vector, as 


V = 


(1-3) 


Indeed, they could even be colors, as 

(red blue green) 

or animals, as 

cat 



(1-4) 


or they could be mixtures of any or all of the above. 

No significance must be attached to the use of a row for the numbers 
and colors and a column form for the velocity and animals in the above 
matrices. 

The elements of a matrix may also be complex quantities, chemical 
symbols, equations, or, in fact, any quantity whatever. 

The zero , or null , matrix , 0, has all elements equal to zero. Thus, we 
have 

0 = (0 0 0) (1-5) 


or 


0- (° °) 
\0 0 / 


(1-6) 


Footkols continued from page 1. 

3i We may, however, define the determinant of a square matrix. This is, by definition, 
the quantity obtained by treating the elements of the matrix as elements of a determi¬ 
nant—the position of the elements bein^ the same in both the matrix and the determinant. 

We shall also in the following sections indicate various operations (arithmetic, alge¬ 
braic, and other) that may, by definition, be performed on and by matrices. 
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or any similar arrangement. Note: the zero matrix may be either a 
row or column or square matrix, or a general matrix of rectangular 
form. 

The unit matrix E n is an n-by-w-square matrix whose diagonal 
elements (top left to bottom right) equal unity and whose off-diagonal 
elements equal zero. That is, 


in E n , ( a<i 1 
toi) = 0 

if i =j 
if i # j 

(1-7) 

and, as an example, 

/I 0 

°\ 


O 

II 

° 

(1-8) 

\0 0 

1 / 


A square matrix is symmetrical if 



aij = aji 


(1-9) 


An example of a symmetrical matrix is the following: 



A square matrix is antisymmetric or skew-symmetric if 

(lij = —ctji 

An example of a skew-symmetric matrix is 



( 1 - 11 ) 

( 1 - 12 ) 


Note that in a skew-symmetric matrix the main diagonal (upper left 
to lower right) elements must be zero, for only then will ay = — be 
true for these elements. 

The transpose of a matrix A is shown as A* and is obtained by inter¬ 
changing the rows and columns of A. Thus, if 


then 


A /* 2 — y\ 

” \4 3 xy 0 ) 

i s 4 \ 

A* = I xe l 3 xy I 
\2 -y 0 / 


(1-13) 

(1-14) 
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The foregoing represents the basic definitions or nomenclature in 
matrix theory. 

1-3 Matrix Arithmetic, Algebra, and Calculus. Up to this 
point we have defined, in some detail, exactly what a matrix is and we 
have discussed some special matrices. If matrices are to be useful in 
engineering or physical applications, then they must behave in certain 
set ways when subjected to particular conditions. In our work in 
engineering and science we are primarily concerned with quantitative 
relations, and therefore we shall be most interested in the behavior of 
matrices in arithmetical and related mathematical operations. Matrices 
will be of use to us if, and only if, the theory of matrices can be deve¬ 
loped along logical mathematical lines. 

The simplest mathematical operations are those of arithmetic— 
equality, addition, subtraction, multiplication, and division. We discuss 
these first. 


Two matrices A and B are equal only if each has the same number 
of rows and the same number of columns and if corresponding elements 
are equal. Thus, given 



^ /Oil «12 ®13\ 

\021 022 023/ 

(1-15) 


2 /bn &12 

\&21 622 623/ 

(1-16) 

then if 

a U — bij 

(1-17) 

it follows 

A = B 

(1-18) 

Thus, the simple algebraic equations 



a = p + 2« 1 

6 = q + lv 

c = r+ l.dw 

d = 8 + Ylx > 

(1-19) 


may be given in matrix form as 

(‘ « +7 n ,,.20, 

\c d) \r+1.6t<; s+17ay 

We define the sum of two matrices A and B only if A and B have 
the same number of rows and of columns. The sum A + B is then a 
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matrix C of the same number of rows as A (and B) and the same 
number of columns as A (and B) and with 

dj = Oij + bij (1-21) 

For example, the algebraic equations 


cn = an+ 6u 
C 12 = ai2 + &i2 
C21 = 021 + 621 
C22 — a22 + &22 


(1-2*) 


are equivalent 2 to 

( *u ^i2\ _ /an ai2\ /611 612 

C21 C22/ \021 €L22/ W21 622 

It may be shown (the student should verify this and the following 
statement for typical matrices) that the sum of two matrices is commu¬ 
tative. That is, 

A + B = B + A (1-24) 


(1-23) 


Also, it may be shown that the addition of matrices is associative. 
That is, 

(A+SJ + C = A + (fi + C) (1-25) 

The difference of two matrices A and B is defined similarly. Thus, 

C = A-B (1-26) 

with 

Cij = Oij — bij (1-27) 

We may define multiplication of a matrix A by a scalar k as follows: 
the elements of kA are given by ka so that, for example, if 


then 



(1-28) 


kA 


/lean 
\ka 2 1 


kaii 

ka22< 


(1-29) 


2 Alternatively, this may be expressed in the following essentially equivalent form: 



in which the positional significance of the subscripts has been waived. 
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Note that this is consistent with the usual notation 


kA « A + A+ ••• +A (1-30) 

V- _ V 

k times 

An important property of square matrices which follows directly 
from the Jaw of addition and subtraction is the following: 

Any square matrix may be given as the sum of a symmetrical and 
antisymmetrical matrix. For, if A is a square matrix, then obviously 

A+A* A-A* (1-31) 

A =-+- 

2 2 

The first term on the right is a symmetrical matrix and the second 
term is an antisymmetrical matrix. This may be verified for a 2 x 2 
matrix as follows: 

If 


then 


so that 


and 



(1-32) 


(1-33) 


(1-34) 


(1-35) 


A very important operation in matrix arithmetic is the product of 
two matrices. The previous operations are not too different from the 
more familiar ones of elementary arithmetic. The product operation, 
however, is quite different. 
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Th e product of two matrices is obtained as follows: given two matrices 
A and B such that the number of rows in B equals the number of 
columns in A , then the product AB is given by C , in which the element 
dj is obtained by multiplying each element of the i th row of A by the 
corresponding element of thej lh column of B and adding. For example, 


C = AB 


/bn 

i\ /a n 

012 «13\ 

( 621 

= 


1 / W 21 

^22 023/ 

w, 


(1*36) 

/Cn\ _ jCL\\b\\ + 0J2&21 + 013^31 \ 

_ \C2l/ \«21^n-I-«22^>21-1 «23&31/ 

or 3 

Cn = «11&11 +012^21-* 013&31 

C 21 = 021&11 + <*22&21 H 023&31 i 

Note, in the above product, C is a 2 x 1 matrix. In general, if 

C = AB (1-37) 

and if k is the number of rows in A and l is the number of columns in 
B f then the matrix C will have k rows and l columns. 

It will be obvious from the above example that, in general, 


AB ± BA 


(1-38) 


that is, the position of a matrix in a matrix multiplication is not 
immaterial. 

The student should also note that 


CE = C 


(1-39) 


where C is any matrix, E is a unit matrix of same number of rows as 
C has columns. For example, 


(1-40) 


Thus, E plays the same role in matrix multiplication that unity plays 
in algebraic multiplication. 





/1 

0 

°\ 



/cn 

Cl 2 

C ")l 

f 

0 

1 

»l 

/cn 

C12 

U21 

C22 

C23/ \ 

^0 

0 


U21 

C22 


3 Equation 1-36 indicates the usefulness of the given definition of matrix product. 
The first line of Equation 1-36 is a compact expression for the two linear equations shown 
in the last two lines of Equation 1-36. In general, systems of linear equations can be 
shown very compactly by utilizing the definition of matrix product. 
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As another example of matrix multiplication, the student should 
satisfy himself that the set of algebraic equations 


a = 2ex +3 gy 
b = 2ev +3 gw 
c = —tx + s 2 y 
d = — tv+shu j 
is equivalent to the matrix equation 


(1-41) 


f a b\ / 2 c 3 g\ ix v \ 

k c d') \ — i s 2 / \y w) 


(1-42) 


It may be shown (the student should verify this and the following 
statement using simple matrices) that the product of matrices is 
associative. That is, 


(AB)C = A(BC) (1-43) 

Also, the product of matrices is distributive. That is, 

A(B+C) = AB + AC (1-44) 

The following expression is the statement of the very important 
transpose product rule : 


(AC)* = CM* 


(1-45) 


The student should verify this for a simple case. 

Division of matrices is a non-unique process and therefore must 
remain undefined and not part of the algebra of matrices . 4 To illustrate 
what is meant by this, consider the product 


where 


AB 

= C 


(1-46) 

/an 

Oi 2 

oia\ 


A = I « 2 i 

®22 

023 I 

(1-47) 

W 

032 

033 / 



e 


(1-48) 


4 Although division, as noted herein, is an undefined operation, division corresponding 
to the relation AA~ l = E n or A~ l *= EJA in which A' 1 is the “inverse of A", is defined 
as shown on p. 10. When it exists, A -1 is analogous to the reciprocal of a number A in 
arithmetic. 
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and 



(1-49) 


Now if division of matrices was permissible, it should be possible to 
obtain the unique matrix A from the following operation: 



'a n 

0X2 

<*13 

On 

022 

t»23 

,<*31 

032 

<*33; 


But, the direct expansion of the product 


'<*11 

<*12 

<*13 

<*21 

<*22 

<*23 

,<*31 

<*32 

<*33; 




gives 


2a\\ + 6ai2 + a,\$ — 7 ' 
2.021 + 6022 + 023 = 9 
2o3i + 6032 + 033 = 8 J 


(1-50) 


(1-51) 


(1-52) 


and in these three equations we have nine unknowns, o</, any six of 
which may in general be arbitrarily chosen so that we still satisfy the 
equation. Thus, there are, in effect, an infinite number of matrices, A , 
which will satisfy the relation 


A = 



(1-53) 


and hence division of matrices is non-unique and therefore not per¬ 
missible. 
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The cofactor matrix of any square matrix A , with n rows and columns 
(denoted by Co A) is the matrix obtained by replacing each element of 
A by its cofactor, the cofactor of being the product of the deter¬ 
minant of the matrix with n — 1 rows and columns obtained by erasing 
the t th row and j th column of A, by ( — l)<+f. Thus, if A is given by 


then 



(1-54) 


(1-55) 


For certain square matrices A we can define the inverse of A, denoted 
by A~ l by the equation 


AA-i = E n 

where E n is the unit matrix and A~ } is given by 5 

A .i __ 

determinant of A 

As a verification of this, suppose 

^3 2 l\ 

A = |0 -4 3 


12 -5/ 


Then 


/ 

f — 16 

22 

10 

1 / 




A - 1 = — 

24 

-23 

-9 

321 

, 32 

-20 

-12 


(1-55) 


(1-57) 


(1-58) 


(1-59) 


in which the first row, first column element, an -1 is obtained, for 
example, from 

3 


an 


-l 


-4 
12 -5 


(-1)<1+D 


w 


\A\ 


(20 — 36)( — 1 ) 2 16 

--- L =-(1-60) 

32 32 


6 This result is proven in Linear Equation Theory. It follows from an application of 
Cramer’s Rule and properties of determinants to the solution of a set of simultaneous 
linear equations. It requires that determinant A is not equal to zero. 
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Then 

,1 0 OV 

AAi= [0 1 0) (i-61) 

\0 0 1 / 

as required. 

Another way in which the inverse of a square matrix may be ob¬ 
tained (which is, in fact, the technique utilized in many electronic 
computer applications) is based upon the following theorem: 

If A is a given square matrix, and if A ' 1 exists, then 


[0 ]A E 

and 

[L0]]^ -+A-i 


(1-62) 

(1-63) 


in which [0]A E means “a series of matrix operations which trans¬ 
form A into E” and [[0]] JS7 A 1 means “these same matrix opera¬ 
tions will transform E into A -1 .” These matrix operations may be 

1. The interchange of any two rows (or columns) 6 

2. Multiply any row or column by a non-zero constant. 

3. Multiply any row r or column by a non zero constant and add to 

any other row' or column. 

An unsophisticated “proof” of the above is the following: 

We have 

[0 \A —> E (1-64 

multiply both sides by A~ l ; then 

[0]AA~* ->EA ~' (1-65) 


• The operations for inversion being discussed here represent, essentially, a series of 
matrix multiplications. Thus, the sequence of operations on rows corresponds to 


hence. 


CiCiC* - ■ ■ C„A = E 
CiCzCs 'C n = A i 


(See Prob. 7 of Chapter 2.) Similarly, the sequence of operations on columns corres¬ 
ponds to 

ADiD 2 D 2 ■ ■ • D„ = E 


hence. 


DxDiDa • D n = A * 


It is also possible to obtain A~ l by both post-multiplying and pre-inultiplying. 
Thus, we can obtain E from 

C3C2C1A DiD^Dz — E 

so that 

A~* = D&zDsCsCzCi 
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[[0]]E -► A- 1, Q.E.D. 
To illustrate, let us determine A -1 if 


. pa 


Thus, transforming A and E concurrently. 


A = 10 -4 


12 -5 


Interchanging R(3) and R(l) 


( 8 12 — 5 \ 

0 -4 3 

3 2 1/ 


Multiply R(2) by 3, add to R(l) 


( 8 0 

0 -4 

3 2 


Multiply R(l) by £ 


0 -4 


Multiply R(2) by — J 


p : -i) - p -! a 

\3 2 1/ \l 0 0/ 

Multiply R(l) by —3, add to R(3) 

(::.!) -p.! a 

\0 2 -1/ \l -i -1/ 


( 1 - 66 ) 


(1-67) 


( 1 - 68 ) 
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Multiply R(2) by — 2, add to R(3) 
fl 0 
0 1 -f 

^0 0 lj 

Multiply R(3) by J, add to R(2) 
fl 0 
0 1 0 
^0 0 1 ; 

Multiply R(3) by — add toR(l) 
'1 0 0\ 

0 1 0 
^0 0 lj 




11 
i e 

_ 

32 32 

- i - i) 


We can then factor 4 _1 , to obtain 


4"i 


/ 

f —16 

22 

10 

1 




A- 1 = —( 

24 

— 23 

- 9 

321 

i 32 

-20 

—12, 


( 1 - 68 ) 


(1-69) 


which checks the value obtained before, see Eq. (1-59). 

The derivative of a matrix with respect to a variable, say x, is obtained 
by differentiating each element separately. Thus 


(1-70) 


The student should verify by considering simple matrices that 


d /x 

x 2 2 

5 \ _ /» 

2.v 


dx\e x 

3X 3 ( 

>/ \e* 

;>x- 2 

0/ 


d(AB) 8A 8b 

-r- = ~- E A— - 

ox dx dx 


(1-71) 


Note that the order of terms in the product must be maintained. 

The integral of a matrix with respect to a variable, say x , is obtained 
by integrating each element separately. Thus 


x 3 



a* 

3x3 



3 

3x4 

4 



(1-72) 


]4 MATRIX-TENSOR METHODS IN CONTINUUM MECHANICS 

The above represents the elements of a matrix arithmetic and algebra 
and calculus sufficient for our purposes. It may also be noted that the 
matrix operations described herein are of interest, not only in connec¬ 
tion with tensor analysis, but also because they occur in some electronic 
computer operations, in which an essential step is the formulation of 
the problem (generally in finite-difference notation) in a matrix form. 
See Refs. (I) and (2) for additional information on matrices. 

1-4 Introduction to Vector Analysis. The vector is a quantity 
of fundamental importance in physics, engineering and mathematics. 
The usual definition of a vector as a “quantity having direction and 
magnitude" loses meaning when we extend our ideas to more than three 
dimensions (as must frequently be done in certain fields of physics). In 
the next chapter, we will define the vector more precisely from the 
mathematical and physical point of view. This later definition of a 
vector will follow naturally and simply from our notions of matrices 
and tensors. Indeed, we will show that the vector is one of a family 
which includes other equally important engineering and physical quanti¬ 
ties. For the present, and as an introduction to later work in this book, 
we review brielly the algebra and calculus of vectors. 

In the three-dimensional space a vector lias three components in the 
x % y and z directions indicated as follows: 

A — (i\i -4 aoj -4 a$k (1-73) 

in which f, j, and k are unit vectors in the x , ?/, and z directions, respec¬ 
tively, and «i, ci) . fl -3 are the numerical quantities which represent the 
components of the vector in these directions. 

Note that in the above expression, the “directional” property is 
accounted for by the unit vectors l, j. and k and the “magnitude” 
property is introduced by means of the terms, n?, and r/ 3 . 

However, we may represent the vector equally as well by using a 
matrix form, 

A = («i a 2 t* 3 ) (1-74) 

in which we define the three components of the vector A in the x , y y 
and z directions as aj, and 03 . A 11 equivalent and equally acceptable 
notation is 



In those representations, the “magnitude” property is accounted for 
directly by the terms, and the directional property is accounted for by 
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means of the position of these terms in the matrix—the first represent¬ 
ing the x direction, the second the y direction, and the third the z 
direction. 

We emphasize that the definitions given above are arbitrary but, as 
will be seen shortly, they lead to consistent mathematical operations. 

It must also be noted that there are other possible and equally 
acceptable ways for representing vectors . 7 However, the above are 
sufficient for our purposes. 

Just as in the case of the matrix, in developing the arithmetic or 
algebra of vectors, we must define addition, subtraction, multiplica¬ 
tion, and division. While the definitions may be arbitrary, they will be 
of interest to engineers and physicists only if they form a consistent 
mathematical system and if they have a rational physical significance. 
The student should note particularly that this last requirement is 
satisfied in all cases. 

We say that the sum of two vectors A and B is the sum of the compo¬ 
nents in each direction. Thus (using both notations given above), if 


A = a\i + a 2 j 4 - a$k \ 
A = (ai a 2 a 3 ) j 

and 

B = b\i + 62 J 4 * b$k \ 
B = (61 62 ^ 3 ) 1 

then 


(1-76) 


(1-77) 


A + B = (01 + &i)i + (u 2 4 62 )j 4 (®3 4 63)^ 
A 4 - B = (a\ + 61 u 2 4 62 ®3 4 * 63) 


We see that this second form is consistent with our definition of matrix 
addition. 


7 In fact, vector analysis as described herein and as it exists today represents a later 
development of the “ qua tern ion.” The quaternion, invented by Hamilton about 1840-50 
and extensively developed by him and also by Tait, is a quantity consisting of four terms, 
three of which correspond to the vector components considered here and the fourth a 
scalar. Although many very useful theorems and relations are obtained in quaternion 
theory, and although Hamilton and Tait thought this theory would find extensive 
applications in mathematical physics, for various reasons the 11 ‘vector analysis” (and 
tensor analysis) have been found much moro useful and have largely replaced, in applied 
work, the quaternion. Incidentally, the term tensor was used by Humilton to define the 
positive square root of the sum of the squares of the four elements of the quaternion. 
Needless to say, this definition has nothing whatever to do with the tensor which we are 
considering in this book. 

An interesting outline of the controversy which arose between quaternions and vectors 
(and between the proponents of each) will be found in The Scientific Papers ofJ. Willard 
Oibbs , Vol. II, republished by Dover Publications, 1961. 
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The difference of two vectors is defined similarly. Thus 

A-B = (ai- 6 i)i + (o 2 -ft 2 )j + (a 3 -& 3 )^ 1 

A—B= (ai — 61 u 2 —^2 ®3 —63) I 


Also, the student should note that this definition of vectors leads to 
the parallelogram law of vector addition (see Fig. 1.1). In this figure, 


A 



(b) 


Fig. 1.1 




to obtain A + B, we lay off vector A to scale insofar as magnitude is 
concerned and in the given direction. An arrow on the end indicates 
the direction in which the vector acts. (Note: the negative of a vector 
is one which acts in the opposite direction, i.e. has an arrow on the 
other end.) Then, place the tail of vector B on the head (arrow end) 
of vector A and draw vector B to the same scale as A and in its shown 
direction. To find A + B simply connect the tail of A to the head of B. 
(This is the same as completing the parallelogram of A and B, taking C 
as the diagonal of this parallelogram.) 

It may be shown (the student should verify this and the following 
statement) that the addition of vectors is commutative. That is, 

A + B = B + A (1-80) 

Also, it may be shown that the addition of vectors is associative 
That is, 

(A+B)+C = A+(B+C) (1-81) 

This in turn leads to the following procedure for determining the 
sum of more than tw f o vectors. For example, in Fig. 1.2 are shown 
vectors A , B , and C. To determine A — B + C , first lay off vector A , 
to the assumed scale in the given direction. At the head (arrow) of A 
construct —5, i.e., the vector in the opposite direction of B , to the 
given scale, placing the tail of — B at the head of A . Now place the tail 
of C at the head of — B. This corresponds to adding C to A — 5, and 
finally, the quantity A — B + C is given, in value and direction by the 
scaled vector going from the tail of A to the head of C. 
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In discussing the products of vectors, we come upon a more complex 
situation based upon different possible definitions of vector products. 
First, we know that if we have a vector A , then a vector &A which is 
a times as large as A must have components which are a times as large 
as the components of A . That is, 

A+ - *-A+A = olA ( 1 - 82 ) 

a times 


or 

ctA = (aai)i-h(aa2)J+(ota3)^ (1-83) 

and this defines the product of a vector and a constant. This relation 
also holds if a is any constant, not necessarily an integer. 

Insofar as the product of two vectors is concerned, it is known from 
physics and engineering that at least two fundamentally different types 
of products are possible: 

1 . A vector times a vector may equal a scalar. 8 For example, force 
times a distance equals work. Force is a vector quantity, distance is 
a vector quantity, and work is a scalar quantity. 

Another much more significant scalar is the length (or squared length) 
of a vector. 9 That is, we must define a product of a vector by itself 
such that the result is a scalar, this being the squared length of the 
vector. Let us first denote this by 

A S A = \A*\ = a x 2 + a 2 2 + a 8 2 (1-84) 

in which the right-hand sign value is known to be true from elementary 
geometry and where the s denotes scalar product. This is rather 
cumbersome, however. We can economize by using a “dot” notation, 
as 

A - A = «i 2 -f-a 2 2 + U 3 2 (1-85) 

where the left-hand side reads “A dot A” and this, by definition, must 
represent the right-hand side, which is the known value of the squared 
length of the vector. Also, the dot has meaning only when it appears 
between two vectors, unit vectors or other vectors. Now let us multiply 

8 Although wo have not, up to this point, defined a “scalar'* (this will be done in the 
next chapter), it will be sufficient for our present purposes to say that a scalar is a quan¬ 
tity (such as a pure number, or the pressure at a point, or the temperature at a point, 
etc.) that can be given unambiguously without the necessity of specifying an accompany¬ 
ing coordinate system. On the other hand, a vector (and its components) has no meaning 
unless it is connected with a particular system of axes. 

8 Obviously the length of a vector (say 10 in. or 100 lb or 60 ft/sec) does not depend 
upon the coordinate system but is an absolute quantity independent of the frame of 
reference—hence a scalar. 
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the full forms of A as on the left-hand side. This gives 

(ait -l- d 2 j 4- ask) • (a\l + a 2 j + a$k) (1-80) 

which equals 

aiaii • t + aiarf • j 4- aia 3 i • k 4- a&ij ■ l + a 2 a 2 y j ^ 

4- a 2 a$j • k -h asa\k • £ 4- a 2 a jc • J 4- agast ’ ^ 
and which must also equal 

«i 2 4-a2 2 + «3 2 (1-88) 

In order that the last two equations be equal, we must define 

i-i=j-j=iJc-]c = l 

l - j = j • Jc = k • l = j ■ i = k • j — i - k = 0 

Equation 1-89 is the key to the definition of scalar product. From it, 
it follows that the scalar product of vectors is commutative, or 

A • B = B A = a\b\ 4- fl 2&2 + a 3^3 (1-90) 

and in matrix notation this is equal to 

i b ‘\ 

AB* = (a x a 2 a 3 ) &2 = BA* (1-91) 

In addition, it may be shown that the distributive law of multiplica¬ 
tion holds for scalar products (the student should verify this). That is, 

(A + B) -C = A- C + B ■ C (1-92) 

Also (see Prob. 7 at the end of this chapter) the scalar product is 
numerically equal to (I), the numerical value of A times the component 
of B in the direction A , and (2) the numerical value of B times the 
component of A in the direction of 5. 10 

2 . A vector times a vector may result in a vector. That is, we must 
define 

A v B = a vector (1-93) 

where the v now denotes a “vector product.” This may be expressed 
in the more usual form Ax B, read “A cross B” and the cross has 
meaning only when it appears between two vectors, unit vectors or 
otherwise. 

Two simple examples of cross-products are (1) force (a vector) times 
distance (a vector) equals moment (a vector) and (2), much more 



10 In other words, A ■ B * |i4||R| cos 0, in which 9 is the angle between A and B. 
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significant from a basic point of view (and we now are restricting our 
discussion to the three-dimensional physical space), distance times 
distance equals area, where area is a vector quantity, its direction 
defined by a normal to its plane. 

The definition of area vector requires that, 

(a) if A is a vector a\l and 

(b) if B is a vector bzj then 

AxB = C (1-94) 

where C must be numerically equal to and must have a direction 
normal to A and B. This last statement requires some further clarifica¬ 
tion. There are two possible directions normal to A and J5, each of 
which is opposite the other. We must now define the direction that 
we want, and (again in accordance with usual American practice) we 
use the “right-hand rule.” That is, the vector C has the direction of 
the thumb of the right hand cupped so that the fingers go in the 
direction from A to B. This means that 

AxB = -BxA (1-95) 

so that the commutative law of multiplication does not hold for vector 
products. 

If we use the value of A and B given above, we must have 

dibzixj = ai& 2 £ (1-96) 

This means that the unit vectors, i, j, and k (and hence the x, y , and 
z axes) are related by the right-hand convention defined above. 

The above reasoning, applied successively to the other sets of unit 
vectors in pairs, leads to the following definition of vector product: 

lx j — —j xi = Jc 
j x 1c = —kxj = i 
hxl = — i x 1c = j 
i xi = 0 
jxj = 0 
1c x lc = 0 

and from this it follows that the vector product of two general vectors 
A and B is given by the determinant which follows : n 

11 As an alternate development we could simply have defined AxB aa a vector V 
whose length is the product of the lengths of A and B and the sine of the angle between 
them, and whose direction is perpendicular to the plane of A and B and so sensed that 
a right-hand screw turned from A toward B through the smaller of the angles between 
these vectors would move in the direction of V. 


(1-97) 
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AxB 


i j ft 
a\ a 2 cl$ 
b\ 62 63 


= (#2^3 ~ 03^2^ + (®3&1 ~ ®1^3)J + ( a \bz — b\a 2 )k 


(1-98) 

(1-99) 


The scalar and vector products defined above represent the ele¬ 
mentary products of vector analysis. There is, however, another type 
of product which is extremely important and which will be used in all 
later sections of this book, a “dyadic product” introduced by the Ameri¬ 
can mathematician-physicist, Willard Gibbs; see Ref. (9). This product 
is obtained by multiplying two vectors A and B in the usual way, 
considering each as a simple sum of terms, thus, 


AB = (aji + a 2 j + a^k)(bii + & 2 J + M) 

AB = Uibiii 4- 0162*7 + dib^ik 
4 - a 2 b\ ji + a 2 b 2 jj 4 - azb^jk 
4- a 2 b\ld 4 - a 2 b 2 kj + a$bjclc 

In the above, the products of the unit vectors may be used to signify 
position in an array. That is, w'e can define the dyadic as 


( 1 - 100 ) 


( a\b\ aibz o.\b$ 
a 2 b\ a 2 b 2 a 2 bz 
0361 0362 03 & 3 i 


( 1 - 101 ) 


and we see that the first unit vector of any term represents row position 
and the second unit vector represents column position. For example, 
jk is the term in the j lh row (2nd row) and k th column (3rd column). 
Also, it is apparent that, in terms of matrix products, 

AB = A*B = ^02^(61 62 bs) (1-102) 


The physical significance of this type of vector product will be discussed 
more fully in Chapter 2 . 

Division of vectors is not defined. The following discussion will 
indicate the reason for this. 

Consider the vector F. Now, 

F- F = t* 

where v 2 is the scalar, squared length of F. 


(1-103) 
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If division of vectors was defined, then it would be necessary that 


v 2 

V 


= V, 


unambiguously 


(1-104) 


where ~ represents some vector form of division. In other words, if 
one were asked to give the answer to 


v 2 

P 


(1-105) 


it would seem reasonable to expect one and only one answer, namely, 
P. But, 

r* = p • P = P -(P+W) (1-106) 


where W is any vector perpendicular to P. Thus, it can be seen that 


ti¬ 


the answer to ~ may have an infinity of values. This cannot be per¬ 


mitted in any mathematical system to be used in physics and engineer¬ 
ing. We must therefore rule out division of vectors as undefined. A 
similar argument may be applied to the vector product Ax B = C. 

A full discussion of the differential and integral calculus of vectors 
is beyond the scope of this book. However, brief mention will be made 
of some of the more important terms and relations. Of first importance 
is the “V vector,” that is, the vector defined by 


8 8 8 r 
V = —1 + —j+—K 
dx 8y 8z 


(1-107) 


This vector has meaning only when it operates on either a scalar or 
| a vector. Thus, some possible forms of simple combinations into which 
this vector enters are 

(a) V • P, called divergence P or div P, 

(b) V x P, called curl P, 

f (c) Vw, called gradient w> w is a scalar function, 

| (d) V ■ Vw = V 2 w, called Laplacian w . 

| A physical interpretation of these terms, which occur in all the fields 
I of mathematical physics (and which will appear in later sections of 
I this book), may be of interest. We shall indicate fluid mechanics 
| applications. 

I (a) The divergence P, V • P or div P, in which P is the fluid velocity 
I vector having components, u , v, w in the x , y , z directions, in fluid 
I mechanics, for example, is a measure of the rate of loss of fluid per 
I unit volume. Hence if, for example, the fluid is incompressible, there 
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can be neither a gain nor a loss, and so we obtain the so-called continuity 
equation (which is essentially a statement of conservation of mass), 

V • V = 0 (1-108) 

(b) the expression curl V or V x V also occurs in fluid mechanics, 
in which field it represents the rotation or vorticity in the fluid. A 
major class of fluids is that for which the rotation is zero, i.e., the flow 
is irrotational —and thus, for this fluid 


V x K = 0 (1-109) 

(c) the gradient of <f> in which <f> is a scalar is an expression w hich also 
occurs in fluid mechanics. </> is called the “velocity potential” and 


86 86 86 , 
V0 = —f + —i 4 -—k 
8x 8y 8 z 


( 1 - 110 ) 


In this expression, the derivative of <f> in any direction represents the 
fluid velocity in that direction. Thus 


and 


8x 

8<f> 

8y 

8<f> 

8z 


= u 


= V 


— w 


( 1 - 111 ) 


A velocity potential for a particular fluid exists when the fluid flow is 
irrotational since (as the student should verify) this implies 

Vx V = Vx(V^) = 0 (1-112) 

and w F e see that V can be given by 

V = (1-113) 

(d) The Laplacian <J >, or V 2 <f> or 8 2 <f>/8x 2 -f 8 2 <f>ldy 2> + 8 2 </>l8z 2 occurs in 
fluids as a result of the combination (a) and (c) given above. Thus, if 
a fluid is incompressible and the flow is irrotational w r e have 


and 


< 

II 

© 

(1-114) 

> 

II 

(1-115) 

© 

II 

> 

(1-116) 


for incompressible, irrotational flows. 
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We complete our discussion of vector analysis by stating, without 
proof, two important theorems which will be used in later chapters. 

Gauss' Theorem : The volume integral of the divergence of a vector 
function of posit ion V taken over volume t is equal to the surface inte¬ 
gral of V taken over the closed surface d surrounding the volume r, or 

J V • P (It = J P da (1-117) 

Stokes' Theorem : The surface integral of the curl of a vector function 
of position V taken over any surface & is equal to the line integral of 
V around the border \ of the surface, or 


J Vx P da = <j> P -dA (1-118) 

As an exercise, the student should write these theorems in ordinary 
cartesian form. 12 See Refs. (3) and (4) for additional information on 


vector analysis. 


1-5 Introduction to Complex Variable Theory. In this section 
a brief introductory treatment of a complex variable theory is pre¬ 
sented. Starting with the definition of a complex number, we proceed 
to a derivation of the Cauchy-lliemann equations and a brief discus¬ 
sion of the Laplacian equation and the solution of this by means of 
complex variables. 

A number of the form 

z = x + iy (1-119) 


is called a complex number. In this, x and y are real numbers and i is 
the imaginary unit defined by 

i= (1-120) 


The real part of the complex number, z, is x, and the imaginary part 


of the complex number, z, is y. Thus, 

x = R(z) 

and 

y = J(s) - 


( 1 - 121 ) 


12 Gauas’ Theorem (sometimes called the Divergence Theorem) and Stokes' Theorem 
are extremely important in pure as well as applied mathematics. By giving physical 
interpretations to V (such as fluid velocity or gradient of velocity potential or similar 
terms) it iB possible to derive various fundamental existence, uniqueness, minimum and 
maximum relations in fluid mechanics and other fields as well. The different forms of the 
Green’s Theorems also follow directly from Gauss' Theorem. Stokes' Theorem may be 
used to prove, among other things, the necessary and sufficient conditions that a line 
integral be independent of the path of integration. 
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Two complex numbers, a + ib and c + id are equal if and only if the 
real parts are equal and the imaginary parts are equal. That is, if 


a + ib = c + id 


( 1 - 122 ) 


a = c 
b = d 


(1-123) 


Note that a complex number is zero only if both the real and imagin¬ 
ary parts of the number are zero. Thus, if 


a + ib — 0 

(1-124) 

a = 0 \ 

6 = 0 i 

(1-125) 

a+ib 

(1-126) 


If, for the complex number 


b = 0 , a ^ 0 , then the number is said to he pure real. If, for this number, 
a = 0, b # 0 , then the number is said to be pure imaginary. 

The following relations obviously hold for the imaginary unit, i. 

i 2 = - 1 

13 = m = (1-127) 

1 4 — j2 ? '2 = ] ^ 

and so on. 

In adding two complex numbers, we add the real parts and the 
imaginary parts. Thus, 

(a + ib) + (c+id) = (a + c)+i (6 + d) (1-128) 

Subtraction is defined similarly; thus, 

(a + ib) —(c + id) = (a-c)+i(b-d) (1-129) 

Multiplication follows the usual rules of algebraic multiplication 
with the property of the powers of i used as needed. Thus 

(a + i 6 )(c + id) = (ac — bd) + i(bc + ad) (1-130) 

To divide one complex number by another we rationalize the denomi¬ 
nator. Thus 


a+ib a + ib c — id 
c+id c + id c—id 

( ac + bd\ /bc-ad\ 

~c^+d^) + 


(1-131) 
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If two complex numbers differ in the sign of their imaginary parts, 
they are said to be conjugate to each other. The conjugate of a complex 
number, such as 

z = x + iy 

(1-132) 

is written as 


Ni 

II 

1 

(1-133) 

Note that 


22 = (x + iy){x-iy) 
= x 2 + y 2 

} (1-134) 


We may represent a complex number in an Argand plane (also 
called the complex plane or the z plane) by a point P whose abscissa 
and ordinate are, respectively, the real and imaginary parts of the 
given complex number, or by the directed line which joins the origin 



to the point. Thus, in Fig. 1.3, the line OP represents the complex num¬ 
ber a + ib. Note that the length of OP is given by 

r = \/a? + p (1-135) 

and its direction by 

b 

6 = tan 1 - (1-136) 

a 

Also, since 


a = r cos 6 
b — r sin d 


(1-137) 


it follows that the complex number a + ib is also given by 


a + ib = r(cos0 + i sin0) = re i0 


(1-138) 
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When given in terms of r and 0, a complex number is said to be given 
in polar form. 

The length r is called the absolute value or modulus of the complex 
number and the angle 0 is called the amplitude or argument of the 
complex number. 

Given two complex numbers in polar form, 


z\ = ri(cos0i+i sin0i) 

(1-139) 

and 


Z 2 = ?*2(COS02+i sin 02) 

(1-140) 

then by performing the indicated operations we may show 


21*2 = rir 2 [cos(0 1 + 02 ) + i sin(0i + 0 2 )] 

(1-141) 

and 


— = — [cos(0!-0 2 )+i sin(0!-0 2 )] 

Z2 T2 

(1-142) 

In other words—the product of two complex numbers is a complex 
number whose modulus is given by the product of the two moduli 
and whose argument is given by the sum of the two arguments. The 
quotient of two complex numbers is a complex number whose modulus 
is given by the quotient of the two moduli and w hose argument is given 
by the difference of the tw o arguments. 

It follows therefore that, given 

z = r(cos0 + i sin0) 

then 

(1-143) 

z n = r n (cosn0 + i sinn0) 

(1-144) 

which, for r = 1 is known as de Moivre's Theorem. 

If z is a complex number given by 


z = x + iy 

(1-145) 


where x and y are real, and if w is a function of z , then w will, in general, 
be a complex number as well. That is, 


w = f(z) = f(x+iy) | 

= u(x, y)+iv(x, y) J 

where u and v are real and functions of x and y. 

z = x+iy 


and 


(1-146) 

As an example, if 

(1-147) 


w = z 2 


(1-148) 
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w = z 2 — y 2 + i2xy 
= u+iv 


(1-149) 


= x 2 — v 2 


v = 2 xy 


(1-150) 


We now proceed to a definition of differentiation in complex variable 
theory. That is, we wish to define the derivative of a function w with 
respect to z. In accordance with our experience with real variables we 
define this as 

dw /(z + Az)-/(z) 

- = lim - (1-151) 

dz Az ~*° A z 

regardless of how Az ->► 0 . But because z = x + iy a fundamental difference 
from the real variable theory now presents itself. Az may approach zero 
in many different ways. For 

Az = Ax + iAy (1-152) 

and Az may approach zero, depending upon Ax, Ay, and combinations 
of these. For example, consider a particular function 


w = 2 x + iy 

in the w plane, Fig. 1.4, and let us deter¬ 
mine dw/dz at the point shown if (a) Az 
approaches zero along a constant value 
of y or 

Az = Ax (1-154) 


(1-153) 


• w*2x+iy 


(b) Az approaches zero along a constant |_ 

value of x, or Fi g . 1.4 

Az = iAy (1-155) 

Note that both of the above are possible manners in which Az may 
approach zero for the function w at the point shown in the figure. 
There are an infinite number of other possible routes as well, but the 
two chosen above bring out the point to be made. 

Then 

dw Aw 2 At + iAy 

(a) -= lim-- --- = 2 (1-156) 

' ' J - a*-0Az ' ' 


since Ay = 0 for constant y. 
(b) dw 


dw , Aw 
— = lim — 
dz Az 


2Ax+iAy 

iAy 


(1-156) 


(1-157) 
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since Ax = 0 for constant x. 

In other words, the derivative of w = 2x + iy with respect to z has 
different values depending upon how A z -+ 0. Such a function is 
called nonanalytic. 

On the other hand, suppose 


w = z 2 

then (neglecting a square of a differential) 

Aw.> = (z + Az) 2 — z 2 
= 2zAz 

= 2(x + ?‘t/)(Ax + zAt/) i 
Now, as before, assume 

(a) Az approaches zero along a constant value of y or 

Az = Ax 


and 

(b) Az approaches zero along a const ant value of x or 


Then, 

(a) 


A z = iAy 


dw 

dz 


Aw> 

lim-= 2(x + ill) 

Az-0 


(Ax + iA y) 
Ax 


(1-158) 


(1-159) 


(1-160) 


(1-161) 


(1-162) 


since A y = 0 for constant y and 

(b) 


dw A w (Ax+zA?/) 

-= lim- = 2(x + iy) -- 

dz Az_, ° A z ' iA?y 


(1-163) 


since Ax = 0 for constant x. 

Note especially that the same value for dw/dz is obtained in both 
cases, and furthermore that the value of the derivative obtained is the 
same as obtained in ordinary differentiation of real quantities. 

In complex variable theory we will require that our function of w 
be one whose derivative at any point is a single valued quantity. The 
function is then an analytic function of w, and we extend this require¬ 
ment to cover the definition of the existence of derivatives of w. 
That is, we say the derivative dwjdz of a function w = /(z) exists only 
when 


f(z + Az)-f(z) 



i«a a ncauA a iv>al> rnLJuiMinAlilI>a 


2V 


has the same value for all ways in which Az can be made to approach 
zero. 

We now derive the conditions on w such that dwjdz exists. These are 
the Cauchy-Riemann equations, which we state first and then derive. 


Theorem : Given 

w = f(z) = u(x , y) + iv(x, y) (1-165) 

If dwjdz exists for all values of 2 in a region i?, 13 then everywhere in R 

bu bv 
bx by 
bu bv 

by bx 

and bu/bx , bujby , bvjbx, bvjby are continuous functions of x and y. 
The necessity of these conditions may be proven as follows: 

A w Au + iAv 
A 2 


(1-166) 


A 2 

u(x+ Ax, 77 + Ay) + iv(x+ Aar, 7/ + Ay) -u(x, y)-iv(x, y) 
Ax +1 Ay 

First let A 2 — Ax, or Ay = 0, and the above becomes 


(1-167) 


A w u(x +Ax, y)-u(x, y) iv(x + Ax, y) - iv(x, y) ^ 
A 2 Ax Ax 


or 


dw bu bv 
— = — +i — 
d z bx bx 

Now let A 2 = iAy, Ax = 0, and proceed as above to obtain 


(1-168) 


or 


Aw u(x, 7 / + Ay) -u(x, y) v(x, y + Ay) - v(x , y) y 
A 2 iAy Ay 

dw bn bv 

dz by by 


(1-169) 


13 Wo 8hall not discuss in any detail what is meant by region, and wc shall not discuss 
the related (and from the pure mathematical point of view) extremely important 
questions concerning bounded regions, simple closed curves, etc. A more complete dis¬ 
cussion of these points will be found in texts on complex variable theory. We shall, in 
this book, assume the J? to be defined with reference to the closed curve C shown in 
Fig. 1.3 as follows: 

1. The region R may be the unbounded part of the z plane exterior to the closed curve 
C. 

2. The region R may be the bounded part of the z plane interior to the closed curve C. 
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By hypothesis these two expressions must be equal. Equating real 
and imaginary parts, we obtain 


(a) 

(b) 


du dv 
dx dy 
du dv 

dy dx 


(1-170) 


which are the Cauchy-Riemann equations. 

For a proof of the sufficiency condition the reader is referred to 
Ref. (5). 

To illustrate applications of the Cauchy-Riemann equations, let us 
consider the two functions presented earlier in this section, namely, 


( 1 ) 

( 2 ) 

For (1) we have 


and 


Therefore, 


since 

However, 


w = 2 x + iy 

w = z 2 = (x 2 — y 2 )+i2xy 

u = 2x \ 
v = y / 

du v 
— = 2 
dx 

dv 



dv 


— = 0 
dx ’ 

du du y 
dx 1 * dy 

2/1 

du dv 

dy dx 


(1-171) 

(1-172) 

(1-173) 


(1-174) 


(1-175) 


(1-170) 


In other words, the first Cauchy-Riemann equation is not satisfied 
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anywhere and the second is satisfied identically. Since both Cauchy- 
Riemann equations are not satisfied, the function is nonanalytic. 

For (2) we have 

u = x 2 — y 2 \ 

„ (1-177) 

v = 2 xy ) 


Therefore, 


du 

— = 2x 
dx 


: v (M 78 ) 

du 

T = ~ 2y 
cy 

dv 

I 

and hence the two Cauchy-Riemann equations are identically satisfied 
everywhere, i.e., 

du dv v 


is given by 


dx dy 


2x = 2z 


(1-179) 


is given by 


Thus, the function 


du dv 

dy dx 


-2y = -2 y 


(1-180) 


w = z 2 (1-181) 

is analytic everywhere in the z plane. 

We may show r now that the real and imaginary parts of any function 
w = /(z), satisfy the Laplace equation 


dU dU 
— + — = 0 
dx 2 dy 2 


(1-182) 


To do this, take d/dy of Eq. l-170b and djdx of Eq. l-170a and 
adding, we obtain 

d 2 u d 2 u 

*3T + V ' ° (l m) 
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Similarly, taking djdy of 1-1 70a and djdx of 1-1 70b and subtracting, 
we have 


2 2 i> d 2 v 


(1-184) 


In other words, the real and imaginary parts of the analytic function 
w = f(z) are solutions of the Laplace equation. 14 See Refs. (5) and (6) 
for additional information on complex variable theory. 


1-6 Summary. In this chapter the introductory theory of matrix 
arithmetic (and algebra and calculus), vector analysis, and complex 
variable theory were presented. The brief treatments given will be 
sufficient for an understanding of the later sections of the book. 


1. Given 


Determine 

(a) AB 

(b) BA 

(c) ABD 

(d) CAB 


Problems 



3T 2 
ir ~3 


(e) AE 

(f) AEB 

(g) CE 

(h) ED 


(i) CED 

(j) DC 

(k) dB/dx 

(l) 8B/8z 

(m) dB 


14 In connection with the Laplace equation, we have assumed the existence and 
continuity of the second partial derivatives of the functions u and v. It may be shown 
that an analytic function does in fact possess continuous partial derivatives of all orders 
in u and v. 
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2. Show the equations 

2x + 3y = 16 
12*-2 y = -1 

in three different matrix forms. 

3. By interpreting the equality (=) the same as the verb to be (are), show 
the following statements in matrix form. 

The tall boy and the small girl are tired. 

The fat pig and the brown cat are hungry. 

The tall building and the small house are dirty. 

The fat man and the brown dog are running. 

4. Determine using the two methods described in the text if 


(a) 

A = 

(-! 

:D 



/u 

3 

-2 

(b) 

A = | 

6 

8 

-1 



\o 

2 

— 7 ( 


o. Given vectors 


U = i(2* 2 + 3y — z)+j(2 + e*y) + k[3xzy) 
V = i(y logx)+j(x 2 + 2y 2 z) + £(6x) 

Determine 


(a) U- f (e) UV (i) VxU 

(b) Ox? (f) VU (j) OxVxU 

(c) V - V (g) V ■ F (k) VO • V 

(d) VxU (h) UV ? (i) V-V(tf-F) 

(m) Using the vectors V, £/, and V , show three vector 

operations which are not permissible. 


6. (a) Prove that the vector V<f>, where <f> is a scalar function of (*, y , z), is 

normal to curves <f> = constant. Hint: along the curve <f> = constant, 
ety = 0. 

(b) Hence, if R is a unit vector in any direction, show that 

R.V<f> 

is the directional derivative difr/dr of <f> in that direction. 

7. Prove that A • B, if A and B are vectors, is equal to 

(a) The product of the magnitude of A and the component of B along A . 
or 

(b) The product of the magnitude of B and the component of A along B. 
Hint: direct one of the coordinate axes in the direction of the vector. 
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8. Show that 


R(z) = 


z + z 

~T”’ 


and 


/(*) = 


z — z 


2i 


9. Show that 

10. Prove 

11. Prove 

12. Prove 

13. Prove 

14. Prove 

15. Show that 

16. Show that if 

then 



= 1 


N-N < |Z1 + Z2| 
|zi+z 2 | N+M 


hi = hi 


\ZiZz\ = |zj| • |z 2 | 


Zi 

Z2 


N 

W 


if z 2 ^ 0 


1 —2x cos0 + x 2 = (1 — xe i0 )(\ —xe~ id ) 


z = tanh(tt+ii?) 


cosh 2u—uos2v 

z 2 + y 2 = - 

cosh 2 m + cos 2 


17. Prove that the real and imaginary parts of cos z satisfy the Laplace 
equation. 

18. Is e 2 equal to e 2 ? 

19. Is cos z equal to cos z\ 

20. (a) Given w = f(z) = u + iv. Assume u (or v) is given. How would you 

determine v (or w)? 

(b) Using the method of (a) obtain v if 

u == — 3xy 2 -f 3x 2 — 3y 2 +1 

21. Show that the real and imaginary parts of the following functions of z 
satisfy the Cauchy-Riemann equations and also the Laplace equation 

(a) tanhz (b) ze z (c) z 3 + iz + 3 (d) log z 



Chapter 2 


TENSORS (OR MATRICES) OF ZERO, FIRST, AND 

SECOND ORDER 


2-1 Introduction. We define a tensor, following Jefferies, Ref. (7), 
as a quantity having physical significance which satisfies a certain 
transformation law. There are many possible transformation laws that 
can be considered. However the transformation law which has the 
greatest physical significance for our w r ork in applied mechanics is a 
simple rotation-of-axes transformation —i.e., we analyze the behavior 
of the quantities under study as we rotate the coordinate systems in 
which they act about the origin of the system. 1 Furthermore, for our 
purposes and the ordinary engineering usages, it will be sufficient to 
consider only tensors of order zero, one, and two. 2 

2-2 Zero-order Tensor (Scalar). The tensor of zero order is the 
scalar , that is, a quantity which is independent of orientation of axes. 
Some examples of scalars are: work, pressure, isotropic modulus of 
elasticity, and density. Note particularly that we can specify each of 
these quantities merely by giving a single number denoting its magnb 
tude or value. No reference to a cartesian or other frame is required. 
In other words, under a rotation of axes, the scalar does not change— 


1 Another way to define “tensor" (as we use the expression in this book), which is 
essentially the equivalent of the above definition, is based on the following argument: 

We deal in this book with continuous media, i.e., solids (beams, plates, etc.), fluids, 
and gases. The extent of a continuous medium, or field, is defined by means of coordin¬ 
ates, such aB (x, y, z ); and the variation of physical quantities, all of which are tensors, 
is given in terms of these coordinates. The use of coordinates implies a datum point, 
or origin, from which the coordinates are measured. The tensor is defined by describing 
its behaviour or its form or its value or its representation as the coordinate axes are 
rotated about the origin. 

* In this text we shall deal exclusively with rectangular Cartesian systems, since 
these are of primary interest in engineering applications of tensor analysis. With these 
systems the distinction between so-called covariant and contravariant tensor transforma¬ 
tions does not exist and we shall not, therefore, concern ourselves with either the trans¬ 
formations or notations usually associated with these terms. See Ref. (3) for a further 
discussion of this point. 
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and this is the transformation law satisfied by the tensor of zero order, 
the scalar. 


2-3 First-order Tensor (Vector). The first-order tensor is the 
ordinary vector , variously represented (see Chapter 1) as 

V = v x i+ v y j+v z Jc (2-1) 

or (and in general this will be the notation used in this text) either 

V = (v x v y v z ) (2-2) 



The reason for the notation 2-2 or 2-3 is twofold. First, there is the 
matter of economy of expression. There is a saving of writing involved 
in using 2-2 or 2-3 in preference to 2-1. Secondly, the notation of 2-2 
or 2-3 is the standard matrix notation for the first-order tensor. Thus, 
2-2 is a row matrix (or tensor) and 2-3 is a column matrix (or tensor). 
From this point on we will call 2-2 and 2-3 vectors, although they are 
also either matrices or tensors (since we shall invariably be dealing 
with quantities of physical significance which also satisfy the trans¬ 
formation law for the first-order tensor). In addition, wherever possible, 
capital letters will be used to represent the complete matrix and small 
letters with subscripts will be used to represent the elements of the 
matrix but this will be waived occasionally. 

The transformation law satisfied by the vector quantity may be 
obtained as follows (we do this first for the two-dimensional case— 
and three-dimensional vector will then be obtained as a generalization). 



Fig. 2.1 
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In Fig. 2.1 let OP be a vector, whose coordinates in the Q-x-y system 
are (%, y). Now assume the axes are rotated through an angle 0, about 
0, to position O-x'-y'. The coordinates of the vector in the O-x'^y' 
systems are (x\ y') and furthermore, as may be verified, 


or, in our matrix notation 


x cos Q + y sin 0 \ 

— x sin 8 -f y cos 8 ) 

(2-4) 

/ cos 8 sin 8 \ /x\ 

\ - sin 8 cos 8/ \y/ 

(2-5) 



For example, consider a force vector F , of value 100 lb, directed as 
shown in Fig. 2.2. It is obvious that for the O-x-y system 


F = 



(2-0) 



Fig. 2.3 
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Now assume the axis rotated to O-x'-y' as shown in Fig. 2.3. 
equally obvious that 


'-KMT) 

We verify that this is as it should be by checking the equations 


It is 
(2-7) 


F'x = F x cos 6 + F y sin 6 \ 

F’ y = — F x sinfl+Fj, cosfl 1 


F' x = |(80) + f (60) = 64 + 36 = 100 ) 

F' y = —f (80)+ |(60) = -48 + 48 = 0 j 


which is as required. 

The above relation, Eq. 2-5, is the general transformation law for 
vectors in two dimensions, that is, 

V § = RV (2-10) 

in which V' is the vector referred to the O'-x'-y' system of coordinates, 
V is the vector referred to the O-x-y system of coordinates, and R is 
the so-called “rotation matrix,’* which we may show as 



In this representation of R> each element represents the cosine of the 
angle between the axes corresponding to the subscripts—in which the 
first subscript is the primed axis and the second is the unprimed, so 
that, for example, 

lz i = cosine of the angle between the y' and the x axes (2-12) 

Note that neither x, y nor x , y' in Eq. 2-4 are scalars. That is, the 
value of each component depends upon the orientation of the axes. 
But, there is a scalar connected with the vector, this being the squared 
length. That is, 

x 2 + y 2 = a:' 2 + i/' 2 = independent of axial orientation (2-13) 
For example, for the force vector F considered above in Eq. 2-6 

FJ+Fy* = 802 + 60 2 = 10,000 1b (2-14) 

and, from Eq. 2-7, 

F^ + Fy 2 = 1002 + 02 = 10,000 1b (2-15) 

which verifies the invariance. 
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One may show quite easily that the equation 

V 9 = RV (2-16) 

is a general one which also holds true in a space of three dimensions. 
In this, the general rotation matrix element, l t j t is given by 

lij = cosine of angle between % and j axes. (2-17) 



For example, consider the force vector in space, shown in Fig. 2.4. If 
F = 260 lb, then for the direction of F shown in the figure 



(2-18) 


Assume the x' axis coincides with F, and furthermore suppose that 
the axes are rotated so that x 9 coincides with x , and y' and z' are per¬ 
pendicular to it and to each other. Then in the direction cosine table, 


!n, fi2, and l 

13 given 

/In 

ll2 

Zl3 > 

R = 1 hi 

Z22 

^23 

W 

^32 

^33/ 


r A 


3 

13 


1 S\ 
1 3 ' 


(2-19) 
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Hence it follows that F' x is given by 

F'z = hiFx + htFy + lvaF z \ 

= Am + *(60) + 11(240) (2-20) 

= 260 lb J 


as required. 

Summarizing the present discussion of zero- and first-order tensors: 

(a) A tensor is a quantity having physical significance whose 
elements satisfy a given transformation law—for our purposes a 
rotation of axes law. 

(b) The tensors of engineering interest may conveniently be repre¬ 
sented in matrix form. Hence for our purposes the matrix and 
the tensor are the same and either name will be used. 

(c) The zero-order tensor or scalar is independent of orientation of 
axes and this is, in fact, the law of transformation for the zero- 
order tensor. 

(d) The first-order tensor is the vector, ordinarily defined as “a 
quantity having magnitude and direction.” We define this 
quantity more precisely by stating that a first-order tensor is a 
quantity which satisfies the following transformation law: 

V = itv 

where V is the representation of the first-order tensor in the 
O-x-y-z system, R is the rotation matrix, and V' is the represen¬ 
tation of the first-order tensor in the O x'-y'-z' system. 

2-4 The Tensor. The quantity which we shall call a “tensor’’ is, 
in reality, a “tensor of the second order. 1 ' As pointed out previously, 
scalars and vectors are also part of the tensor family— membership in 
the family being restricted to physical quantities which satisfy certain 
transformation laws. All of the quantities of engineering and physical 
interest are members of this family. We shall in general reserve the 
name “tensor” or “matrix” for the “tensor of second order” only, and 
we shall call the first-order tensor a vector and the zero-order tensor 
a scalar. But the student should understand and appreciate the very 
intimate connection between all of these fundamental physical quanti¬ 
ties. 

It will be recalled (see Chapter 1) that in the elementary vector 
analysis two different products of vectors were defined. One, the 
scalar product, is given by 


A-B 


( 2 - 21 ) 
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and the second, or the vector product, is given by 

AxB 


( 2 - 22 ) 


In Chapter 1 we discussed still another type of product of vectors 
which is extremely important in engineering and physics, the so-called 
“dyadic” of the Gibbs vector notation. We repeat, because of its 
importance at this point, the discussion of certain portions of this 
subject in Chapter 1. The dyadic is represented in vector notation as 

AB 

and is obtained by carrying through the multiplication in the ordinary 
algebraic manner for the vectors 


so that 


A = up 4 d2j-\-a$k j 
B = byl -f 1)2 j -+ b$k' I 

AB = aibin + aifaij + aibsik + avbiji + azbzjj 

+ a*hjh + arf )i hi + arftohj + a 363H- 


(2-23) 


(2-24) 


Now, if we assign to 7, j, h meaning corresponding to positions in an 
array (first letter represents row position, second letter represents 
column position) this can be conveniently represented as 


be shown as 


ia\h\U 

o\h ij 

a fail- \ 


j 

«2&2 Jj 

nJt-jjk 1 

(2-25) 

\a%h\ki 

a 3 b 2 hj 

<1363^/7 


■ for siii]|] 

>1 ideation of notation, 

this may also 

/«]*! 

0 1 b 2 



= I «2&1 

n>b‘> 

"2 ft 3 1 

(2-26) 

W>i 

(1^1)2 

a 3 bj 



where the subscripts take over the meaning of the 7, J, and k and 
where now the first subscript corresponds to row position and the second 
corresponds to column position. 

Equation 2-20 is the matrix representation of the dyadic. It is also 
the matrix representation of the linear vector function 3 and, most 
important from our point of view , it is the matrix representation of the 
second-order tensor in the three-dimensional space. 

3 A linear vector function (see Ref I) is fin operator whirl 1 produces a vector,v r lMi ifc* 
multiplies a vector. 
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In two dimensions this tensor becomes 

/ai&i ai&2\ 


AE 


_ ai02\ 

\d^bi (12&V 


(2-27) 


Thus, for the usual engineering usages, the dyadic, linear vector 
function, tensor and matrix as we define them herein are identical 
quantities. We will refer to this quantity as either a matrix or a tensor 
only. However, in Refs. (1), (8), and (9) will be found discussions 
dealing with dyadics and linear functions that require only a change 
in name (and possibly notation) to come w ithin the scope of the present 
dijcussion. 

The transformation law for the tensor is obtained as follows: 

Consider tw r o vectors U and V which are represented by 


U = 


V = 


J 


(2-28) 


Then, in accordance with Eq. 2-20, we define the tensor of the second 
order as the quantity 

T = UV* 


or, by simply performing the indicated operation 


T = 


and (see Eq. 2-10) 
so that (see Eq. 1-45) 
and 

or 


(V 9 )* = V*Ii* 
U'V'* = RUV*R* 
T = RTR* 


(2-29) 


f UjVx 

u x r y 

u x r z \ 


n u r x 

u U r U 

u }t v z J 

(2-30) 

Mz v x 

UzV t/ 

u z v z J 


Kq. : 

M«») that 


V 

II 


(2-31) 

V’ : 

= nv 


(2-32) 


(2-33) 

(2-34) 

(2-35) 
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and this is the transformation law satisfied by the tensor of the second 
order. 4 Note that we are, in effect, defining the primed axis tensor as 
T' = U' V'* 9 which is consistent with the definition for the unprimed 
tensor, T. 

This transformation law is of paramount importance in engineering 
applications. It is the essential mathematical requirement behind the 
well-known Mohr circle construction (which will be described shortly) 
and shows very clearly that the Mohr circle construction can be applied 
to any tensor like T, such as the inertia tensor, stress tensor, strain 
tensor, etc. 

It will be instructive to obtain the expanded form of T ' in terms of 
the elements of T , for both the three-dimensional and the two- 
dimensional forms of T. Thus, if 


/Tn 

T n 

T ia \ 


1 T 2 i 


T 23 ) 

(2-36) 

w 

T 32 

tJ 



/hi I 12 hs\ /^n Tw\/ln l >i Z 3 i 

T r = I hi I 22 i23 T 21 T 22 T 23 II h 2 I 22 I 32 

\h\ h 2 hJ\Tsi ?32 Tzdxlys hr 3 Z33 


where 


(2-37) 


tTn 

r 12 

T’n\ 


br 2 i 

r 22 

T’ 23 

(2-38) 

V'si 

t 3 > 

T’J 



Performing the multiplications indicated, we obtain 

T'n = Ti\l\i 2 + T\‘>h2h\ + T\3hiihi + T2ih\h2 + T22li2 2 
+ 7Wl3*12 + ^ 7 3L^l/l3+ 7 W 12/13 + ?Wj3 2 
T '12 = Tnhlhl + TMn + TMn + T 21 / 21^12 + T22^22^12 
+ T23WJ2+ T 3 ifa\hs + ^32/22^3 + ^33/23^3 

T'iz = 7 T il/3l/n + Ti2?32^H+^33^33^11+ ? T 21^3J^12 + ^ 7 22732^2 

+ T03/33/12 + 4 ? 32W13 + ^Wa 3^3 


(2-39) 


4 Thore are various identities, equalities and similar relations wliic-h hold for the 
general tensor of the' second order, the unit tensor mid the rotation matrix. Some of 
these are given as problems (Probs. 1-12) at the end of this c hapter. The student should 
refer to these and use them whenever it. is convenient or necessary to do so. The follow¬ 
ing important point must be noted: in order to prove that any quantity is a tensor we 
must show that it satisfies the relation of Eq. 2-35. 
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T' 21 = TM 21 + TMn + 7 W 21 + T 21 I 11 I 22 4 ZWisfa 
4 ^23^13^22 + ^31^11^23 4 4 ^33^13^23 

T' 22 = rilfe^ + rwfefel +Ti3Z23fel + ? ? 2lW22 + 2 7 22^22 2 

4 T 23 / 23/22 4 T^lhlhz 4 ^32^22^23 4 ^33^23 2 
T'23 = T11/31Z214T12/32/214T13/33/214-T21/31/224T22/31/22 
4 T 23 Z 33/22 + Tsihlhz 4 ^32^32^23 4 ^33^33^23 

(2-39) 

^Sl = T 11 ^ 11^31 4 T 12 ^ 12^31 4 T 13 ^ 13^31 4 T 21 ^ 11^32 4 T22Z12Z32 continued 
4 T03/13Z32 4 T31/11Z33 4 + 3^33/13/33 

I 7 32 = 3^11/21/31 4 ^l 2/22/31 4 T13/23/31 4 3^21/21/32 4 T2.2l2.2h2 
41 7 23/23/32 4 T 2 \h\ Z33 + 3 ^32/22/33 4 T 33/23/33 
T'33 TU/3124T12/32/31 4 ^13/33/31 4 T^hihi 4 T 22/32^ 

4 ^ 23 / 33/32 4 T 31 / 31/33 + T 32 / 32/33 4 T 33 / 33 2 


For the two-dimensional case, this becomes 

/T'n T'i 2 \ / 00 s 0 sin0\/7 7 n Ti 2 \/cos0 — sin 0\ 

\T' 2 i T' 22 / \ —sin0 cos0/\T 2 i T 22 /\sin0 cos 0/ ^ ^ 

which becomes, upon expansion 


t # = 


/ Tn cos 2 0 4- T 12 sin 0 cos 0 
I 4 T 21 sin 0 cos 0 -f T 22 sin 2 0 


- Tn sin 0 cos 0 - 1 - T 12 cos 2 0 \ 
- T 2 ] sin 2 0 4 - T22 sin 0 cos 0 I 


I — Tn sin 0 cos 0 — T 12 sin 2 0 Tn sin 2 0 — T 12 sin 0 cos 0 j 
' 4 T 2 i cos 2 0 + T 22 sin 0 cos 0 — T 2 i sin 0 cos 0 4 - T 22 cos 2 0 ' 


(2-41) 


We emphasize that these are perfectly general relations which hold 
for all tensors of the second order. We shall see later how Eq. 2-41 is 
the basis of the Mohr circle construction. But before we do this we 
shall discuss two very important properties of tensors—diagonaliza- 
tion and invariance. These general properties of tensors will be given 
without proof. The proofs may be found in Refs. (1) and (8). 


Property I: Diagonalization of Symmetrical Tensors. 

Given any symmetrical tensor, ^4, whose elements in an O-x-y-z 
system of coordinates are given by 


r a n 

012 

013 

«21 

022 

023 

031 

®32 

033 - 


A = 


(2-42) 
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then there is an orthogonal set of axes O—x'—y'—z' (called the principal 
axes) with respect to which the tensor may be given in diagonal form, 

/a'11 0 0 \ 

A! = | 0 a f 22 0 | (2-43) 

\ 0 0 a 33/ 

This property holds also for the 2x2 (that is, the two dimensional) 
tensor. 5 An example of diagonalization will be presented in the next 
section in connection with the inertia tensor. 

Property II: Invariants of the Tensor 
For any 3x3 tensor A , whose elements in the O-x-y-z system are 
given by 


/ffJl 

«12 

Oj3\ 


A = If /21 

022 

«23 1 

(2-44) 

w 

U32 

O33/ 



there are three 'invariants' 1 (or scalars), which are quantities whose 
values do not change when the coordinate axes are changed to 
O-x’-y'-z' (a rotation of axes), for which the tensor becomes 


/«*H 


«'ia\ 


( «*21 

it' 2 2 

23 1 

(2-45) 

Vsi 

a 32 

«' 3 3/ 



These invariants are 

1 1 = the trace — ct\ i 4- ft>i I-naa ~ a 'u + 0*22 + 8*33 (2-46) 


5 Indeed, we may “prove" the diagonal property for the 2x2 symmetrical tensor 
rather simply as follows: 

Refer to Eq. 2—10 and 2-41. Assume 7’ii. Tja = T 21 - and 7' 2 2 Hre not zero. Then 
diagonalization implies that there is an angle 0 such that 

— 7’ii sin 0 eos 0 -f 7 T i 2 (eos“fl —sin 2 0 )-f T 22 sin 0 cos 0 = 0 

Dividing through by 7 T i 2 (which is not zero), wo obtain 

cos 2 # — sin 2 #-|-A’ sin # cos # = 0 

in which K = (7 T 22 — Tn)/Tj* and we may assume this equation is a continuous one in #. 
Now, 

for # ss 0 The equation = 4-1 

and for # = tt, 2 The equat ion = —1 

Since the equation is continuous and it varies between -4-1 and 1 there is at least one 
value of 0 for which the equation has the value zero. Q.E.D. 

The reader should note especially that this simple demonstration is not valid if Tn ^ 
T% 1 , i.e., if the tensor is not symmetrical. 



46 MATRIX-TENSOR METHODS IN CONTINUUM MECHANICS 


I 2 = the sum of the principal two-rowed minors, 



022 

023 


1 ^11 

«13 


011 

012 

\ 

= 



+ 



+ 





032 

033 


«31 

033 


021 

022 




a' 22 

023 


011 

013 


0'll 

0'l2 

= 



+ 



+ 




0 32 

033 


031 

033 


0*21 

a'22 


Is = the determinant of the matrix 



011 

012 

013 


0'll 

0*12 

0*13 

= 

021 

022 

023 

= 

021 

0*22 

0*23 


031 

032 

033 


0*31 

0 32 

0*33 


For the 2x2 tensor, there are two invariants: 6 

I \ = 0u + Cf*2 = Cl '1 \ + (1*22 


(2-47) 


(2-48) 


( 2 - 49 ) 


011 

012 


0*11 0*12 

021 

022 


0*21 0*22 


Examples of invariants will be presented in the next section in 
connection with the discussion of the inertia tensor. 

Another important statement that can be made concerning tensors 
iias to do with the behavior of tensors in equations. The statement 
can be given in several forms. For our purposes it will be sufficient 
to state it as: 


Any equation expressible, in tensor form holds independently of axial 
orientation and is valid in all systems of coordinates . 1 

For example, if 

4 > = Kiil + KzV ( 2 - 51 ) 

is a tensor equation with <J>, ii. and T tensors, then this equation is 

6 The two invariance relations for the 2x2 tensor may he verified without difficulty 
by referring to the general transformed tensor in Eqs. 2-4U and 2-41. It is only necessary 
to show that for this tensor 

Th+T* = T' n I 7 "22 

and 

TnT 2 2 -T l2 T 2l = T'nT'22-T'nT' 2 , 

7 Refer to the force vector F of Fig. 2.2 ami Eq. 2-G. It is clear that this vector 
F represents a physical quantity independently of reference to any coordinate system. 
The components of F may differ, depending upon the directions of the r and y axes, but 
F itself, as a force vector , has identity and meaning in the form 



regardless of which directions we assign to x end y. This is true of tensors generally 
and because of this we may state, intuitively, that equations given in terms of tensors 
hold independently of the orientation of the uxe»s. The elements of the tensors which are 

Footnote continued on page 47. 
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valid in all coordinate systems. It is only necessary that the appro¬ 
priate form of the tensor be used for the system in question. 

The discussion given above represents sufficient background in the 
field of matrix-tensor analysis for our present purposes and is, indeed, 
a sound foundation for additional advanced work in these areas. 

In order to illustrate applications of much of the theory presented 
above we shall now discuss, in some detail, a tensor which is well 
known to most engineering and science students. 

2-5 The Inertia Tensor. Let us consider the following expression, 
which occurs repeatedly in many problems in dynamics and (as we 
shall see) also occurs in the fields of engineering elasticity— 

I = r 2 E — r*r (2-52) 

in which 8 

r = (x y), the distance vector 
r 2 = z 2 + y 2 , a scalar 
E = unit matrix or tensor 

-c:) 

If we expand the above in the usual way we find 


/ yy 

\ -yx 



(2-53) 


and (see Fig. 2.5), if we multiply the right-hand side of Eq. 2-53 by dA 
and integrate over the entire area, then each element represents a 
moment of inertia (the off-diagonal elements being the “products of 
inertia”) and we have the very important second-order tensor, the 
inertia tensor , given by 



(2-54) 


Footnote continued from pope 46. 

contained in the equations will alter or change form depending upon the orientation of 
axes or depending upon the coordinate system being used. But the equations them* 
selves, as statements of tensor identities, are unchanging, bee also the discussion of this 
point in Ref. (3). 

Another way of saying this: 

The equations of mathematical physics are given, quantitatively, in the form of partial 
differential equations. These equations which express laws or relations of nature must, 
in their fundamental forms, be given in an expression which is independent of the coordin¬ 
ate system used. If this were not so then different investigators, using different permis¬ 
sible coordinate systems, would arrive at different solutions to the (essentially) same 
problem. Such a situation goes against reason and cannot be admitted in our scientific 
philosophy. 

8 Note that / is a tensor since it is made up of the difference two terms which are 
tensors, i.e., satisfy the relation T' « RTR*. See Prob. 12 at the end of this chapter. 
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Fig. 2.5 


Note that this is a symmetric tensor, since obviously I xy = I yx . 

In this expression, 

Ixx = area moment of inertia with respect to y-y axes. 

I yy = area moment of inertia with respect to x-x axes. 

I X y = Iyx — area product of inertia with respect to x-y axes. 

To illustrate a simple moment of inertia calculation, let us determine 
I X x and Iyy for the rectangle about its centroidal axes, see Fig. 2.6. 



y 


Fig. 2.6 


Consider J xx first. We have 



(2-55) 
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In the same way, we would find 


[ yy 


"I 3:1 


(&/ 2 ) 

Hb/2) 


x 2 k dx 


hb 3 


(2-56) 


Also it is obvious that I xy = 0, since for every positive contribution 
to this term, there is an equal negative one. 

If we wish, we can determine Iaa where A- A is an axis through 
the base. In this case we have 


Iaa 



Iaa 


bh 3 


(2-57) 


There are other moments of inertia besides area moments of inertia. 
For example, in certain fields the concept of line moment of inertia is 
important. This is essentially a one-dimensional counterpart of the 
area moment of inert ia. We may speak also of mass moments of inertia 
which is a three-dimensional form of the inertia tensor. In iact, one 
may generalize this concept to an n-dimensional space. 

In the example cited above we have I xx and I yyi the moments of 
inertia with respect to the y and x axes respectively. It is also possible 
to define a moment of inertia, I r , the so-called polar moment of inertia 
which is the moment of inertia with respect to an axis through the 
origin and normal to the area—that is (see Fig. 2.5) 


or, in general, 
Also, we may 



(2-58) 


Ir = Ixz + Iyy (2-59) 

ihow that if x and y are the centroidal axes, then given 
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an axis x\ parallel to x and at, say, a distance d from it, see Fig. 2.7, 


z l x l — I Vi 2 dA 

J A 

= [ (y + d) 2 dA 
J A 

= J #dA + 2dj y dA + d 2 J dA J 


(2-60) 


and since the x axis is a centroidal axis, the middle integral equals 
zero, or 


— Ixx + Ad 2, 


(2-61) 


This is the very important Parallel Axis Theorem, and it is stated in 
words as follows: 

The moment of inertia of an area with respect to any axis exceeds its 
moment of inertia with respect to a parallel axis drawn through its centroid 
by the product of the area by the square of the distance between the parallel 
axes . 

The student should verify the theorem for the rectangle example 
given earlier in the section. 

A similar parallel axis theorem may be given for lines and for volumes. 

Also, a parallel axis theorem for products of inertia may be obtained 
in a manner similar to that used in Eq. (2.60). The student should do 
this as an exercise. 

Going back to the tensor representation of the inertia it will be 
instructive to determine 1 the above tensor in an O-x'-y ' system that 
makes an angle 9 with the O-x-y system. This is given at once (see Eq. 
2-41) by 
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f lXX COS 2 0 + Iyy sin 2 0 (Iyy - I XX ) Sill 0 COB 0 ' 

- 21 xy sin 0 cos 0 - (cos 2 0 - sin 2 0)I xy 

(Iy y - I xx ) sin 0 cos 0 I xx sin 2 0 4 I yy cos 2 0 
i -(cos 2 0-sin 2 0)/ zy 4 %Ixy sin 0 cos 0 , 


The above represents the rotation of axes expressions for the area 
moment of inertia. For example, lor the rectangle of Fig. 2.6 we had, 
about the centroidal z and y axes, 


Ixx — 


bh 3 
"l2 


/ 


yy — 


hb* 

~12 


Ixy — lyx — 0 


(2-63) 


Suppose we have axes x' and y making 45° with the x and y axes 
respectively. What will l xx -, Iyy and I x -y be given by? 

We have, since cos 2 0 = sin 2 0 = sin 0 cos 0 = from Eq. 2-62, the 
folic wing: 


I xx Iyy j bhfi hb& \ 

Ix'X' - -1- ixy = -- I 

2 2 24 24 1 

r Ixx Iyy _ btf 

vv 2 2 24 24 

Iyy-IXX hi? bh 3 

x ' v ' ~ 2 “ *24 24 , 


(2-64) 


Let us now determine the invariants of the area moment of inertia 
tensor. These are given at once (see Eqs. 2-49 and 2-50) by 

= Ixx + Iyy = Ix’X' + Iyw (2-65) 

and 

= Ixxlyy'-Ixylyx = Ix'X’Iyy~ Ix'ylyx? (2-66) 


We use the symbol J for invariant instead of I to distinguish the 
invariant from the inertia element. 

The invariant is usually discussed in elementary courses of statics. 
The invariant Ji is rarely mentioned; it is, however, an invariant just 
as is, and in some ways it is of more interest, particularly since it 
is an invariant which contains all elements of the inertia tensor. 
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We may verify the invariance relations for the rectangle considered 


above as follows: 

bh 3 m 




(2-67) 

and (from Eq. 2-64) 

bh* 



1 x'x* “I" f i/'i/' — - H - 

vv 12 12 

(2-68) 


which verifies the relation for J\ 

For ./2 we have 

64*4 

Ixxlyy — Ixy 2 — 777 (2-09) 


and 


I x‘X f l yy — I X'V' 2 


/6*3 *63 \ 2 /6*3 *63 V2 

\ 24 + ~ 24 ) ~ \24 24 / 

b*h* 

144 


(2-70) 


which verifies the relation for J 2 . 

We may note also that since the tensor Eq. 2-54 is a symmetric one, 
then by virtue of the theorem stated in Art. 2-4, it follows that this 
tensor may be put in diagonal form. That is, there is a set of axes, 
0 -x v -y p , the principal axes , such that the tensor becomes 


I p — 


( Ix pX P 

\ 0 


0 ) 
Iy v vJ 


(2-71) 


Thus, the products of inertia are zero about the principal axes. 

It is clear therefore, that for the rectangle of Fig. 2.6, the x and y 
axes are the principal axes. In fact, it must follow that axes of sym¬ 
metry are always principal axes, since for an axis of symmetry I xy will 
equal zero. 

Also, we may show that I x x p and I Vp y p are either the maximum or 
minimum values of the moment of inertia about any set of orthogonal 
axes through O. This is done as follows: Assume I xx > Iyy . This is 
no real restriction, since we can always label the axes so that this is so. 
We have, by virtue of the invariance relations, 


I *p*v + I VpVp - Izx + Iyy | (2-72) 

Ix p z p Iy p y p = Izxlyy—Ixy 2 * 

where the left-hand sides are the principal axes values and the right- 
hand sides are the values for any other set of orthogonal axes through 




TENSORS OP ZERO, FIRST, AND SECOND ORDER 


63 


the origin. Then 

Iy t ,v p = Ixx+Ivy—Iz p xp (2-73) 

and, substituting this in the second of the above, we have 

Ix p x p (Ixx+Iyy~Iz p x p ) = Ixxlyy ~^xy 2 (2*74) 

Solving for I Xp x p , we have 

T _ (Ixx+-Iyy)±.\/(Ixz+Jyv)^~4(IzxIyy—Ixy i ) 
ix p x p - 2 - 

(Ixx + lyy) i ‘'S(J-xx~Iyy) Z + ^lxy i 
_ _ " 

(Ixx + lyy) i xx — Ivv) + *] 

2 

in which € is some positive quantity. Hence 




(2-76) 


In other words, Ix p x p is either greater or less than the moment of inertia 
about any other set of axes. This may also be demonstrated for 
Iy v y v , in the same way. 

Hence, in order for the equality of the first invariance to be valid, it 


follows that I x v x p and ly p y v are the 


( maximum 
minimum 


or 


minimum , 

value 

maximum 


of the moment of inertia about any set of orthogonal axes through the 


origin. 

Equation 2-62 has a most suggestive form. Whenever equations 
are given in terms of the circular functions (sine, cosine, etc.), one is 
led to consider the possibility of constructing a graphical solution of 
the equations using circular arcs. Such a construction does, in fact, 
exist for these equations—and therefore for all other tensors of the 
second order, in two dimensions. This construction is the Mohr circle, 
which we describe next. 

We consider Eq. 2-54 and assume that for a given set of rectangular 
axes the moments of inertia / xx , I yyi and I X y are known. Then, for 
any other rectangular set of axes making an angle 8 with the initial 
set, we have the primed quantities as given by Eq. 2-62. From this 
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equation we obtain 


+ Ixx — Ixy 

Ix x' — -1- 008 26—Ixu sm 26 

2 2 

Ivy = ——— sin 26 + I xy cos 20 


(2-77) 


or 


+W - (^-) +/: 

= constant for any 6 


But Eq. 2-77 is the equation of a circle in an I plane, center at 
[(Ixx + lyy)l~' 0] of radius equal to y/[ (I X x-Iyy)l m 2] 2 + Ixy 2 - This circle 
may most easily be constructed as follows (see Fig. 2.8): 



Fig. 2.8 
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We choose the x direction such that I xx > I yy . Lay off abscissae 
equal to l xx (= OA) and I yy (= OB). Lay off ordinates (assumed 
positive) I X y (= AC , BD) as shown. From center E draw a circle 
through C and D. This is the Mohr circle. 

Now consider A ECA as a movable indicator. To find I X ' X I yy f , 
I X ' y ' at the angle 6 , rotate ECA through 20 in the same direction as 6 
to position EA'C'. Then OF = I X X ’, OG = I y ’y> and C'F = I X 'y‘. 

In this way. a complete graphical solution of the inertia (and other 
tensors) may l>e obtained. For example, the student should verify the 
following relations, by referring to the Mohr circle: 

(a) Principal moments of inertia always occur on planes perpendicu¬ 
lar to each other. 

(b) (-fp)max = the maximum principal I 


and 


Ixx 


yy 


+ (Ixy) n 


(Ip) min= (Jgy)max 


(c) The plane of (I xy ) is at 45° to the principal planes. 

In a similar way, other general relations concerning the elements of 
the second-order tensor can be obtained from the Mohr circle. 

The three-dimensional form of the inertia tensor may be obtained 
at once from the general equation, Eq. 2-52, in its three-dimensional 
form. This leads to 



(2-78) 


This tensor also is symmetric, hence has principal axes, also it has 
the three invariants which are common to all tensors of this order and, 
of course, satisfies the standard transformation of axes relations. 

Also, it may be noted, a Mohr circle construction has been developed 
for the three-dimensional case, see Ref. (11). 

Summarizing the above discussion of tensors of the second order: 

(a) If 

U = 
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V = 

are tensors of the first order, then 

T = UV* 

is a tensor of the second order. 

(b) The transformation law satisfied by the second-order tensor is 

T = RTR * 

where R is the direction cosine tensor defined by Eq. 2-17, and 

T' = U V'\ 

(c) As an example of the second-order tensor, we considered a tensor 
defined by 

7 = r 2 E — r*r 

and showed that physically this corresponded to the moment of 
inertia tensor, and also that this was a symmetric tensor. 

(d) Applying the transformation law of step (b) above to this tensor, 
we obtained the well-known rotation of axes relations for mo¬ 
ments of inertia and, in addition, the two invariants of the 
two-dimensional form were obtained. 

(e) The Mohr circle construction for two-dimensional tensors of the 
second order was described in detail. 

(f) The three-dimensional form of the inertia was briefly discussed. 

2-6 The Indicial or Subscript Tensor Notation. In the previ¬ 
ous articles we have discussed the topic which is called “matrix-tensor 
analysis” in this book. The hyphenated title is used to emphasize 
that (1) the subject deals with tensors, i.e., the family name of physical 
quantities which behave in certain fixed ways when the coordinate 
axes are rotated about the origin; (2) these tensors may be represented 
by matrices. 

Now, there is another very common representation of tensors—the 
indicial or subscript notation. Although we shall use the matrix nota¬ 
tion throughout this book, it may be of interest to discuss briefly the 
indicial notation. The basis of this notation is the summation conven¬ 
tion which we discuss first. 

The expression 



2 a « 
<- 1 . 2,3 


(2-79) 
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represents 

«ii + ®22 + 033 (2-80) 

We can define o<< (without the summation sign or index numbers) 
as the equivalent of the above, if we introduce a summation convention , 
namely, 

A recurring suffix letter indicates the sum must be formed of all terms 
obtainable by assigning to the suffix the values of the indices . (The indices 
in Eq. 2-79 are 1,2,3.) Thus the expression 9 

aubtj, i = l, 2,3 j = 1, 2,3 (2-81) 

means that the summation must be carried out for all values, 1, 2,3 of 
i and j or 9 

atjbtj = on 6 n + 022622 + 033633 + 2(023623 + 031631 + 012612 ) (2-82) 

Note, in the above expression it was assumed that 

= o>ji \ 

6 „ = 6 „ ) (2-83) 

If this is not true then the expression must be modified accordingly. 

The repeated letter indexes are called dummy indexes. The non- 
repeated indexes are called free indexes. Thus 

= OnOlJfc + 0*202* + 0 * 303 * (2-84) 

and j is the dummy index whereas i and k are the free indexes. Thus, 
a dummy index can always be replaced by any other letter which does 
not occur in the same term. 

The use of brackets is important in this notation. Thus, for i = 1 , 2 ,3 
(an) 2 = (an + «22 + 033) 2 (2-85) 

whereas 

an 2 = an 2 + 022 2 + 033 2 (2-86) 

In such a term 10 as 

Oijbjk = Cue (2-87) 

the free indexes (t and k) must be the same on both sides of the equation 
and the equation holds for all values of the free suffixes. Thus, Eq. 2-87 
stands for nine equations, of which two typical ones are 


011611 + 012621 + 013631 = cn (i = 1, k = 1) 

021613+ 022628+ 023633 = c 23 (i = 2 , k = 3 ) 


(2-88) 


9 The reeder should note thet this is also equal to bijOij —in other words, the order of 
terms in ^h e indicial notation multiplication may be interchanged. 

10 Note: this is just the expression AB • Cof the matrix notation. 
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The summation convention also holds for derivative and differential 
expressions. Thus, for i = 1, 2, 3 

dui 


8 u\ dU 2 SU 3 
dxt dxi dx2 • 8x3 


and the expression 

is three equations 


daij 


= 0 


8xj 

8g\\ 8g\2 8g\3 

8x i 8 x 2 8 x 3 

8<J2l 8 g22 8g23 

8 x i 8 x 2 8x 3 

8gsi 8g32 8g33 


( 2 - 89 ) 


( 2 - 90 ) 


= 0 


= 0 


= 0 


(2-91) 


8 x i 8 x 2 8 x 3 

and in Chapter 4 it will be shown that these are the “equilibrium 
equations” of elasticity—body forces neglected. 

An important symbol in the indicial notation is the 8 symbol, which 
is the equivalent of E , the unit matrix. 8 is defined as 


(2-92) 


=1 if i = j 
8ij = 0 if i / j 
As an example of the use of this, the reader should verify that 

O'ij—^ijO'kk ( 2 - 93 ) 

is equivalent to the following matrix, which appears in plasticity 
theory, Chapter 9. 

r 2aii — a22 —«33 


(2-94) 


3 

— ai 2 

#13 


2(122 — (J33 — «11 


«21 

3 

023 



2^33 — an ” 022 

«31 

<*32 

3 


We shall now discuss the connection between tensors and the indicial 
notation. 

In Eq. 2-10 we noted that the transformation law for the first-order 
tensor (i.e., vector) is 


V 9 = RV 


( 2 - 95 ) 
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In the indicial notation this is just given by 

v’i = aijVj, i = 1, 2, 3 (2-96) 

in which 

v'( is the vector in the primed system, 

Vj is the vector in the unprimed system, and 
is the rotation matrix. 

Thus, the x component (i.e., 1 component) of v\ is given by 

v\ = aiivi + ai 2 v 2 + ai3i>3 (2-97) 

and so on for the others. 

In Eq. 2-35 we pointed out that a tensor of the second order satisfies 
the following transformation law 


P’ = RPR* 

This is identical, in the indicial notation, 11 to 

(2-98) 

P'i] = (HkaflPki 

(2-99) 

Thus—for i = 1. j = 1, the reader should verify that both expressions 
give the following: 

+ ffll2«ll-P21 + 012012^*22 + a \ 1 a 13 P 23 
+ 013011^31 + Oi3ffli2-P32 + 013013P33 

(2-100) 


In the above expression, obviously at * and a# represented the direc¬ 
tion cosine matrices R and R*. Hence, see Probs. 1 and 2 at the end 
of this chapter, 


atkO'jk = &ij ( 2 - 101 ) 

and 

dkiO'ki = &ij ( 2 - 102 ) 

A general property of tensors that is of interest and that follows quite 
simply from the indicial notation is the following: 

If f(Pij) is a function of a tensor, Py and if q^ = dfjdPi) t then we 
can show that q\j is also a tensor (in which the transformed or primed 
axes form for q is given by q'tj = dfldP'tj). 

We prove this property as follows: 

It may be shown (the reader should verify this by expanding the 
expressions and noting the application of the chain-rule in partial 

11 Note that in this expression also the order of terms on the right-hand side may be 
interchanged without affecting the result. See footnote, p. 57 . Also we use the letter P 
to represent the indicial notation tensor, whereas T is used for the matrix-tensor. 
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differentiation), that 


which is also given by 


since (see Eq. 2-99) 


df(Pu) _ df(Pj}) dPu 
dP' i} ~ dPki dP'u 

df(Pij) df(P i} ) 


Pkl = OikOjlP'ij 


(2-103) 


(2-104) 


(2-105) 


in which the role of the primed and unprimed has been interchanged. 18 
Therefore, 

WPu) \ 

<M00) 


= a ikQjl9kl 


and this is just the required tensor transformation. 

We may also obtain the invariants of tensors rather directly utilizing 
the indicial notation. Thus, as was stated in Art. 2.4 y there are three 
invariants for the second-order tensor in the three-dimensional space. 
This may be verified as follows: 

We shall prove that 

P,,P ” } (2-107) 


(2-108) 

(2-109) 

( 2 - 110 ) 

( 2 - 111 ) 

( 2 - 112 ) 


Pi,P,kPki ) 

are invariants. That is, we shall prove that 

Pa = P'ii 

PttPji = P'iiP’a 

PifP,*Pti = P'ilP'ikP'ki 
To prove Eq. 2-108, we have (see Eq. 2-99) 
Pit = OucOuPhl 

and from Eq. 2-102, this becomes 

P'u = &klPkl 


11 This result follows at once by multiplying both sides of Equation 2-99 by ouOfi 
and noting that 

1 

- 1 
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or (see Eq. 2-92) 

P'u = Pkk = P« Q.E.D. (2-113) 

To prove Eq. 2-109, we have (using once again Eqs. 2-99, 2-102, 
and 2-92), 13 

P'ijP'ii = {O’ikO'jlPkl){P}m a inP mn ) 

= ttikdinPkl a fl a jmP mn 

= hnPklhmPmn 

= PnlPln = PijPji Q.E.D. 

Finally, we prove Eq. 2-110, as follows 

P ijP JkP ki = ( a il a jmPlm){Q']nQ'krPnr){Q'k8 a itP8t) 

= ( 0'i}^itPlm)( a )m a jnP nrii^kr^ksP st) 

= SltPlmbmnPnr&rsPst 

= PtmPmrPrt = PijPjkPki Q.E.D. 

The reader should compare the invariants given in Eqs. 2-108, 
2-109, and 2-110 with those given previously for the matrix tensor and 
should satisfy himself that the three sets are equivalent , although the 
second and third invariants are not identically the same in both forms. 

2-7 Summary. The general definition was given of a tensor as a 
quantity having physical significance and satisfying a certain trans¬ 
formation law. This led at once to a discussion of the scalar, vector, 
and tensor, all of which are part of the family of “tensors.” 

Some general properties of tensors as well as the transformation laws 
were next discussed. Following this, much of the preceding was 
illustrated by referring to a specific tensor—the inertia tensor. This 
in turn led to a discussion of the Mohr circle. 

Finally, the indicial-subscript tensor notation was briefly described. 

Problems 

1. Show that 

R*R = E. Hint : use for V the unit vectors and then use the scalar and 
vector product properties of normal vectors. 

2. Show that 

RR* - E 

w In this and the following proof we rearrange several terms in the expressions. This 
con be done without changing the value of the expressions, in the indicia] notation. 
See previous footnote on p. 57. 


(2-115) 
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3. Show that £ is a second-order tensor, with 


4. Prove that 
6. Prove that 

6. Prove that 

7. Prove that 

8. Show that 


n o 

E = E' = I 0 1 

\0 0 


0 

0 

1 


R = 

R* = 

det = \R\ = 1. 
= E . 

= ,4'*. 


9. If ^4 is a second-order tensor and B is a second-order tensor, show that 
AB is also a second-order tensor. Hint: it is necessary to demonstrate 
that A B'=RABR*. 

10. If A is a second-order tensor, show that A 1 is also a second-order tensor. 

11. If A is a second-order tensor, show that .4* is also a second-order tensor. 

12. If A is a second-order tensor and B is a second-order tensor, show that 
A +B is also a second-order tensor. Show the same for A—B. 

13. If, for a given area and set of axes 


Ixx = 1000 


lyy = 500 
l X y = 250 

draw the Mohr circle and determine 



{Ixx) max 
[lyy) max 
(Ixy) max 

and determine the angles between the 
principal axes and the x-y axes. 

14. (a) Determine I X x,lyy and I xy for the 

figure shown. 

(b) Draw the Mohr circle, determine 
the maximum and minimum 
moment of inertia, the maximum 
product of inertia, and the angle 
between the principal axes and 
the x and y axes. 

15. Verify by direct substitution of the 
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transformed plane terms the two invariants of the two-dimensional 
inertia tensor. 

16. (a) List the three invariants of the stress tensor; 


T = 


a x 

r xy 

T XZ 

Tyz 

Oy 

T VZ 

r zx 

r zy 

°z 


(b) Explain by means of a sketch on a differential cube element the 
physical significance of the two invariants of the two-dimensional 
form of this tensor. 


17. The following equations are given in indicial tensor form. In all cases 
assume a three-dimensional space. Write out the cartesian forms of the 
equations. 

(a) 

dui 

dxi 

(b) 

dui dui 1 dp v&Ui 

- \-ujc - = 9i + 

dt dxjc p dxi dxkdxk 

(c) 

/ dw dw \ 

(d) 

86 t 86, 

e rt = ——Vii 

8x r 8x, 

18. Write each of the following using the summation convention: 

(a) 

dj> d<f> d<f> 

dd> = —dx + —~dy +— dz 
dx dy dz 

(b) 

dA dA dx dA dy dA dz 

dt dx dt dy dt dz dt 

(°) 

ds 2 = gii{dxif+gtt(dx2)*+gto(dxtf 

(d) 

3 3 

2 2 9 pg dxjjdxq 

p«l ff-l 

19. Solve Probs. 1 through 12 of this chapter using the indicial summation 
tensor forms. 



Chapter 3 


CURVILINEAR COORDINATES 


3-1 Introduction. The fundamental equations of mathematical 
physics (and therefore of engineering) are, of necessity, given in a tensor 
form, i.e., in a form independent of coordinate systems. For example, 
a basic term which appears in many equations is the Laplacian of a 
scalar function <f >, which in tensor (i.e., invariant) form is given by 

V 2 <£ 

and which, in the ( x , y) system of coordinates is given by 

d 2 <£ 

8x 2 + dy 2 

In the differential equations that this term occurs in, not only must 
the equation be solved but it is also necessary that the boundary condi¬ 
tions be satisfied. It is, in fact, this requirement which makes it pos¬ 
sible to obtain unique solutions to given problems. If the boundary is 
a straight wall or a right-angle corner it will generally be most conve¬ 
nient to use rectangular (x, y) coordinates. However if the boundary is 
curved—say, circular, or elliptical, or some other shape—then the 
solution can generally be best obtained in circular or elliptical or other 
curvilinear coordinates, since the boundary condition will invariably be 
most simply stated in this coordinate system. 

For example, the two-dimensional circular coordinates are the polar 
coordinates (r, 0). That is, lines (or curves) of r = constant, 0 = con¬ 
stant, take the place of the rectangular coordinates, x = constant, 
y = constant, as shown in Fig. 3.1. 

An essential and extremely important similarity in both systems of 
coordinates shown in Fig. 3.1 is that they are both “ orthogonal ” co¬ 
ordinate systems, i.e., in both sets of coordinates, the curves of constant 
coordinates are normal to each other at all points of intersection. This 
will be true of all coordinate systems we consider, although it is not 
required that this be so, in general. We call such coordinates orthogonal 
curvilinear coordinates , and we shall study in this chapter the methods 
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(3-1) 

(3-2) 
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(a) Rectangular coordinates 



(b) Polar (circular) coordinates 

Fig. 3.1 


by which equations may be transformed into the infinite number of 
possible curvilinear coordinate systems. 1 

The following discussion of curvilinear coordinates, which is based 
almost entirely on matrix-tensor arguments, follows the treatment of 
this topic given by Murnaghan, Ref. (1). 

3-2 The Rotation Matrix and the Magnification Factors. We 
review some preliminary ideas first. If 


V = 



(3-3) 


is a first-order tensor in the O-x-y-z system (see Art. 2-3, and note 
that the following expression is obtained by simply multiplying both 
sides of Eq. 2.16 by R * and recalling that R*R = E), then 

V = R*V' (3-4) 


where 



(3-6) 


1 The equations are given initially in terms of y , z, (and not the more, general rotated 
x\ y\ z') coordinates. Wo wish to give these equations in terms of a, 0, y orthogonal 
coordinates (and not in terms of more general rotated a\ P', coordinates). This is 
accomplished by assuming that at all points the directions of the at, 0, y curves coincide 
with the directions of the i, y, z curves and this is the basic assumption in the technique 
which will be described here. See also the footnote on p. 69-70. 
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is this vector in the O-x'-y'-z' system and R is the rotation (direction 
cosine) matrix. 

If we introduce coordinates (a, p, y) related to (x,y,z) through the 
equations 2 


x = x(<x, P, y) ' 

y = y(*> p, y) 

z = z( a, p, y) 4 

and 

a = a (x, y , z) ' 
P = P(x, y, z) 

Y = y(z, y , z) j 

then the curves 

x = constant 1 
y = constant 
2 = constant 


(3-6) 


(3-7) 


(3-8) 


form a system of orthogonal curvilinear coordinates (actually rectangu¬ 
lar coordinates for this special case), and the curves 


a = constant 
P = constant 
y = constant 


(3-9) 


will also form a system of curvilinear coordinates. In particular, if 
the curves of Eq. 3-9 are mutually perpendicular at every point, then 
these are also an orthogonal curvilinear set. 

Because of Eq. 3-6 we have, from the chain rule of differentiation, 


8x 8x dx 

d x = + (3-10) 


2 In Eqs. 3-6 and 3-7 x, y , z are mutually independent and likewiM a, p, y are 
mutually independent. Therefore neither of the following Jacobian determinants can 
vanish identically, i.e., 


dx 

dx 

dx 



dx 

dx 

dx 

dx 

w 

dy 



dx 

dy 

dz 

dy 

iy 


* 0 

j\ “• * V I . 

dp 

dp 

dp 

dx 

ep 

dy 

' x, y, z 1 

dx 

ey 

dz 

dz 

dz 

dz 



dy 

£y 

dy 

dx 

0/5 

dy 



dx 

dy 

dz 
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or, for the three components dx, dy, and dz , 

r dx dx dx 
doc dp dy 
dy dy dy 
d<x dp dy 
dz dz dz 
i doc dp dy > 




or 


where 


dx = Ai doc 

f dx dx dx \ 
da. ' dp dy I 


Ai 


doc dp dy 


dz dz dz 
l doc dp dy j 


and similarly, from Eq. 3-7, 3 



f dot doc dot' 
dx dy d z 
dp dp dp 
dx dy d z 
dy dy dy 
idx dy dz i 



or 


doc = Ai dx 


(3-11) 


(3-12) 


(3-13) 


(3-14) 


3 Note that the first matrices on the right-hand side of both Eqs. 3-11 and 3-13 are 
the Jacobian matrices , defined by 




Compare with footnote on p. 66 in which Jacobian detcfminciTifs a»*e discussed. 
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in which 


f doL 

dx 

dx ' 

dx 

dy 

~dz 

d_p 

dp 

dp 

dx 

dy 

dz 

dy 

dy 

dy 

<dx 

dy 

dz t 


Now 


(3-16) 


/* 0 °\ 

AiA z =10 1 01 

\0 0 1 / 


(3-16) 


since, for example, considering the term of the first row, second 
column, of AiAz we have, again utilizing the chain rule of differentiation, 

dx dx dx dB dx dy 8x 

-+-- +-- = — = 0 (3-17) 

da dy dp dy dy dy dy 

(sinoe x and y are independent of each other) and for the first row, first 
column, term we have 


dx dx dx dp dx dy dx 
dx dx + dpdx + dy dx dx 


(3-18) 


The other seven terms of A\Az are obtained in a similar manner. 

Therefore A\ and Az are inverse to each other. 

In discussing curvilinear coordinates and the transformations related 
thereto, it is necessary that we obtain a measure of the relative lengths 
of the curvilinear coordinates in comparison to the lengths of the 
rectangular coordinates. That is, if (a, p, y) are the curvilinear coordin¬ 
ates, then it is desirable that we have a measure of these in terms in 
(x, y, z). Furthermore, since we are primarily concerned with differential 
equations given originally in terms of rectangular coordinates (x, y, z) 
and the transformation of these in terms of curvilinear coordinates 
(a, P, y) we shall require a comparison of the lengths of (da, dp, dy) in 
terms of (dx, dy, dz). This comparison is most directly effected if at each 
point in the field we assume the tangents to the curves of constant 
(a,~/9, y) of the orthogonal curvilinear coordinate system coincide with 
the curves of constant (x, y, z) of the orthogonal rectangular system; 
this will, in fact, be the basis of our discussion of transformation theory. 
In other words, we shall essentially assume that at each point in the 



CURVILINEAR COORDINATES 


field the (a,£,y) axes are rotated so that they coincide with the (x,y,z) 
axes and the rotation matrix will be evaluated accordingly. 

Note that this is equivalent to the statement that at all points we 

l dx \ 

shall assume the matrix components I dp I have the same directions as 

0 \dyJ 

. The reader should note, however, 

that dimensionally da, dp, and dy may not be the same as dx 9 dy , or 
dz. This dimensional homogeneity is introduced by means of the 
magnification factors which we discuss next. 

I*\ ( x \ 

If at a given point, | p I has the direction [ y ), then Eq. 3-11 takes 
the form 


dy\ = 
dzl 


(3-19) 


so that (hi,h, 2 ,hz) are magnification factors for the curvilinear matrix 
components (da,dj3,dy). We see from Eq. 3-19, for example, that 


da 2 dp 2 dy 2 

** - 


(3-20) 


and this is a useful form for determining (h\,h 2 ,ha) in any given case. 4 

4 In the moat general case (see Ref. 46), 

(da) 2 — gtj dTi dx t * = 1,2,3 >=1,2,3 

in which (xf, xj) are the curvilinear coordinates and the gtj are called metric coefficients 
which may be represented in matrix form aa 


/011 011 0i3\ 

1011 0*a 0*a I 

W 03* 033/ 


For the special case of orthogonal coordinate systems—and these are the only systems 
. that we shall consider herein —it may be shown that the matrix takes the form 


/ 0 ll 

0 

°\ 

0 

0 ts 

0 

\ 0 

0 

ffaJ 


Footnote continued on page 70 
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Also, in view of Eq. 3-16 and because of Eq. 3-19, it follows that the 
matrix A 2 of Eqs. 3-14 and 3.15 is given by 


(3-21) 


/h\ 

0 

°\ 

0 


0 

\o 

0 

h 3 / 


when the directions of I 


coincide with the directions of I 


Example of Polar Coordinates 

A simple application of the above 
results will help to fix ideas. Consider 
the plane polar coordinates (r, 0). These 
correspond to (a, fi) of the above not¬ 
ation. Also (see Fig. 3.2), for any point 
P we have 



0 


or 


x = r cos 0 \ 

(3-22) 

y = r sin 0 \ 


Ml 


cos# —rsin0\/dr\ 
sill 0 r cos 19/W 

(3-23) 

dx = A\dr 

(3-24) 


Footnote continued from page 69. 

For our purposes, it is deemed best to arrive at this form as a consequence of the require¬ 
ment that, at a given point, the components (da d{3 dy) have the same direction as 
(dx dy dz )—which is, in fact, the physical interpretation which one may give to the 
above diagonal form of the matrix. 

Furthermore we see that 1 /Ai, I/A 2 , and I// 1.3 are quantities which transform da, dp, 
and dy into the same dimensional form as dx, dy, and dz. It follows, therefore, that, 

hi 

--dp 

h>2 

\h dy 


have the same dimensions as 


l dX \ ( dX \ 

^dyj and insofar as ^dy j 


may be thought of as 


components of a vector, then also 


/_L 

hi 

\^ dy 


may be considered as the components of the 


same vector in the a, /?, y system of curvilinear coordinates. 
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Also, since 


we have 


r = (a; 2 + 2 / 2 )i /2 

6 = tan -1 - 
x 


dr 


dx (z 2 + 2/2J1/2 
dr y 


= cos 0 

= si n0 


sin 0 


2i/ (a: 2 -f ?/2)i/2 

= _y_ 

2a: (x 2 + i/2) r 

dd x cos 0 

dy 


(x 2 + y 2 ) 

so that A 1 A 2 which is given by 

' dx dx 

20 


cy dy 



is equal to 


as the reader may verify. 

When ( ) have the directions / }, 

UeJ W 

Eq. 3-23 becomes 


then obviously 6 = 


so that (see Eq. 3-19) 


0-C DC) 


— = 1 

hi 


h 2 

which may have been determined independently from Eq. 3-20, 
tin 2 = djp + dy* = dr* + r 2 tW 
Because of Eq. 3-23, we see that, in the general ease, 


/ ,u \ i 


cos# -sin 0\ I dr 


\r\ 


71 

(3-25) 

(3-26) 

(3-27) 

(3-28) 
0, and 
(3-29) 

(3-30) 

since 

(3-31) 
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We see therefore that the vector ( ) has the same dimensions as 

iJi\ V dOj 

), and the equation may be interpreted as the transformation 
dy) 

equation for a two-dimensional vector (see' Eq. 2-11), with 



cosd 
sin 6 


-sin#' 
cos 0 , 


(3-33) 


as required. 

For the case where 8 = 0 



(3-34) 


That is, R* becomes the unit matrix. 

Returning now to the general three-dimensional case, we note that 
since 


d d da d dp d dy 

dx da. dx + dp dx + dy dx 


(3-35) 


then for the case where the directions of the vectors coincide, we have, 
from Eqs. 3-13, 3-14, and 3-21, 


d d 



- = hi - 

dx dx 

(3-36) 

and similarly. 

"L* 

II 

leg* 

(3-37) 

and 


(3-38) 


dz dy 


These relations enable us to obtain the generalized form of the rota' 
tion matrix, R*, in curvilinear coordinates, in the following way. 


Note that | dy | is a vector, corresponding to V of Eq. 3-3;I dp 

\dy) 

however, are differential coordinates (not necessarily vector compo¬ 
nents). Hence Ai of Eq. 3-11 may not, directly, be taken as the rota¬ 
tion matrix. However, the factors 1 [hi, l/hz, I/A 3 are just the terms 
fda\ 


which transform 


into vector components 
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1 ~dx 
h\ 

£«• 

b iy 

in accordance with the transformation Eqs. 3-4 and 3-5. It is clear, 
therefore, that Eq. 3-4 will be the required vector transformation 
equation if R* is defined, in a generalized form, as 

/ dx dx dx\ 
h \—— ho — ho — 
dot % % 


B* = 


so that 



, , fy ,<>y 

da % 

dz dz 8z 
Al * ^ \ 


/ dx dx dx \ 

'T, % \ 

, ty ,dy 

da <& dy 
dz dz dz 

h 'T* % \ 


(3-39) 



r daL 


hi 


i 


r dP 

h2 


1 


—dy 
\ hz 


(3-40) 


R* in this form is consistent with all the previous expressions and is 
just the rotation matrix of tensor theory in orthogonal curvilinear 
coordinates. 

Furthermore, at any point when the directions of constant (a, ]8, y) 
coincide with those of constant (x, y } z), then R* becomes the unit 
matrix (see Eq. 3-19) 



However, it is important to note that R* varies from point to point. It 
is only for the special condition, at any point, that (a, /}, y) is assumed 
to be in the directions (x, y, z) that R* becomes the unit matrix. 

We may now determine the general curvilinear form of one of the 
expressions which appears in the equations of mathematical physics 
and engineering—the gradient of a scalar field. 
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3-3 The Gradient of a Scalar Field in Curvilinear Coordinates. 

By definition , the gradient of a scalar field in curvilinear coordinates is 
the value of the gradient when the curvilinear axes are coincident with 
the cartesian (x y y, z) axes. Then 


grad/ = — 


or, from Eqs. 3-13 and 3 - 21 , 

tv\ 


da. dp 
dy dy 


(3-41) 


/hy 

0 

°\ 

° 

^2 

0 

\o 

0 

h 3 I 


(3-42) 


so that, in curvilinear coordinates, 


grad/ = 


(3-43) 


This result could have been written down at once utilizing Eqs. 3-36, 
3-37, and 3-38. In particular, for plane polar coordinates, 

(l\ 


grad/ = 


(3-44) 
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In order to obtain- the more complicated expressions in curvilinear 
coordinates, it is necessary that we obtain the curvilinear forms for 
the derivatives of i?*, and this is done next. 


3-4 The Derivatives of R in Curvilinear Coordinates. Now 
consider the case 

V = (3-45) 

where V is a vector in the (O-x-y-z) system and A is the same vector 
in curvilinear coordinates (a, B, y), R* being the rotation matrix. In 
general, the components of A are rotated from those of V. 

Although at any point we shall assume that the directions of constant 
(a, y) are along constant ( x , y, z) so that R * becomes the unit matrix, 
if we differentiate R * at any point, the result is not equal to zero, 
since R* varies from point to point in the curvilinear coordinate field. 
Thus, if we take derivatives with respect to x of the above equation, 
we have 

8 V 8R* 8 A 

— = —A + R*— (3-46) 

8x 8x ex 

or, because of Eq. 3-36, 

8V 


8R* A _. _ 8A 
A 4- R*h \—— 


8x 8x 

where, in the general case (see Eq. 3-40), 


R* = 


/ 8x 

fil¬ 
'd CL 


hi 


8z 

da 


8x 

A-2— 

% 

dy 

% 

8z 
hz — 


Let us represent V and A as 


V = 


Vx > 


l'z* 


da. 


8x \ 
8y 


k 


dy 

*8y 


dz 

\i 


(3-47) 


(3-48) 


(3-49) 


and 


A = 


da 


(3-50) 


Now dR*ldx is an antisymmetric tensor. This follows from the fact 
that everywhere RRi( = g (3 . 51) 
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so that 


dR ^ n 8R* 

— R* + R -= 0 

8x dx 


(3-62) 


everywhere, and in particular, when the axes coincide R — R* = unit 
tensor or 

dR 8R* 

= 0 (3-53) 

dx dx 

which proves the antisymmetry property. Therefore, the diagonal 
elements of dR*/dx are all zero. In addition, it may be shown that if 
rj* is the element of the j ih row and fc th column of R* t then 


= 0 if l ? j # fc 


(3-54) 


and, using the fact that the squared sum of the columns and rows of 
R* are equal to unity, we obtain, finally, the following very important 
relations (the reader is referred to Ref. (1) for details of the develop¬ 
ment) : 

/ 0 h W \ \ 

2 a/3 3 8y 

• » 

-i* 0 

\ dy 


= hv \ h] 


3(1 Ihz) 


3(1 /A 2 ) 


3(1/Aa) 


3(l/^2) 


3(1/As) 


3(1/As) 


(3-55) 


3(l/*s) t 3(1/As) 
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Equation 3-55 and those which precede it enable us to determine in 
any curvilinear system the various scalar, vector, and second-order 
tensor relations which occur in the fields of engineering and physics. 
Several examples will suffice to bring out the usefulness of these rela¬ 
tions. As a preliminary step we consider two special types of space 
curvilinear coordinates which are frequently encountered in practical 
problems—cylindrical and spherical coordinates. We shall then obtain 
the various illustrative expressions in general terms and also in terms 
of these special coordinate systems. 

3-5 Cylindrical Coordinates. Cylindrical coordinates (p, <f>, z) 


2 



are related to rectangular coordinates (or, y, z) by means of the relations 
(see Fig. 3.3) 


X = p cos <f> y 

y = p sin <f> 
z = z 


so that Eq. 3-10 becomes 



— p sin^ 
p cos <f> 
0 


0 

0 

1 



and, using Eq. 3-20, 

ds 2 = dx 2 + dy 2 + dz 2 = dp 2 +p z d4?+dz 2 


(3-56) 


(3-57) 


(3-58) 
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from which 

h = 1 \ 

1 

h 2 = - } (3-59) 

P 

h 3 = 1 ) 

3-6 Spherical Coordinates. For spherical coordinates (r, 0) 

we have (see Fig. 3.4) 



Fig. 3.4 


so that 



and 

or 


( sin 6 cos tf> — r sin 6 sin <f> r cos 6 cos <j> 
sin 0 sin <j> rsu\8cos<f> rcos0sin<£ 
cos 0 0 — r sin 6 



(3-61) 


ds 2 = dx 2 +dy 2 + dz 2 = dr 2 + (r sin 6) 2 d<f> 2 -I- r 2 dO 2 (3-62) 



(3-63) 
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3-7 Div V in Curvilinear Coordinates. Going back to Eq. 3-55 
and the following equations, let us determine 

dv x cv y dv z 

div V --h-- 

dx dy dz 

first in general curvilinear coordinates, and then in cylindrical and 
spherical coordinates. We have 


or 


so that 



= R*A 

(3-64) 


l a A 


II 

to 

* 

a 

**> 

(3-65) 


\a y / 


55 55 

8R* 8A 

A+R * 

P r Pr 

(3-66) 


cx 


or, dvxjdx corresponds to the first row of the matrix 

dR* dA 
- A + R* - 

8X it 

di'yjiy and cv z \cz are obtained in a similar manner. 

Hence, from Eq. 3-36, 3-37, 3-38 and the three parts of Eq. 3-55, 
and because R* is the unit matrix, we have 

1st row of 2nd row r of 3rd row of 


f!f + f ‘JL + tL , ^1 a+r ^A + ^ a+ b4- + ~a + r^ 


dx dy dz 


dx 


dx 


dy 


dy dz 


dz 


r. da a , i 8(1 lh) 
* 1 —+ * 1 * 2 ——— a p 
cx cp 

*i*3— - a 

dy 

r 8a r l . 8(1 /* 3 ) 

*3—^ + M3—-a, 

8y cx 

. . ?(!/*«) 

+ *2*3- — Q —Ofi 

dp 


, dap ^( 1 /^ 2 ) 

*2 + *1*2---“a 

dp cx 

8 ( 1 /**) 

+ h+n 3 — - 0 

<y 
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Now, using Eqs. 3-59 and 3-63, we find that in cylindrical coordinates 

a, r - 1 + i!w + W (M8) 

8x 8y dz 8p p p p 8<f> 8z 
and in spherical coordinates 

_ 8v x 8v y 8v t 8(a r ) 2 1 8(a g ) cot 3 1 8(a 6 ) 

div K=-—= —— + -a r +—— +- a e +— . ■ -- 

8x 8y dz 8r r r 86 r r sin 6 d<f> 

(3-69) 

3-8 The Laplacian / in Curvilinear Coordinates. If we want 
the Laplacian of a scalar function in curvilinear coordinates, we use 
Eq. 3-43, noting that 

V*f = div grad / \ 


and (see Eq. 3-43) 


= V ■ (Vf) 


(3-70) 


grad/ = V/ = hi— 

dp 


(3-71) 


from which, with 


(3-72) 


we have at once from Eq. 3-67 

vy - t,M.(-f* l(W | + l\Mm + j.rwwii 
b«L Ms J tyl Ms J fyl Ms II 

and in cylindrical coordinates 


„„ is/ i a 2 / a 2 / 

J dp 2 p dp p 2 8<p 8z 2 


while in spherical coordinates 


a*/ 2 a/ i a*/ cot a a/ 1 a 2 / 

V 2 / =* ——H---|-—H---|- 

ar 8 r 3r r* 38* f* 33 r 8 sin 2 9 84? 


(3-74) 


(3-75) 
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3-9 The Second-order Tensor in Curvilinear Coordinates. 

As another example we obtain the general curvilinear form of a second- 
order tensor which occurs repeatedly in problems of elasticity, fluids, 
structures, plates and shells, and other flelds of applied physics and 
engineering. That is, we wish to determine the general curvilinear form 
of the tensor, 

dv x dv z dv x 
dx dy dz 

8Vy 8Vy 8Vy 

dx dy dz 
dv z dv z dv z 
dx dy dz 

Knowing this tensor in general curvilinear form we can then obtain, 
in any coordinate system, the following tensors which we shall discuss 
in later sections of the text: 

1. The deformation tensor used in elasticity theory. This is obtained 
by simply substituting the deformations ( u , v, w) for the general 
components (v Xi v yt v z ) (see footnote, p. 91). 

2. The time rate of deformation tensor used in viscous flow and 
plasticity theory. Substitute the velocity (u y v t w) for (v Xi v y ,v z ) 
(see Eq. 8-22). 

3. The strain tensor, r) t used in elasticity, plates, etc., since (see 
Eq. 4-18) 

v = A + A* 

2 

in which the deformations ( u , v, w) are substituted for ( v Xi v y , v z ). 

4. The time rate of strain tensor, O, of viscous flow theory, see Eq. 
8-24 

5. The rotation or curl tensor, fl, see Eq. 8-25, which is obtained 
from 



6. The curvature tensor of plate and shell theory, Eq. 7-6. Simply 
substitue [(dwjd x ) 9 (dw]dy)] for (v Zf v y ). 

Other tensors of these types, appearing in these and other flelds are 
obtained similarly. 

We obtain the general curvilinear form of Eq. 3-76 by using the 
results previously obtained. See Eqs. 3-45 through 3-55. For (with B 





82 MATRIX-TENSOR METHODS IN CONTINUUM MECHANICS 


equal to the unit matrix), typical terms are given by the following: 


1st row of 

8v x fat* ~Ja 
~fa ~ ~fa A+R ~fa 

w , i) . 


r, i AW , . 8 w 1 *». 

= fti«2——— a„ + hihz -- —a +n i—— 

L dp oy J o<t 


(3-77) 


3rd row of 

8v t SR* iiT 

-=- A+R *— 

8y dy By 

t ! ^(1/^2) t 8dy 


(3-78) 


The other seven terms are obtained in the same way, giving the final 
result 

I 8 ( a *) . i , 8 W , , 3(l/*i) \ 

*i——+-* + ai«3—r- 

<7a Op dy 

8(a y ) 8(1 /*i) 

*i—-«i«3—--a a 

da oy 

t 3W tl 2 (l/A 2 ) 
h *lf- h2hl -~d^ a ' > 

8(a s ) 8(1lh 2 ) 8(1 th 2 ) 

l^VWrr^ + Wi-rHi, (3-79) 

op oy o a 

t 3(«r) t t «(l/*2) 

,«(«.) . , 2(1 Ms) \ 

. c(»,l . . 2(1/2,) 

«3—-«3^2-—-a r 

gy 8p 

8(a y ) 8(l/h 3 ) 8(ljh 3 ) 

A 3—— + A 3 A 1 ---+ «3/l2——— a /J 

oy ox Op / / 
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3-10 The Divergence of a Tensor, Div T. The second-order 
tensor transformation is given (see Eq. 2-35) by 

T = RTR* (3-80) 

in which the unprimed refers to the x , y , and z axes and the primed to 
the rotated axes. Since RR* = R*R = £ 3 , the above expression is 
equivalent to 

T = R*T'R (3-81) 

and this form is more convenient for our purposes. Thus, if 

( xx xy xz \ 

yx yy yz\ (3-82) 

/-N N / 

zx zy zz / 

where is a typical element of the tensor in the x-y-z system, and if 

s n 

( aa ap ay\ 

U Pr\ (3-83) 

ya y/3 yy/ 

represents this tensor in the a-£-y system with a/3 the corresponding 
element in this system, then the divergence of the tensor (which occurs 
in many applications) is defined by 

/xx xy xz\ 

/ b b 8\ ^ A, —\ 

div T = (———-) I yx yy y* (3-84) 

\&xcyczJ\^ ^ ^ 

\zx zy zzj 

and, for example, using Eq. 3-55, noting that R = R* = E 
1 st row— 1 st column element of 


b 

—xx = —( R*TR) 
dx 8x 


1st row—1st column element of 

'Hr* Ht’ Tr 

- TR + R* - R + R*T - 

bx dx dx 

1st row—1st column element of 

HR* bT^ bR 

-T' + Ar-+ 7 V - 

bx b(X bx 


-[■ 




0<i/*i)~ S(i ih), 

h\h, 2 ———pa -1- fti/?3— -ya 


(3-85) 
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The other terms are obtained similarly, and we obtain finally for 


dxx d{yx) £’(S) 

8 x 8y dz 

in the curvilinear coordinates, the expression 


(3-86) 



(3-87) 


The second and third equations are obtained from this by cyclical 
interchange. 

The reader should note that the three expressions referred to here are 
just the equilibrium equations of elasticity with, for example, 


a x = xx 

See Eq. 4-85. 


(3-88) 


3-11 Summary. 

1 . We defined the general curvilinear coordinate system and the 
more special orthogonal curvilinear coordinate system. 

2 . By defining our various quantities for the special case in which 
the curvilinear system is coincident with the rectangular cartesian 
system at each point, we obtained simple matrix expressions for the 
various curvilinear coordinate relations. We saw that the rotation 
matrix R played a fundamental role in the theory of curvilinear co¬ 
ordinates. 

3. The magnification factors Aj, A 2 , and A 3 , of the curvilinear co¬ 
ordinates were obtained, the significance of these was discussed, and 
a simple method for determining these was described, based upon the 
invariance of the squared differential length. 

4. The curvilinear form of the gradient of a scalar was obtained. 

5. The important quantities 8 R*j<Jx, dR*lcy, and 8 R*[cz were 
obtained, and the usefulness of these in certain vector and tensor 
curvilinear forms was described. 

6 . Expressions for gradient and Laplacian were obtained for the 
special cylindrical and spherical curvilinear coordinates. 

7. The second-order tensor curvilinear coordinate transformations 
were obtained. 


Problems 

1 . The equations of equilibrium in elasticity arc* (body forces neglected) 

div T = 0 
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where T is the stress tensor, which in cartesian ( x , y , z) form is given by 


' Ox 

r xy 

TXZ 

r yx 

Gy 

Ty Z 

i T ZX 

T IV 

a z 


(a) Write the expanded form of these equations in the (x, y, z) system. 

(b) Write the expanded form of these equations in general (a, p, y) 
curvilinear coordinates. 

(c) Write the expanded form of these in the space polar coordinate 
system, in terms of the corresponding stresses, of which a p and r p $ 
are two typical stresses. 

(d) Do the same for the spherical system in terms of <j r , r^ etc. 

2. Write the expression for 


V/ = grad/ 

in general (a, j8, y) form and then in the cylindrical, and spherical, 
coordinate systems. 

3. The tensor 


(=1 


A = 


a 

dy 

d 

\Jz) 


(u V w) 


may be called the deformation tensor. The symmetrical part of this is the 
strain tensor (which will be discussed in Chapter 4) and the antisymmetri- 
cal part is the rotation tensor (which has components V x V, the curl of 
vector analysis). 

(a) Show the tensor A in its expanded cartesian form. 

(b) Show the symmetrical and antisymmetrical parts of A in their ex¬ 
panded cartesian forms. 

(c) Show the two tensors of (b) in general (a, P , y) curvilinear form. 

(d) Show the three tensors of (a) and (b) in cylindrical (p, <f >, z) form. 

(e) Show the three tensors of (a) and (b) in spherical (r, <f >, 6) form. 


4. The tensor 

11\ 
dx 
d 

d 

\Tz} 

occurs in many physical problems. 


(£ 

\dx 


V W\ 

$y dzj 
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(a) Show the expanded cartesian form of this tensor. 

(b) Write the general (a, ft, y) curvilinear form of this tensor. 

(c) Show the cylindrical (p, <f>, z) form of this tensor. 

(d) Show the spherical (r, <f >, 6) form of this tensor. 

5. Prove that in any two-dimensional curvilinear coordinate system (a, B) 
where 

a + ^ =J(z) 
z = z+iy 


--V0'.©--V©-.©' 

6 . (a) Show that 

a = U* 2 -y 2 ) 

B = zy 

is a system described in Prob. 5. 

(b) Show that curves ~ constant) as cori ^ oca ^ parabolas (with a 
common axis) in the oc-£ plane. These are parabolic coordinates. 

7. (a) Show that 

a = a cosh x cos y 
P = a sinh x sin y 


8 . 


is a system described in Prob. 5. 

(b) Show that the curves f x ~ COIls * <in *| plot as confocal 
' ' \y = constant / 1 

the a-/S plane. These are elliptic coordinates. 

Prolate spheroidal coordinates (f, tj, </>) arc defined by 


[ellipses in 
[hyperbolas/ 


x = a sinh f sin tj cos </) 
y = a sinh f sin tj sin <f) 
z — a cosh f cos 77 

(a) Obtain hi, hz and h$ for these coordinates. 

9. Oblate spheroidal coordinates (£,rj,<f>) arc defined by 


x = a cosh f cos tj cos <f> 
y = a cosh f cos tj sin <j> 


z = a sinh f sin 17 

(a) Obtain hi, hz, and ^3 for these coordinates. 
10. (a) Show' that 


a sinh y 

a =- 

cosh y — cos x 


p = 


a sinx 

cosh y — cos x 
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is a system described in Prob. 5. 

(b) Show that curves “ constant) as bip°l ar circles in the a-/9 
plane. These are bipolar coordinates. 

11. For the special coordinate systems of Probs. 6 to 10, obtain the curvi¬ 
linear coordinate forms for 

(a) div V = v * 

(b) grad / = V/, 

(c) Laplacian / = V 2 /, 

(d) The tensors of Probs. 3 and 4. 

12 . The Laplacian of a vector, V 2 P, is given by 

div T 


where V = (u v w) and T = 


d_\ 

dx 

d 

dy 

d 

\ Yz 


(U V w) 


Using the results given in Arts. 3-9 and 3-10, obtain the cylindrical and 
spherical forms for V 2 V. 

13. (a) Show that the differential volume element in an orthogonal coordinate 

system is given by 

dV = hihzhzdoLdfidy 

(b) Determine the expressions for dV in cylindrical coordinates, in 
spherical coordinates, and for the coordinates of Probs. 8 and 9. 

14. (a) Determine the elements of the differential area vector in orthogonal 

curvi 1 inear coordinates. 

(b) Determine the forms of this vector for the coordinate systems of 
Prob. 13b. 

15. If the vector V is given by (2z — x2y) determine this vector, A , in 

cylindrical coordinates. 



Chapter 4 


INTRODUCTION TO THEORY OF ELASTICITY 


4-1 Introduction. In this chapter a relatively brief treatment is 
given of the mathematical theory of elasticity. The more compre¬ 
hensive treatment is beyond the scope of this book and may be found 
in Refs. 12 through 15. The present treatment differs from that of the 
references in several important respects. First, in accordance with 
the stated purpose of the text, wherever possible we base derivations 
on matrix arguments. Secondly, we derive a relation which holds for 
large strains. The fundamental derivations are based upon the work 
of F. D. Murnaghan (Ref. 16). 

We first derive the expression for the strain matrix. Following this 
the equations of equilibrium are obtained. To do this the stress 
tensor is introduced. Hooke’s Law is then derived and also the com¬ 
patibility conditions. From this point on the treatment follows along 
classical lines, and in the next chapter we apply the results obtained 
herein to the solution of the bending problem and the torsion problem. 

4-2 The Strain Matrix 

(Tensor). Consider a body, 
Fig. 4.1, initially unstressed. At 
any point a, having coordinates 
(«, b , c), a differential element 
has a squared length given by 

d8o 2 = da 2 + db 2 + dc 2 
= da*da 




where 


da = 



88 


(4-2) 
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Now assume that the body is strained due to the application of 
forces or for some other reason The point a moves to the point z, 
having coordinates (#, y, z), where 


x = a+u ' 
y = b + v 
z = c + w 


(4-3) 


and the differential element da is now a differential element dx (u, v 
and w are the deformations in the x,y,z directions, respectively). We 
characterize the “state of strain’ ’ in the body at a point by noting that 
the effect of the strain was to change the differential length of the 
fiber originally at a, so that 


Now, 


state of strain = dx*dx - da*da 
x = x(a) 


(4-4) 

(4-5) 


(Note that this statement is an abbreviation for the following three 
statements—we use this notation consistently in this and later 
chapters 

x = x(a,b,c) ^ 


y = y(a,b,c) 


(4-6) 


z = z(a, 6, c) ) 


these being the usual statements of functional dependence.) 
Thus 


where 


dx = Jda 



' dx 

dx 

dx\ 


da 

8b 

dc 

8(x, y . _ 

dy 

8y 

8y 

d(a,b,c) 

da 

~8b 

~dc 


dz 

dz 

dz 


i da 

~db 

dct 


is the Jacobian matrix of (x f a) 
Now (see Eq. 1-45) 


dx * = da*J* 


(4-7) 


(4-8) 


(4-9) 


and therefore Eq. 4-4 becomes 

state of strain = da*J*J da — da*E$da 
= da*(J*J—Eg) da 
where E$ is the 3x3 unit matrix. 
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J and J* are certainly tensors, since (for example) 


/ 8 \ 
I da 


J* = 


8 

~8b 

8 


(x y z) 


\ 8c) 


(4-11) 


which is just the defining expression for the tensor (see Art. 2-4). 

Therefore (see Prob. 11 at end of Chapter 2 ), J is also a tensor. 
Hence (see Eq. 2-35) 

J' = RJR* \ 


J*' = RJ*R* 


(4-12) 


and 


since 


«/*'«/' = RJ*R*RJR* 
= RJ*JR* 

R*R = E 3 


(4-13) 

(4-14) 


Therefore J*J is also a tensor. And since E 3 is a tensor it follows 
that 

J*J-E 3 (4-15) 

is also a tensor. 

The quantity J*J — E 3 is one of the more important ones in the 
theory of elasticity. A large part of the subject may be built upon 
this term as a foundation. We call 


i/V— E 3 = 2-q 


(4-16) 


where 77 is the strain matrix. It is important to note that at no point 
was any restriction made as To “smallness” of strains. In other words, 
the above deformation matrix holds for all values of the deformation. 
Also, as noted above, 17 is a tensor. 

It is left as an exercise to the reader to expand Eq. 4-16 and verify 
that 


( 8u 1 / 8u 1 /8u 8w\ \ 

I 8a 2 \8b + da) 2 \8c 8a) I 



(This term continued (m neit page). 
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/ du\ 2 /dv\ 2 /3w ;\ 2 dudu dvdv dw dw 

\da) \3 a) \ 3 a) 3 a 36 da 8b 8a 8b 

l| dudu dvdv dw dw /du\ 2 /dv\ 2 /dw\ 2 

db da db da db da \ 36/ + \ 36/ + \ 36 / 


2 db da db da db da \ db) \ db) \ 36 / 

du 8u dv dv dw dw du du dv dv dw dw 

\ dc da dc da dc da dc db dc db dc db 


du du dv dv dw dw 
da dc da dc+ da dc 
dudu dvdv dw dw 
Sbdc + dbdc + db dc 
/du\ 2 [di A 2 /dw\ 2 
\dc) + \Jd + (iw 

The matrix rj given by Eq. 4 -17 is the general strain tensor of elasticity 
including higher-order terms and not restricted to small deformations. 

In the usual approximate theory of elasticity, the above expres¬ 
sions are approximated in two very important ways. 

1 . It is assumed that a is essentially the same as x. Therefore 
derivatives with respect to a are replaced by derivatives with respect 
to x. That is, we change from Lagrangian coordinates to Eulerian 
coordinates . 1 

2. Because of assumed small deformations, the higher-order terms 
are neglected and therefore the second matrix on the right-hand 
side of Eq. 4-17 is neglected. 

With these two assumptions, the strain tensor takes the form , 2 



1 Physically, the difference between the Lagrangian and Eulerian coordinate ap¬ 
proaches is the following: 

1. In the Lagrange coordinate system we are essentially attempting to follow the 
movement of each particle in the body. In other words, if the initial coordinates of a 
particle were (a, b, c) then the coordinates of this same n article , which in its deformed 
position is at (x, y, z), are given by x{a, b, c), y(a t b , c) and z{a, b, c). That is, the final 
positions of all particles are functions of the initial positions of these particles. 

2. The Euler approach, on the other hand, specifies conditions at each point in the 
deformed body. In other words, attention is focused on what has happened at a particular 
point rather than what has happened to a particular particle. Thus, all quantities con¬ 
sidered in this formulation are functions of the points being considered, i.e., of x, y, and z. 


2 The expression 



'du 

dv 

ihv ' 

dx 

dx 

dx 

du 

dv 

dw 

fy 


dy 

du 

dv 

dw 

>dz 

dz 

dz 1 


Footnote continued on page 92. 
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8u 
dx 

1 /dv du\ 

2 \&r + dy) 

1 / dw du\ 

2 \ dx dz) 

( vjxx TJxy Vzz 
Vyx Vyy Vyz 
zx vjzy zz 

Note that this tensor is a symmetric tensor. 

The physical interpretation of the elements of this matrix and 
their connection with the deformation of an elastic body will now be 
obtained. 

We point out first that we are concerned, in elasticity, w r ith deform¬ 
able bodies, i.e., with bodies which 
elongate or shorten or otherwise 
deform under the application of 
x forces, loads or other effects. If we 
consider the elemental cube shown 
in Fig. 4.2, we see that there are 
basically, two types of deformation 
which this body can be subject to 
in that any deformation, no matter how complicated, can be given 
as a combination of these. These arc ( 1 ) pure elongation (see Fig. 
4.3a) or contraction, and ( 2 ) pure sliding or shearing action (see 
Fig. 4.3b). 



dx 

Fig. 4.2 





Fig. 4.3 


Footnote continued from page 91. 

which is obviously a tensor, may be called the “deformation tensor. 1 ' The transpose of 
the above is certainly also a tensor, and it too may be called the “deformation tensor." 
The reader should verify that the symmetrical part of this tensor is just the strain tensor 
ij of Eq. 4-18. 
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As a physical example of the first type of deformation consider a 
bar subjected to a simple tension load, Fig. 4.4. Consider conditions 



at a plane originally at a distance x from the left end, which is fixed 
in a wall. At this point the deformation is u . Now let us consider a 
differential element of the body originally at this point, x . 

We obtain a measure of the first type of deformation mentioned 
above as follows: We consider the projection of the element on an 
x-y plane and consider first only deformations in the x direction. 
The deformations in the y and z directions then follow directly from 
this (see Fig. 4.5). 


y 



■ 

-1 t 

Unstrained 

i 

i 

I Strained J 

position -* 

i 

1 

i 

i 

J*" - position dy 

1 1 


u 

»■ r—1 


u 




»* T , 

* - x -* 

-— dx —• 



Fig. 4.5 


The deformation in the x direction of the face closest t o the origin, 
is u. Then, since the deformation changes over the length, dx , of the 
element, we have for the far face, a movement given by u + ( dujdx) dx. 
This means, 


/ ^ u \ 

net total elongation of element = I u + — dxj—u 



\ 




(4-19) 
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total elongation 

and, unit elongation =- 

original length 

(duldz)dx 

dx 

du 

~ dx 


(4-20) 


In exactly the same way, we can find the unit elongations (or 
contractions) in the y and z directions. Thus, if v is the movement in 
the y direction, and w is the movement in the z direction, then 


unit elongation in the y direction 


dv 

dy 


dw 

unit elongation in the z direction =- 

dz 


(4-21) 


Note: although the word “elongation” is used in the above expres¬ 
sions, they also hold for “contractions,” in which case they are simply 
negative quantities. 

Note also that the quantities du/dx, dvjdy , and dwjdz are just the 
'main diagonal elements of the strain tensor. In other words, the 
main diagonal elements of the strain tensor are the unit elongations 
(or contractions) corresponding to small normal deformations. 

Now let us consider the sliding or shearing deformations, and let 
us obtain a measure of this quantity. Once again we consider first a 


projection on the; 
or shearing defori 

: F 

x-y plane of the dx dy dz body, undergoing a sliding 
nation, see Fig. 4.(5. 

n + j -dy 

dy 

. i „ 

d 

1 

!y 

—| rL. 

/ 

t>+ av dx 

. T" 

T-* ^ 

dx 


-- dx -- 



►i 


Fig. 4.6 
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We take as a measure of the shearing or sliding deformation the 
change in the original right angle, a, of the element. Thus, 


shearing unit deformation 

in the x-y plane = p + y 

Bv du 

Bx By 

In the same way, we have for the y-z and z-y planes, 


shearing unit deformation 
in the y-z plane 


Bw Bv 
By Bz 


and shearing unit deformation 

in the z-x plane =- 1 - 

Bz 8x 


(4-22) 


(4-23) 


Note that these measures of shearing deformations, 


Bv du 

—I- 

Bx By 
Bw Bv 
By Bz 
Bu Bw 
Bz + Bx 


are equal to twice the off-diagonal elements of the strain tensor. The 
one-half values in the tensor are essential—without them, the 
quantity of Eq. 4-18 will not be a tensor and hence will not behave 
in accordance with the known properties of tensors. 

The two-dimensional form of the strain tensor, for the x-y system 
becomes (also shown is the American notation—see the table on 
page 96—which we will use in this text) 


/ £z 

\\yyx 




(4-24) 


Because this is a tensor of the second order, it satisfies the trans¬ 
formation laws for this tensor (Eq. 2-40) and furthermore the Mohr 
circle construction of Fig. 2.8 applies to the elements of this tensor. 

We repeat, for convenience, the six fundamental unit deformations 
of the theory of elasticity, and we add, furthermore, some of the 
common European and American notations for these: 
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Table 4.1 


u = deformation in x direction 
v = deformation in y direction 
w = deformation in z direction 


Unit elongation or contraction 
in x direction 

8u 

dx 


&ZZ 

Unit elongation or contraction 
in y direction 

dv 

8y 

e v 

e vv 

Unit elongation or contraction 
in z direction 

dw 

dz 



Unit shearing strain in x-y plane 

i 

du dv 

!-h— 

dy dx 

i 

Vzv 

e zy 

j 

Unit shearing strain in y-z plane 

i dv dw 

dz dy 

\ 

\ Vvz 

e yz 

Unit shearing strain in z-x plane 

i 

! 

i dw du 

i —+— 

! dx dz 

\ 

\ 

i 

| Yzx 

\ 

i 

€ zz 

1 

1 

1 


\ 

1 ! 
1 

1 

American 

Practice 

British and 
Russian 

1 Practice 


j A JL latUl/L 

; (See Ref. 13)1 (See Refs. 12 
i I and 18) 


Summary up to this point: 

1 . The state of strain for an elastic body was defined. 

2 . Utilizing (1), the large deformation strain tensor, including 
higher order terms, was derived. 

3. The two usual approximations of the small deformation theory 
were then introduced, and these led to 

4. The small deformation strain tensor, rj. 
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5. The physical connection of the elements of 77 with the straina 
of the deformed body were derived. 

6 . It was emphasized that the off-diagonal elements of the strain 
tensor do not represent shear strains directly, but arc related to the 
shear strains as follows: 

shear strain = 2 (tensor element) 

4-3 The Stress Tensor. The last of the fundamental tensors of 
elasticity which we shall consider in this chapter is the stress tensor. 
We define a stress as the force per unit area, and on the basis of the 
pure elongation (or shortening) strains and sliding (shearing) strains, 
we look for related forces and hence stresses. Thus, a type of force 
which will cause a pure elongation is the one shown in Fig. 4.4, a small 
portion of which is shown in Fig. 4.7. This is a force normal to the 



area, A Xr hence it is a normal force, and this leads to a normal stress, 
a x , defined by 


_ dF x 

“ Ta x 


(4-25) 


in which A x is the area (normal to x axis) on which the force F x acts. 
In a similar manner we have 


and 


Gy 


c H 


dFy > 

dAy 

dF z 

Ha7 j 


(4-26) 


The stresses a z , <r y , and a z given above are the only normal stresses 
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F, 



'////////////////////////, 


Fig. 4.8 


4y 


dt 


- 

Fig. 4.9 


which can act on the faces of an elemental volume dx dy dz having 
faces normal to the orthogonal axes x , y , and 2 . 

The shearing or sliding effect is obviously caused by a force acting 
as shown in Fig. 4.8. Defining the shearing stress r yx (note the 
subscripts—a stress in the x direction acting on a plane perpendicular 
to the y axis) as a force divided by an area, we have 

bF x 


and, similarly, 

dFy 

Tzv = ^r 

cAz 

8F Z 

Txz ~ T7 - 

un x 

Corresponding to the stress r yx we have a companion stress r xy 
(see Fig. 4.9). 

It is clear that in order for the element shown to be in static equili¬ 
brium 3 


(4-27) 


(4-28) 


T X y = Ty X (4-29) 

Bince moment balance requires 

(r xy dy) dx = ( r yx dx)dy (4-30) 


8 Although we have not discussed static equilibrium up to this point, it is desirable 
to prove the equality of shear stresses at this time, in the simplest possible manner, 
namely, by using the equilibrium relation. See Art. 4-4 for a more complete statement 
of the equilibrium relations and also for a different proof of the equality of shear stresses. 
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In the same way it may be shown that there are stresses r yz and 
r Z x » which are given by the equalities 


T zy — T yz 
T xz — t zx 


(4-30a) 


This equality of shear stresses on mutually perpendicular planes 
is a general property which is always true. We shall utilize this pro¬ 
perty of shear stresses in later portions of the book. 

The nine stresses, 

Gz r xy — T yx 

<*y T yz — r zy 

Gz T zx = T xz 

are the only possible independent stresses which can act on the faces 
of the body dz dy dz. This is so because a force in any direction on any 
of the faces can always be resolved into components corresponding 
to the normal and shear stresses. 

These stresses, in matrix form are shown as 


Gz 

T xy 

T X z\ 


Tyx 

Gy 

T vz) 

(4-31) 

i T ZX 

T ZV 

G Z J 



and we may prove that this is a tensor of the second order, as follows: 
Obviously 

/ d \ 


(4-32) 


Also, (F x F y F z ) is a vector. 
Hence, if 


(4-33) 
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is a vector (i.e., satisfies the transformation V' = RV, see Eq. 2-16, 
or v'i = ctijVj , see Eq. 2-96) then T is certainly a tensor of the second 
order, since it is then obtained as a dyadic product of two vectors. 
We show that this is actually so, as follows : 

We know that the area is a vector. Let us denote this area, in the 
indicial notation, by 

. i a -\ 



Sit 

I! 

(4-34) 


W 


Then (see Eq. 2-96), 

A'i = dijAj 

(4-35) 

and 

*«>» 

II 

*e» 

(4-36) 

or 

8 8 

jjT- = Q- E D - 

cA i cA j 

(4-37) 


in which the identity = 1 was used. Thus the stress matrix 

is a tensor. 

In the standard American notation this tensor is shown in matrix 
form as follows, 


<*x 

T xy 

T XZ \ 


Ty X 

Gy 

T vz 1 

(4-38) 

T ZX 

T Z y 

<*z1 



In a typical Russian or British notation this tensor is shown as 


( Xx Xy X Z 

yx y v y z 

Z X Zy Z z 

In Fig. 4.10 we show these stresses acting on a typical element. 
In the two-dimensional x-y space, the stress tensor becomes 


T = 



T xy 


(4-39) 


and because this is a symmetrical tensor it may be put in diagonal 
form, i.e., has principal stresses. Also, because it is a tensor of the 
second order, it may be shown graphically by means of the Mohr 
circle. 
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z 



The following sign convention will be used for the stresses in this 
text: 

A stress in the direction of the positive axis, acting on an area whose 
outward normal is in the direction of positive axis, is a positive stress. 
Thus, in Fig. 4.9 all shear stresses are positive and— always —tensile 
stresses are positive, compressive stresses are negative. 

Summarizing the discussion of the stress tensor: 

(a) based upon the known strain tensor elements, corresponding 
stresses were assumed, these being normal and shear stresses. 

(b) It was shown that these stresses (nine in all, three normal and 
six shear) are the elements of a stress tensor. 

(c) The main diagonal elements of this tensor are the normal (ten¬ 
sion or compression) stresses, and the off-diagonal elements are 
the shear stresses. 

(d) It was showm that the tensor is symmetric, that is, the corres¬ 
ponding off-diagonal shear stresses are equal to each other. 

4-4 The Equations of Static Equilibrium. The static equili¬ 
brium equations of elasticity can be obtained in various ways. Basi¬ 
cally, all of them start with the Newton Laws, 

= md \ 

ZM = Id) ) 


(4-40) 
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from which it follows that if a body is in static equilibrium, 

2 / = 0 \ 

Zlti = 0 ) 


(4-41) 


In Eq. 4.40, F and Xt are the force and moment vectors, m and I are 
the mass and mass moment-of-inertia; d and <L are the linear and 
angular acceleration vectors. 

Hence the net sum of the forces in the three directions, x, y , and z, 
must be zero and the net moments of these forces about the x t y , and 
z axes must be zero, if a body is to be in static equilibrium. 

We shall use this technique to determine the boundary conditions 
on the stresses (see Eq. 4-73) and, in fact, we already used Eq. 4-41 
to prove the symmetry of the stress tensor (see Eq. 4-30). 

However, in view of the emphasis on matrix-tensor methods in 
this text, it will be instructive to derive the static equilibrium equa¬ 
tions (and also the proof of the stress tensor symmetry) in another 
manner. We shall utilize energy methods, particularly the law of 
conservation of energy in a form especially suitable for our purposes. 
To do this it will be necessary that we speak very briefly about a 
variational notation. 

We introduce the notion of “variation of ( )” which is repre¬ 

sented symbolically by 

S( ) 

The term in the bracket may be any function of ( x , y , z) and hence 
also of (a, b y c). 

We introduce this notation at this point since it is customary to 
define as the virtual displacement or virtual deformation , the matrix 



in which each element of the matrix is given as a function of x , y and 
z and, in general, is very small. Hence 8x may be assumed as a 
differential quantity. Physical interpretations of the quantities will 
be given later in this section. Furthermore, if we assume continuous 
second derivatives and because the variables are independent it 
follows that (typically), 



(4-43) 


We assume furthermore (in analogy to differentiation) that 

S(4 + £) = &A + 8B (4-44a) 
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and 

S(AB) = ( 8A)B + A(8B ) (4-44b) 

in which A and B may be matrices and the order of operation in Eq. 
4-44b must be maintained. 

The above identities are all that are required for our later develop¬ 
ments. 

In the following discussion we revert to the Lagrangian system of 
coordinates. We had (see Eq. 4-16) 

tj = £(JV-£) (4-46) 

In connection with our derivation of the equilibrium and related 
equations it will be necessary that we obtain 8rj. This is given by 

&r) = £[(&/*)«/ +J*(8J)] (4-46) 

since SE = 0 
Now 4 

MS) 

d(Sx) 

da 
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and 


d(8x) d(8x) dx d(8x) dy S(Sx) dz 

da dx da + dy da + dz da 


(4-48) 


plus eight more similar equations; or (the student should verify 
this), from Eq. 4-48, 

d(8a;) 

8J = ——-J (4-49) 

dx 


From the properties of the transpose, 

SJ* = (SJ)* = J*p~]* 


(4-50) 


so that 

8r, = J*DJ 

where D = variational deformation matrix . 



Now 


J = Jf 3 + — 
da 


(4-51) 


(4-52) 


(4-53) 


and, for the small deformation theory, with 



du 



1 — 

(4-54) 


da 

we have approximately 

11 

M 

(4-55) 

so that 

8rj ~ D 

(4-56) 


However, for more exact work, the form of Eq. 4-51 must be used. 

We next introduce the concept of virtual displacement and state 
the Principle of Virtual Displacements. This is the form of the Law 
of Conservation of Energy that we shall use. 

By a virtual displacement is meant any arbitrary (usually very 
small) displacement that is compatible with the geometrical con¬ 
straints (such as supports) of a structure. As noted earlier, we desig¬ 
nate a virtual displacement as 8x, that is, the variation or differential 
change of the position coordinate x. 
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The principle of virtual displacements is a fundamental law of 
mechanics. It may be stated in the following form. 

If the virtual work done by all forces acting on a structure during a 
rigid virtual deformation is zero , then these forces are in equilibrium. 

To illustrate this law in a most elementary fashion consider the 
simple beam shown in Fig. 4.11. 


11 

10 

B 

c 


* 5 ► 

* i ^ * 






25 


Fig. 4.11 


Suppose the beam is moved vertically upward as a rigid body an 
amount by (this is the virtual deformation), then the net work done 
by the forces in this virtual deformation is 


&w = — 100(Sy) +75(8y) + 25(8jy) 
= 0 


(4-57) 


as required for equilibrium. The negative sign follows, since the 
deflection in this case is opposite the direction of the force. 

Suppose further that the beam is given a virtual rigid body rotation 
about point B, with point A moving up an amount by. Then, from 
the geometry, point C must move down an amount 3 by, and we have, 
for the net work done by the external forces, 

bw = 75(by) — 25(3by) 


again as required for equilibrium. 5 
We had (Eqs. 4-10 and 4-10) 

da*(2y)da = dS 2 — dS 0 2 


so that 6 


b(dS 2 -dS<?) = b(dS 2 ) 

= da*(2Sr))da 


(4-59) 

(4-60) 


5 It should be noted that both rigid virtual motions (linear and angular) must be con¬ 
sidered in specifying equilibrium since, for example, equilibrium under the vertical 
upward linear rigid body motion could have been indicated by forces of 50 nt each of 
A and C. However these would not have satisfied the angular rigid body virtual rotation 
requirement. 

6 Note: in these equations, dSo and da are the fixed initial lengths squared and length. 
Hence the variation of these quantities is zero. Variation effects are included in the final 
or deformed values. 
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or, using Eq. 4-51, 

S (state of strain) = 2da*(J*DJ)da (4-61) 

If we assume the approximations corresponding to assumed small 
displacements, this becomes 

S (state of strain) = 2 dx*Ddx (4-62) 


It is obvious in both 4-61 and 4-62 that the variation of the ‘'state 
of strain” is zero if D = 0. 

If the variation of the state of strain is zero, we are considering, in 
effect, a condition corresponding to a rigid body deformation, since 
a rigid body deformation, physically, is just one which does not 
change the state of strain of a body. To verify this, let us check 
Eq. 4-52 for the following two cases (the results immediately follow¬ 
ing will also be used in later developments in this chapter): 


1. Assume the virtual displacement is a rigid linear one, so 
that every particle of the body has the same virtual displacement, 

say 


Sx = 6 
% = 2 
Sz = 4.2 


(4-63) 


2 . Assume the virtual displacement is a rigid body rotation SO 
about the z axis, so that (see Fig. 4.12) 


Sx — —ySO \ 
Sy = xSO I 


(4-64) 



Fig. 4.12 



INTRODUCTION TO THEORY OF ELASTICITY 


107 


Let us determine D for these two cases. For case (1), with 
d(8x) 


D = 


8x 

l|-a(5y) | d(8x) l 
dx dy J 


1 r d(8x) d(8y) -I 

2 . dy dx 


J 


il 

1 r d(8z) 


s_m 

dy 


3(S*) 1 


\ 2 L dx dz J 


we have (obviously) 

Di = 0 

For case (2), Eq. 4-65 becomes 


/ ° 

D a = h(-80 + S0) 
\ 0 


lra(8 x) ^(Sz) I \ 

iL dz + ~lx J 


2 L 


i r?(fa) g(%) l 
2L dy + dz J 


l|-a(8y) | d(8z) I 
dz dy J 
d(8z) 
dz 



(4-65) 


(4-66) 


(4-67) 


Therefor© the variation of the state of strain is zero for (1) a rigid 
virtual translation of the entire body and (2) a rigid virtual rotation 
of the body. 

We may draw the following conclusions from the above: 

A rigid linear motion of the entire body and a rigid rotation of the 
entire body correspond to no deformation of the body. In effect, a 
suitable transformation of axes would bring the body to the original 
equilibrium position. Furthermore, the variation of the state of 
strain is zero, (i.e., D = 0) for both the linear rigid body virtual 
motion and for the rigid body virtual rotation. If for these cases the 
body is in equilibrium, then the virtual work done by the forces acting 
on the body is zero. 

We are now ready to proceed to a consideration of the forces acting 
on the body. 

There are in general, two types of forces which may act on a de¬ 
formable body: (a) surface forces, that is forces that are proportional 
to areas, and (b) body forces that are proportional to the mass. 

Thus, if F is a body force per unit mass, p being the mass per unit 
volume, and if 
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then the virtual work done by these forces during the virtual dis 
plaoement 8 given by 


8 = 



(4-69) 


is given by 


Bwb 



pF*8 d V 


f 

J E.V. 


p(8xF x + 8yF y + 8zF z ) dV 


(4-70) 


(E .V. = entire volume.) 

To obtain the virtual work done by the surface forces, we must 
consider the stress tensor (see Art. 4-3). 

It was shown in Art. 4-3 that there are acting on differential ele¬ 
ments at all points in a stressed body nine stresses, or forces per unit 

area, 


ay 

°z) 


the normal stresses 


T xy = T yx\ 

Tyz = T Z y 
T Z X = 


the shear stresses 


The stresses, when multiplied by the area on which they act, result 
in the surface forces mentioned above. 

In order to account for the effect of these in the present analysis, 
we consider an element of the stressed body at the surface or boun¬ 
dary of the body. This is shown most generally in Fig. 4.13, where 
BCD represents the surface, inclined as shown to the axes x, y , and z, 
the origin O being inside the body. The tetrahedron OBCD represents 
a point (differential volume) in the stressed body. 

Let £, y, and z be the stress components acting on the boundary 
BCD in the directions x , y, and z, and let the stresses within the body 
be represented by the stress symbols previously described. Conditions 
are then as shown in Fig. 4.13, where the stress components are as¬ 
sumed as acting at the centroids of the differential areas shown. 

Now, if A = area of BCD , and if N(l, m, n) is the normal to this 
plane, then 


cos(iV,x) = l > 
cosfiy, y) = m 
cos (N, z) = n , 


(4-71) 


and the areas of the three faces of the tetrahedron (perpendicular to 
the x , y, and z axes respectively) are Al , Am , and An. 
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Consider Newton s Law in the form given in Eq. 4-41. Then for the 
tetrahedron to be in equilibrium under the forces acting on it (sum¬ 
ming forces in the x, y , and z directions), 


Ax — AIg x — Am,T yx — Aut zx — 0 ' 

Ay — AIt x1j - Arncy — Anr zy = 0 
Az — AIt xz — A'JTiTyz — Atigz = 0 ^ 


(4-72) 


These are the boundary conditions satisfied by the stresses. This 
relation is equivalent to 


GX Tjy T XZ \ 

A(xy z) = A(l m n )I r yx G y r yz j 

\T ZX T Z y G Z } 


(4-73) 


or, in matrix notation, 
or 


Ax = ANT \ 
x = NT J 


(4-74) 


where T is the stress tensor defined in Eq. 4-31. 
Then if 

dS = area vector 
= A(l m n) 

the surface force may be represented by 


A{x y z) = dST 


(4-75) 


(4-76) 


Having the expression for the surface force in Eq. 4-76, we can say 
that the virtual work done by the surface forces in going through a 
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virtual displacement 8 , Eq. 4-69, is given by 

f dST8 
J E.S. 

(E.S. = entire surface) and therefore the total work done by surface 
and body forces due to a virtual deformation is given by 

^virtual = f pF*8 dV + f dSTS (4-77) 

J E.V. J E.S. 

and for a body which is in equilibrium and subject to a rigid virtual 
deformation this will be equal to zero. If this is so, then 

f P F*8dV+ f dST8 = 0 (4-78) 

J E.V. J E.S. 

We now apply Gauss’ Theorem (see Eq. 1-117) for transforming a 
surface integral into a volume integral. That is, we use the identity 7 

f dS(T8) = f di y(T8)dV (4-79) 

J E.S. J E.V. 

in which div represents “divergence,” and in this equation the term 
div(T 8 ) is a scalar and in expanded form is shown as 


(- - -)[(• 
\8x dy dz) l 


Gx T xy t X z 

Ty x dy Ty z | [ hy 

Tzz T zy G z 



(4-80) 


Substituting Eq. 4-79 into Eq. 4-78 we have, upon combining 
terms, 


/ i 


[div(T8)-fpF*S]dF = 0 


Since this holds everywhere in the body, it follows that 
di \(T8) + pF*8 = 0 


(4-81) 


(4-82) 


for any rigid virtual displacement corresponding to an equilibrium 
configuration of the body. 

This relation will therefore hold for rigid virtual linear displace¬ 
ments and for rigid virtual angular displacements. 


7 Gauss' Theorem transforms a surface integral into a volume integral and for this 
reason the order of the matrix terms on the left-hand side of Equation 4-79 is immaterial. 
The resulting volume integral is as indicated on the right-hand side of this equation. 
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The first of the above will be true (as we saw) for 

8x = constant 
8y = constant 
82 = constant 


Thus, if we choose the following three sets of values we have a 
rigid virtual linear deformation, and if the body is in equilibrium, 
the expression Eq. 4-82 must hold. 


(8x = 1\ 

% = 0 

I Sz = oj 


r Sx = O' 
8y = 1 
8 z = 0 i 


(8x = 0 
8y = 0 
I Sz = 1 


(4-83) 


If we substitute these values successively in Eq, 4-82 we obtain 
the following three equations 

d(Jx ^Tyx 8 t Z x — \ 

+ — + P F X = 0 » 


8x 

8r X y 

dx 

8t xz 


8y 


dz 


day 8 t yz 

+-7r+^r+p F y - 0 

cy cz 

8Ty Z da z 

+ -JL+ +pFz = 0 

dz 


dx dy 

which, in tensor form, becomes 

div T + pF* = 0 


(4-84) 


(4-85) 


and holds for any body in equilibrium. These are the equations of 
equilibrium in elasticity. 

In Eq. 4-65, the expanded form of D is shown. As pointed out, D 
can also be zero when the body is subjected to a rigid body virtual 
rotation. In matrix terms, the connection between the rigid body 
virtual rotation and D may be expressed as follows: 

Let 


F d(8x) 

8(Sx) 

0 (8*) 

dx 

Sy 

dz 

m) 

S(By) 

£(By) 

dx 

dy 

dz 

d(8z) 

d(hz) 

d(8z) 

dx 

dy 

dz , 


112 MATRIX-TENSOR METHODS IN CONTINUUM MECHANICS 


then (see Eq. 4-65) we have 


D = 


M + M* 


(4-87) 


and D may be zero, even though Sx, 8y, and 8z are not constants, if 

M = -M* (4-88) 

This being so, the diagonal terms (top left to bottom right) of M must 
be zero, and the off-diagonal terms must be skew-symmetric or 

8 8 

—(Sx) = (Sy) 
dy 3x 

d 3 

Trfo) = -^ 8z ) I ( 4 ‘ 89 > 

dz dy 

d 8 

-(8z) = --(fa) 
ox dz 

These relations are just the matrix expressions for the rigid body 
virtual rotation. 

Going back to Eq. 4-82, which holds for a body in equilibrium, and 
expanding this, we obtain 

3 3 3 3 3 

— (Sara*) + — (far yx ) 4- — (Sxt zx ) -I- p8xF x 4- — (3yr xy ) 4- — (8ya y ) 

3x dy dz ox dy 


(4-90) 

8 8 8 8 ' ' 

+ —&y T zy) + pbyFy + —{?>ZT XZ ) + —(8zTy Z ) + —(8zG Z ) + p8zFz = 0 

8z dx dy dz 

Now using the relations given in Eq. 4-89 above for the rigid virtual 
rotation condition, we find that for a body in equilibrium 

3 8 3 

-—(ty)( r Xy — T yx) + —{$ Z )(7xZ — T ZX ) + —(8z)(Ty Z — T Z y) = 0 (4-91) 

3x 3x dy 

and for this to be equal to zero as required, for any values of 8x , 8y 
and fis, it follows that 


T X y = Ty Z 
TXZ “ T ZX 
Tyz = Tzy 


(4-92) 


which proves the equality of shear stresses on right angle faces, and 
therefore proves that the stress tensor is a symmetric tensor. This 
was already proven, in a direct application of the moment balance 





INTRODUCTION TO THEORY OF ELASTICITY 


113 


form of Newton’s Laws in Art. 4-3. However, the above demonstra¬ 
tion ties in more directly with our matrix-tensor approach. 8 

Summarizing the derivation of the equilibrium equations: 

1. We used the Principle of Virtual Deformations to derive the 
equilibrium equations. To this end, we obtained first the matrix Z), 
the variational deformation matrix, given by 



2. It was pointed out that D will be zero when the body is subjected 
to a rigid virtual linear deformation and also when subjected to a 
rigid virtual rotation. 

3. For a body in equilibrium, the virtual work done by the forces 
acting on the body will be zero w hen this body is subjected to a rigid 
virtual linear deformation and a rigid virtual rotation. 

4. A consideration of the forces required that we introduce body 
forces and surface forces (which are related to the stress tensor), where 
T, the stress tensor, is given by 


r <*x 

T xy 

Txz\ 


Ty X 

Gy 

T yz ) 

(4-94) 

Jzx 

T zy 

Gzi 



5. The boundary condition which the stresses (i.e., stress tensor) 
must satisfy is x = NT y in which x represents the boundary stresses 
and N is the unit normal to the boundary. 

6. By considering both body and surface forces on a body in equili¬ 
brium we obtained 


or 


div T + pF* = 0 

d(j x dr yx dr zx ^ 

H— -1—7-1- pr x — 


dx 

()T X y 

dx 
dr xz 
dx 


+ - 


dy 

Sy 


dz 


dr, 


1 H- 7T V 0 

dz 




CT 


yz 


da z 


dy 


- + P F Z = 0 


(4-95) 


the three equations of equilibrium. 

7. Finally, by considering a particular case of 1) = 0, and because 


8 Because of this symmetry of the stress tensor, it follows that the equilibrium equa¬ 
tions, Equation 4-85, can also be stated as div T* f pF* = 0 and this form may be used 
in certain later sections of the book. 
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the body is in equilibrium, we obtained the important equations 
concerning the equality of shear stresses on right angled faces, 

r xy = Tyx 

r yi = r zy (4-90) 

r ZX = T XZ d 

which shows that the stress tensor is a symmetric tensor. 

4-5 Derivation of Hooke's Law. We now alter our method of 
reasoning as follows: 

Given a body in equilibrium, we subject this body to any virtual 
deformation (not necessarily a rigid virtual deformation or one for 
which D = 0). Then, since the body is in equilibrium, 

divT + pF* = 0 (4-97) 

and the virtual work per unit volume (see Eq. 4-82) is given, because 
of the symmetry of the matrices, by the sum of each element D matrix 
(Eq. 4-65) times the corresponding element of stress matrix (Eq. 4-38). 

This is called “taking the trace,” is shown as [! TD] t and is equal to 
the sum of the diagonal elements of the matrix product. 

TD (4-98) 

Note from Eqs. 4-79 and 4-80 that this represents the contribution 
from the surface stresses only. 

We now apply the conservation of energy requirement in the fol¬ 
lowing form: 

“The external work done during a virtual deformation by the 
forces acting on the body must be equal to the work stored in the body 
in the form of strain energy.” 

As an example of this, consider again the beam shown in Fig. 4.11, 
and repeated in Fig. 4.14. The original (unloaded) position of the 
beam was APC. Under the load of 100, the beam is in equilibrium 
and has the shape AB'C. 

We apply a virtual deformation (not a rigid one) consistent with 
the support conditions. This moves the beam to AB"C. Then, 

external change of work = internal change of work 
or 

100(B # jB ## ) = change in strain energy stored in beam 

In the general case, the virtual work done by the surface forces is 
given by 
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and, neglecting frictional and other similar forces, this must equal 
the change in strain energy stored in the body. 

100 



If the total strain energy stored in the body in its equilibrium position 
is given by 



dV 


where <£(?/) is a function of the strain elements and represents the 
strain energy per unit mass, then the above noted conservation of 
energy requirement leads to 

f [Tl)]dY s( f <H V ) P dv\ (4-99) 

J E.V. U E.V. ' 


or (stated in words) 

change in external work = change in internal work 
Now p d V on the right-hand side is given with respect to x coordin¬ 
ates, but because of the constancy of mass we have 

PadVa = PrdY x (4-100) 

(the subscripts representing the variable at which points p and d V 
are given) and therefore the variation may be taken under the inte¬ 
gral sign and applied to 0 (t/) only, as follows 


f \TD]dV = [ p{m-n)}dV (4-101) 

J E.V. J E.V. 

Therefore 

[Tin = p f Mv)} ( 4 - 102 ) 

But, in view of the fact that (for our purposes) 8 is equivalent to a 
differentiation, we have 

d<f> d<f> $<f> <'<f> 

= -8 rj aa + —-817^ + ---8r; ac + - Orjba f -7- orjM 

vt) aa ^’ r ]al v^ba < Cv)bb 

d<f> d<f> 8<f) d<f> 

+ —- fybc + —- Syca + -- &Vcb + -- oycc 

<JT)bc vTJca cycb ^Vcc 


(4-103) 
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or, recalling the definition of the bracket [ ], and because rj is a sym- 


metric matrix, we have 




8<f>( r i) = 

m 

(4-104) 

where 

f H 

()(j) C'<f> ' 



l J )aa 

t'Val) < r )<ic 


II 

■ p- 

-Vj i 

(riba 

W c'4 

(f}bl) tybe 

(4-105) 



((f) C'(f> 



l ttya 

t ycb (- r ]cc. i 


and 

/ & r lna 

$yab by<tc\ 


$7} = 

byim 

&yi>b &ybc 1 

(4-106) 


\f>Vca 

&ycb byeef 


From Fqs. 4 1 (Vi and 4- 

103, it 

follows that 


[TJ>] = 

■ V f: l 

(4-107) 

and recalling (see Eq. 4f> 1 

) that 




= 

J*DJ 

(4-108) 


\ve have 


i nn 


- 'l j sH 


(4-109) 


since \AB] = |/i<4] as may easily he verified, and a so because of the 
associative property of matrix multiplication. 

Therefore, in order that Eq. 4-109 hold for all values of Y>, 


T = pJ~-J* (4-110) 

which is the fundamental relation between stresses and strains in the 
theory of elasticity. If <£( 77 ) is known, this equation (which represents 
six equations) may be solved for stresses as functions of strains. 
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In the ordinary theory of elasticity, we use a degenerate form of this 
equation, obtained as follows: 

We assume small displacements and neglect dujt'a whh respect to 
unity and ( dujda ) 2 with respect to Pu/fta. 

Then, to these approximations, J = E, the unit matrix, and we have 


T 



(4-111) 


Since the assumption J = E is equivalent to assuming constant den¬ 
sity, this becomes 


W) 

drj 


(4-112) 


which states, in words, the -stress tensor is the. gradient of the energy (per 
unit volume) of deformation with respect to the strain tensor. 

We point out once more that this is an approximate expression. 
However, for most engineering applications it is sufficiently accurate, 
and in any case the more exact relation is all but unusable. 

We now r require some assumption regarding the elastic material with 
which we are dealing In general, in the theory of elasticity, we are 
concerned with two types of materials: ( 1 ) isotropic or non-crystalline, 
( 2 ) anisotropic or crystalline. 

The first material is the most important for engineering applications. 
Many metals fall in this group. In fact, even those metals which have 
definite grain properties are very frequently assumed to be isotropic. 

The second group contains materials such as wood, built-up mat erials, 
rolled metals, etc. For these materials the properties may vary con¬ 
siderably, depending upon grain direction. 

We shall assume that we are dealing with an isotropic material. This 
means that the properties are independent of direction. Mathematically 
speaking, this means that the function </»(^) must be independent, of the 
orientation of the axes. 

We saw in Chapter 2 that there arc* only certain quantities which have 
this property of being independent- of axial orientation, t hese being the 
invariants of the tensor. In other words, \ f is to be independent of 
direction, then <f>(ij) must be given in terms of the invariants of the strain 
tensor. Or, if we assume terms in decreasing order of magnitude, and 
assume <£( 77 ) can be given as a series expansion, we have as a conse¬ 
quence of the requirements of isotropy, 

= P<f> o + xfi+-—/i 2 - 2ph 4- ■ ■ • (4-113) 

2 


where <f>o, a, A, and p are constants, I\ = t} XX + Vyy + ''Jzz* & n invariant, 
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and 1 2 — 7 iyy r }zz — "Hyz^zy + 'Hzz’Hxx ~~ 7 lzx 7 lxz + 7 ]xx r lyy ~ Vxy^yxi an invariant. 
Now, recalling that, in its approximate form, 



' Hp<f>) 

d(p<f>) 

Hp<t>) \ 


dr/xx 

drjxy 

dr,zz 

dipt) 

d(p<f>) 

d(p<f>) 

V(p4>) 

dr, 

d-qyx 

d r lyy 

dr,yz 


d( P <f.) 


dipt) 


\ dr, ix 

dr,iy 

'dr,zz l 


(4-114) 


we find by substituting Eq. 4-13 in Eq. 4-112 that 

( )(p<f >) 

T = = (a + A/ 1 )B 8 +2 f ii, (4-115) 

dr] 

and if we assume that T = 0 when 77 = 0 , this becomes 

T = A/,#}+ 2 / 1*7 (4-116) 

which is Hooke's Law, and which takes the expanded form (in the stan¬ 
dard American notation for stresses and strains): 


°x 

r xy 

TXZ 

r yx 

Gy 

T yz 

Jzx 

T zy 

^ 2 , 


so that, for example, 


and 



0 

°\ 1 

( 

2 Yxy 

0 

1 

0 +2J 

2 Yux 

e y 

\o 

0 

1/ ’ 

U Yzx 

2 Yzy 

-«y 

+ e z) + 2 /ic x 





= (A + 2u.)e x + A (t y + e z ) 


Yxy 

T xy = 2 /x—- = fiy X y 


(4-118) 

(4-119) 


Eq. 4-116, which is a linear relation in the strains, is called the 
linearized form of Hooke's law. 

The constants /1 and A are connected with the tension and shear 
moduli of elasticity E and G and with Poisson’s ratio, v , as follows: 

/i = shear modulus of elasticity, G 

vE 


A = 


(l+v)(l-2v) 
v = Poisson’s ratio 

E = tension-compression modulus of elasticity 
Compare this with p. 10 of Ref. (13). 



INTRODUCTION TO THEORY OF ELASTICITY 119 


We point out once more the assumptions and approximations that 
are inherent in the linearized form of Hooke’s Law : 


1 . We assume P/da = t'ji'x 

2. We neglect c hi I da with respect to unity and (hi! in) - with respect 
to chijt'a. That is, we assume small deformations. 

3. We assume isotropy. 

We also emphasize that the equation 


£6 

T = pJ 


(4-120) 


is an exact expression, with none of the above limitations. It it were 
possible to handle mathematically the resulting expression and if <f>( 17 ) 
were known, then, theoretically Kq. 4-120 would give the exact rela¬ 
tion between st resses and strains for large deformations, anisotropy and 
other conditions as well. 

Problem 8 at end of this chapter is concerned w ith the higher-order 
(i.e., non-linear) form of Hooke's Law. 


4-6 The Compatibility Conditions. The significance of the com¬ 
patibility equations, their place in the general theory of elasticity, and 
the manner in which they are obtained is occasionally a matter of some 
confusion. 

We may begin this discussion of the compatibility requirements by 
pointing out that these are relations or equations that must he satisfied 
in order to insure uniqueness, single-valuedness, and continuity of the 
deformations of the structure. 

To illustrate in a simple, non-mathematical form what we mean by 
uniqueness, single-valuedness, and continuity of the deformations, let 
us consider the structure shown in Fig. 4.15a. In Fig. 4.15b this struc¬ 
ture is shown with finite, single-valued deformations. 




Fig. 4.1 


Now r consider the same structure in Fig. 4.1Ga. In Fig. 4.10b we 
have a discontinuity in the deformation at the fiber ABC. We see that 




120 MATRIX-TENSOR METHODS IN CONTINUUM MECHANICS 

at the original point A there are two deformations, AB and AC. Thus, 
the deformation of this structure is not single-valued and continuous, 
and the compatibility conditions are t he equations which—because they 
are not satisfied—will indicate that this is so. 




The usual procedure in deriving the compatibility conditions is to 
point out that t he six different elements of t he strain tensor. Eq. 4-121, 

/ (hi 1 / <)u iv\ 1 /in iw\ \ 



(4-121) 

arc given in terms of the three components of the displacements 
v, v f u\ and hence the strains cannot be independent of each other. 
Following this, the various strain elements are partially differentiated 
twice with respect to the various coordinates, (:r, //, .t), certain of these 
added, some subtracted, and finally six equations, the compatibility 
equations, are obtained. 

The above described procedure is given in Love (12), Timoshenko 
(13), and other books which follow these. 

Just why one stops at two differentiations is not explained. One is 
led to wonder if other relations might perhaps be obtained w ith addi¬ 
tional or different partial differentiations. 

Southwell (14) derives the strain compatibility conditions by re¬ 
quiring that t he total strain energy of a st rained body shall vanish for 
all variations of the stress components which are compatible with the 
equations of equilibrium. While this is an interesting method, it does 
not seem to get directly to the matter of finiteness or single-valuedness 
of t he deformations. 

Murnaghan (16) obt ains the equations by pointing out that the curva¬ 
ture tensor of the three-dimensional metric space is the zero tensor. 
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Using this fact, and the strain tensor, a fairly complicated analysis 
finally leads to the desired equations. This method docs not clearly 
indicate the physical significance of the operations or the final result. 
It does, however, result in a non-linear (or higher order) form of the 
compatibility conditions. 

Sokolnikoff (15), following Ccsaro, obtains the equations by noting 
that continuity of deformations can be obtained by means of a line 
integral over a simple continuous curve, which in t urn leads to the fact 
that certain integrands must be exact differentials. This finally deter¬ 
mines the compatibility conditions. 

The equations (or conditions) will now be derived in a different man¬ 
ner from all of the above. 

Physically, the problem may be presented in the following form: 

In many solutions of elasticity problems, we solve for the unit strains 
directly. In the solutions so obtained, the unit strain expressions may 
correspond to continuous, finite, and single valued unit strains , but (as 
pointed out in Fig. 4.1 G) it is necessary that t he deformations be continu¬ 
ous, finite, arid single-valued, and the fact t hat the unit strains are so is 
not, in itself, assurance that the deformations are also continuous, finite, 
and single-valued. The compatibility conditions are a set of conditions 
or equations which the unit strains must satisfy in order that we may 
be assured that a solution given in terms of the unit strains also cor¬ 
responds to continuous, finite, and single-valued deformations. 

For purposes of clarity, the development will be presented in detail 
for the two-dimensional case. The procedure is identical for three 
dimensions and will only be outlined for this case. 


Two-Dimensional Case 


In two dimensions, the strain tensor rj is given by 


( e * 



1 idu \ 1 

2 \ dy dx) 

cv 

dy / 


(4-122) 


where u(x , y) and v(x , y) are the displacements. We ask, “What condi¬ 
tions must be placed upon the strains e Xt e y > y xy , and y yx in order that 
the displacements be single-valued, continuous functions?” 

In general, the requirements that a function u(x, y) be continuous 
at a point (x$ t ^o) are that all partial derivatives be finite and continu¬ 
ous at (sto, ^o) and that the remainder term of the Taylor series approach 
zero as the number of terms increases. 

We assume that all of the above requirements are formally satisfied 
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and look for any supplementary relations or conditions in order that 
this be so. 

In two dimensions the Taylor series has the form, 


© /8u\ 1 

^ + (y~ Vo) ~ x o ) 2 

i / d 2, u \ i / 



• • (4-123) 


There are four equations among the four partial derivatives— bujbx, 
bujby, bvjbx, bvjby —in terms of the strain components and the rotation, 
as follows (a > z = rotation): 


bu = e x 

bx 


bu bv 


by bx 

— Yxy 

bu bv 


by bx 

= 2 CD 2 


\ 




I 


(4-124) 


These are now treated as a set of linear non-homogcneous equat ions 
in terms of t he variables bujbx , bujcy , bvjbx, bvjby. 

What requirement must be placed upon this set in order that bujbx 9 
be regular? 10 This will then insure that (bujbx) o will be regular. 

We have 


bu A 
bx ~ B 


(4-125) 


where 


e x 0 0 0 

e y 0 0 1 

Yxy 1 10 

2w X y 1 ~ l 0 

10 0 0 

0 0 0 1 

0 1 10 

0 1-10 


(4-126) 


/ 


•That is, wo mean tsiijox, chijc'y, tvjix, and c'vjty. We ahull use this abbreviated 
notation throughout this section. 

10 By “regular’’ in the present sense, we mean that the partial derivatives are finite, 
continuous, and single-valued. 
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Since B is never zero, du/dx and the others are always regular, hence 
(du/dx )o and the others are always regular, if the terms e, y, and cu z 
are finite and continuous. 

Now check the terms ( d 2 u/dx 2 ) and the other similar second differ¬ 
entials for regularity. We do this by taking 8/dx and d/dy of Eq. 4-124. 
This results in 


dx 2 


dhi 

dxdy 


d 2 v 

dxdy 


d 2 v 

w 


de x 
dx 
de x 
dy 
de y 
dx 
dt y 
dy 


d 2 u 

+ 

d'hi 

d 2 v 


c£ 

1 

dxdy 

+ 

d 2 v 

d 2 v 

1 1 

3 * 

d 2 u 

dy 2 

dxdy 

dy 

2 dw z 

dxdy 

dhi 

~lh? 

d 2 v 

dx 

2dw z 




dxdy 

dy 


= — ( a ) 

(b) 

(c) 

(d) 

(e) 

(f) 

(g) 

(h) 


(4-127) 


Equation 4-127 represents eight equations for six unknowns, d 2 ujdx 2 . 
If these unknowns are to be single-valued, then we must have only six 
independent equations. By inspection we see 


2de x tyxy 2dw z 


dy 

dx 

dx 

dyxy 


2dto z 

dy 

— 

dx 

dy 


(4-128) 

(4-129) 


Thus, the six independent equations become Eqs. 4-127a through 
4-127f and by inspection of the determinants it may be verified that 
these will give finite values for d^Jdx 2 . 11 


11 It should be noted that Eqs. 4-128 and 4-129 constitute a pair of compati¬ 
bility conditions among the strains and rotations in order to insure that the deformations 
be finite, cont in uous, and single-valued. Otherwise stated, if, in a particular problem. 

Footnote continued on page 124 . 
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We now check the third partial derivatives for regularity. To do this, 
we take SjSx and SjSy of Eqs. 4-127a through 4-127h, which leads to 
twelve equations in eight unknowns, as follows: 


Shi 

Sx 3 

S 3 u 

Sydx 2 


Shi 

SySx 2 


Shi 
Sydx 2 







s % 

II 

(a) 






d 2 e x 

cxdy 

(b) 

Shi 





d*e x 

(c) 

SxSy 2 









S 3 v 


_ Pev 

(d) 




Sydx 2 


dx* 





8 3 v 

SxSy 2 

SxSy 

(e) 






S‘ 3 V S 2 ty 

Sy 3 Sy 2 

(f) 


+ 

dh; 



Bh’iy 

(g) 


c)x? 



Bx 2 

Shi 


1 

S 3 v 


Wy xy 

(h) 

SxSy 2 


T 

Sydx 2 


Cxdy 


d 3 u 


l 

S 3 v 

B^Yxv 

(i) 


c>y* 


I 

Bxdy 2 

Sy 2 


- 

S 3 v 

8z? 



S 2 (JO Z 

= 2 

8x 2 

(j) 

Shi 



BH 


S 2 w z 

— o 

(k) 

SxSy 2 



Sydx 2 

dH 

SxSy 

S 2 CU Z 

= 2 

Sy 2 

0) 


By* 



SxSy 2 


(4-130) 


In order that Shi/Sx 3 and the other third derivatives be single-valued, 


Footnote continued from page 123. 

the solution is obtained in terms of strains (e x , etc.) and rotation {w t ) f then in order 
that the deformations u and v be compatible, it is necessary that the strains and rotation 
satisfy Eqs. 4-128 and 4-129. See the added requirement in Eqs. 4-131a. 
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Table 4.2 


Set 

Number of Terms 

Number of Dependent Equations 

du 



— 

4 


dx 


Zero 

e x , o)i 

4 


d 2 u 

6 


dx 2 

Two. Equations 4-128 and 4-129 

de x 



_ 

8 


dx 



dhi 

dx* 

8 

! 

Four. Equations 4-131a through 

d 2 e x 

12 

4-131d 

dx 2 


d*u 

10 

Six. d/dx and d/dy of Equations 


4-131a through 4-131d 

d 3 e x 

16 


dx* 



8 n u 

2n + 2 

2n — 2. d/dx and d/dy of the equations 

8x n 

from proceeding operation 

8"~h x 

4 n 


8x n ~ l 
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it is necessary that these 12 equations be equivalent to only eight 
independent equations. By inspection it is seen that 

h 2 e x d 2 e y d 2 y xy 

- 1 -— = - ( a ) 

dy 2 dx 2 dxdy 

d 2 y xy 2 d 2 e y 2d 2 a>z 

dxdy dx 2 

c )2 y xy 2d 2 e y 

dy 2 dxdy 

2d*e x d 2 y xy 

dxdy dx 2 


dxdy 

2 d 2 Ci) z 

dy 2 

2d 2 to z 

"dx 2 " 


(c) 


(d) 


(4-131) 


Therefore, the independent set of eight equations is Eq. 4-130a 
through Eqs. 4-130g and 4-130i, and it may be verified by examining 
the determinants that these will give finite values for the third deriva¬ 
tives. 

Equation 4-13la is the ordinary strain compatibility condition as 
derived in elasticity. Equations 4131b, 4-131c and 4-13Id are obtained 
directly from Eqs. 4-128 and 4-129 by taking partials. 12 

We can show that no new additional relations are obtained (except 
those obtained by taking successive partial derivatives of Eq. 4-131. 
This is done as follows: 

Consider the left-hand side of the set, Eqs. 4.130a to 4-1301. Each 
successive pair of partial differentiations adds two new terms (i.e., 
unknowms). Similarly, each successive pair of partial differentiations 
adds four new terms to the right-hand side. This means that two 
additional relations among the equations must be found for each suc¬ 
cessive pair of partial differentiations. But these are obt ained from the 
set of Eqs. 4-13 la through 4-13 Id. In addition, it may be seen that the 
determinants B are always different from zero. This may be sum¬ 
marized as in Table 4.2. 

Thus, Eq. 4-13la is the required relat ion among the strains in order 
that u and v be finite and single-valued. 


Three-Dimensional Case 

For three dimensions the method follows along identical lines, except 
that now dujdx can be given in terms of six strain elements, Table 4.1, 
and three rotation elements ( w x , w y , u> z ). The final results can be 
shown most concisely in tabular form, as in Table 4.3. 


12 See footnote on p. 123. 
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Table 4.3 


Set 

Number of Terms 

1 

Number of Dependent Equations 

du 

9 


dx 

Zero 

ex, w x 

9 


d 2 u 

18 

Nine, as follows : 13 

dx 2 


dtu z dc x dy X y 

O _ c> 

dc x 

dx 

27 

dx dy dx 

plus seven more similar 

dhi 

30 

18, obtained by differentiating above 

di? 

nine with respect to x , y , 2 , plus 

Pe* 

54 

Six, in terms of strains, the compati- 

dx 2 

bilitv conditions, as follows: 



d ? e. y d 2 e z d 2 y yz 

dz 2 dy 2 dydz 



d 2 e z d 2 c x i^yzz 



4* = 


! 

! 

dx 2 dz 2 dz dx 



c 2 e x d 2 e y d 2 y xy 



dy 2 dx 2 '('xc'y 



2d 2 e z d tdy yl dy zx dy xy \ 



dxdy dz\ dx dy dz ) 



2r ,2 C x d /dy zx dy xy dy yz \ 



dydz ftrl dy dz dx ) 



2(i 2 e v f> / dyxy (*Y y z fyzx\ 

dzdx dy\ dz dx dy ) 

d*u 

45 

30, obtained by differentiating d 2 w/dx 2 

dx 4 

d*e x 

with respect to x f y , 2 , plus 

15, from differentiating the compati¬ 


90 

bility relations (three interrelations 

dx? 

out of 18) 


15 See once again the footnote on p. 123 regarding the strains and rotations. 
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Table 4.3— continued 


Set 

Number of Terms 

1 

Number of Dependent Equations 

e»u 

3(n + l)(«+2) 

i 

q + r, where q = §u(n + l), n > 2 and 

dx n 

2 

q is obtained by differentiating the o> 



terms and r = %(n — 2) (n + 1), n ^ 3 

d n - l e x 

i 

i)n(n + 1 ) 

and r is obtained by differentiating 


2 

the compatibility conditions. 


Summarizing the above: 

If we obtain a solution to a given elasticity problem in terms of the 
strain elements, e x , etc., then because the strain tensor contains nine 
elements which are, in turn, given in terms of three deformations, u , ?>, 
and w, it is necessary that the strain components satisfy certain rela¬ 
tions in order to insure that the deformations will be continuous, finite, 
and single-valued. 

By means of a Taylor expansion analysis, it was shown t hat the re¬ 
lations which must be satisfied by the elements of the strain tensor are 
(a) for the two-dimensional case. 


? 2 ('x (Pe w _ 'C‘ l y z „ 
dy 2 dx 1 dxdy 

and (b) for the three-dimensional case, 


c ,2 e y d 2 e z _ d 2 y yz 

dz 2 dy 2 dydz 

d 2 e z d 2 e x d 2 y zx 

dx 2 dz 2 dzdx 

d 2 e x d 2 e y d 2 y xy 

dy 2 dx 2 dxdy 


2d^e z — d / dy yz dy zx dy xy \ 

dxdy \ dx dy dz 1 

2>d 2 e x _ / dy zx + dy xy dy yz \ 
dydz dx\ dy + dz dx / 

Zd 2 e y _ d / dy xy ^ By yz dy zx \ 

dzdx dy\ dz dx dy ) 


\ 
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(4-132) 
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The above represent the only independent relations among the strains 
and it was shown that these must be satisfied in order to insure unique¬ 
ness, finiteness, and continuity in the deformations u, and w. 

Now it is possible to solve problems in elasticity in terms of the 
stresses. If this is done, then it is also necessary t hat these stresses 
satisfy certain compatibility conditions in order that the strains and 
stresses may be finite, single-valued, and continuous. These are the 
stress compatibility conditions and they may be obtained directly from 
the strain compatibility conditions (Eq. 4-132) by utilizing Hooke’s 
Law (Eq. 4-110) and the equilibrium equations (Eq. 4-95). If this is 
done, then it will be found that the stresses must satisfy the following 
six stress compatibility conditions in order that u, v , and w be single 
valued, finite, and continuous, 
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in which 


0 = <j x + rj y + a,, the first invariant of the stress tensor 
F = (F x F y V z ), the body force 


Finally, it is possible to solve the elasticity problem directly in term 
of ii, v and w , the deformations. That is, wc may obtain, directly, 
differential equations in terms of these three quantities. Then, obvi¬ 
ously, the solution of these equations will themselves show whether 
u , v and w are single-valued, finite, and continuous. Hence no supple¬ 
mentary equations will be needed in this case. 


4-7 The Compatibility Equations for Large Strains. For large 
strains, the strain tensor becomes (see Eq. 4-17), 
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du 
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1 idu dv\ 
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) 
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In this case also, because there are nine elements and only three 
deformations, there are supplementary equations or conditions which 
must be satisfied by the strains in order to insure finiteness, uniqueness, 
and continuity of the deformations, w, v and ?r. These are the compati¬ 
bility conditions for higher-order strains. 

To obtain the compatibility conditions for higher-order strains, 
proceed as before. That, is, we have 


du If/ du \ 2 / dv \ 2 / dw \ 2 ] 

da = 7)aa ~2[\da) + W + \7ta) J 

dv If"/ du\ 2 /dv \ 2 / dw \ 2 ] 

=W '-2[Ui + U) + U“jJ 

dw 1 T/? u \ 2 (dr\ 2 / dw \ 2_ | 

it - ’'--sly + y + yj 


(4-135) 
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cu 8v Toucu cvov cw dw J 

8b + da ^ ab Ida 8b da 8b + c a 8b J 

8u 8w _ r 8u8u 8v 8v 8w 8w ~| 

8c + 8a ~^ ca L 8c 8a 8c 8a 8c da J 


8v 8w Vdudu 8v8v cw dw 1 

8c + 8b ^ bc \_8b 8c 8b 8c 8b 8c \ 


8u8u 8v8v cw dw 1 


Then, for a first approximate higher-order form of the compatibility 
conditions—that is, squares of strains considered—we substitute the 
values of dujda as given in the right-hand side of the above, retaining 
squares of strains only. To this approximation, we use for the right- 
hand-side terms, 
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in w hich 
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To illustrate, we obtain the higher-order condition lor the two-dimen¬ 
sional case. We have (neglecting terms higher than second order in 77 
and w) 

8u \ 

-. = 1aa ~ l (W 2 + lab 2 ~ '-!ab<*> + OJ 2 ) (a) 

8a 



r jbb - 2 (W 2 + lob 1 ~ ~lab<*> + oj 2 ) (b) 

lab ~ 2 \laa(lab + <") + lbb(lab “ ^)] ( c ) 


(4-138) 
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These are 

four equations 
four unknowns 

and the solution is regular for dujda . 

Differentiating the above with respect to a and 6, we get 

eight unknowns 
six unknowns 

so that there must be two dependent relations. These are: 

0(4-138d) e(4-138a) £(4-138c) 

da db da 

d(4-l38d) t'(4-138c) d(4-138b) 

db db da 

and represent higher-order compatibility conditions which must be 
satisfied by strains and rotations in order to insure uniqueness, finite¬ 
ness, .and continuity of the deformations u, v, and w. 

Now differentiating these eight, equations with respect to a and b, 
we get 

twelve equations 
eight unknowns 

There are four dependent equations, three of which follow from Eq. 
4-139 and one of which, the compatibility condition for the two-dimen¬ 
sional case, squares of strains considered, is 

8 2 r)aa d 2 T) bb ~ ^d 2 rj ab |" dr) aa di) bb 2drj aa dr) aa 2 drj aa di] ab 

db 2 da 2 8a 8b [ da da db db + da db 

(4-140) 

Zdrjbb drj bb dr) bb dij aa 2dtj ab drj bb 

da da db db da db 

This differs from the small deformation form of the compatibility 
equation in that it contains the terms in the brackets. 

In a similar manner, one may obtain the three-dimensional forms of 
the higher-order compatibility conditions. 

In the large deformation theory of plates, a higher-order compati¬ 
bility equation is used (see Eq. 7 -12 la). However, as used, this equation 
is a special one which is based on the assumption that certain terms only 
of the non linear strain tensor are important. It is not, therefore, the 
same equation as the one given above, Eq. 4-140. 

4-8 Summary. We summarize the present discussion of the 
theory of elasticity. 


(4-139) 
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Given an elastic body subject to forces and constraints. Then the 
stress and strain condition at any point in the body must be such that, 
if the body is in equilibrium— 

1. The stresses satisfy the equilibrium equations: 


or 


div T + pF* = 0 

ddx &Tyz Ch"zX ^ 

■ f ;--f —- X = 0 

cy dz 


dx 


dr 


xy tJVy dr zy 


+ 4---+ ----+pn = o 

dx dy dz 


dr xz (h 


da z 


T XZ VTyz - 

-4--h — - + pF z = 0 

dx cy dz 


(4-141) 


2. The applied surface forces must satisfy the surface equilibrium 
relations, or, otherwise stated, the boundary conditions that, must be 
satisfied by the stresses 14 are 

x = NT 

or X — Inx^mTyx^-TlTzx 

y — l T xy + Ml Gy + nT zy 
z =■ It xz 4" MTyz -\-7lG Z 


(4-142) 


3. In order to insure that an elasticity solution obtained in terms of 
the strain elements, e Tf etc., will correspond to one for which the deforma¬ 
tion components (u, v, w,) are finite, single-valued, and continuous, the 
strains must satisfy the strain compatibility conditions, which (a) in 
small deformation, two-dimensional theory is the single equation 


d 2 e x c*e y 


(fiy. 


xy 


dy 2 dx 2 


dxdy 


(4-143) 


(b) In large deformation, two-dimensional theory this becomes the 
following non-linear compatibility condition, 


d 2 r?a a d 2 rj bb 

db* + defi 


2d 2 7)ab ( l 

laftT \ 

2 drjbb drjbb 
da da 


drjaa drjbb 2ty aa drj aa 2drj aa &nab 
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drjbb 

db~ 
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~db~ + 


2 drjab drjbb 
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(4-144) 


14 In some cases the boundary conditions may lx? given in terms of the displacements, 
in which case these may be used instead of the stress boundary conditions. 
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(c) In small deformation, three-dimensional theory the compatibility 
conditions which must be satisfied by the strains are 

d 2 e y 8 2 e z d 2 y yz y 

dz 2 dy 2 dydz 

d 2 e z d 2 e x b 2 y zx 

dx 2 8z 2 dzdx 

d 2 e x 8 2 e y d 2 y xy 

dy 2 dx 2 dxdy 

* * (4-145) 

2d 2 e z — 8 /by yz ^ dy zx dy xy \ 

dxdy dz\ dx dy dz / 

2 d 2 e x b /dy zx dy xy dy yz \ 

dydz &e\ by dz bx ) 

2d 2 e y — d / by xy dy yz dyzx\ 

dzdx dy\ dz bx dy j > 

(d) Similar non-linear equations can be derived for the large deforma¬ 
tion, three-dimensional theory. 

(e) Because of the relations bet ween stresses and strains, it is possible 
to transform the strain compatibility conditions into stress compatibility 
conditions. These will insure that a solution to a particular problem, 
given in terms of stresses is one which will give finite, single-valued, and 
continuous deformations. In the small deformation, three-dimensional 
theory, the stress compatibility conditions are 
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(f) Finally, it is possible to formulate problems in elasticity theory 
directly in terms of the deformations u , v and w. In these cases the solu¬ 
tions themselves will indicate finiteness, continuity, and single-valued- 
ness and no additional compatibility conditions on strains are required. 

4. The stresses and strains (for an assumed isotropic material) are 
related by Hooke’s Law, which in its linearized form is given by (see 
Eq. 4-116) 

T = XI i E$ + 2/17/ (4-147) 

In the next chapter we apply these results to the solution of several 
problems in the theory of elasticity. 


Problems 

1. (a) Obtain the linear and nonlinear forms of the strain matrix if 

u 6a 2 + 36c 4- 2c 2 
v = 6 2 + 3ac 2 
w = ab 4- 2bc + 3ac 

(b) Is this necessarily a strain compatible set of deformations in the 
linear system? 

(c) In the nonlinear system? 

2. (a) Obtain the trace for 


2x2 

3 1 

°\ 

/ 4 

3 xy 

-2 yz 
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3 1 I 
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(b) Verify that for this case 

[AB] = [BA] 


3. Given 

/ 2 -7 

n 

/ 3 -5 2 

^4 = 1 —3 0 

4 

B = [ 8 3 1 

\ 8 2 

4/ 

\ —3 -2 - 

verify that 


[ABC] = [CAB] 


(2 5 —2 

C = | 4 -1 0 

\3 -3 9 


4. (a) Verify that Hooke’s Law, in its linear form, as a relation between 
strains and stresses, is given by 

Gz V 

e * = J~J i<sv+Bl) 


Yzy — 


T zy 

~G 
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where 


E 

0 =- 

2 ( 1+0 

(b) Show this relation in tensor form. 

5. (a) Show that, to the first order, the change in volume of a strained cube 

of unit length each side is given by 

VF = c x + e y -\-e z 

(b) Hence, show that if a material is assumed to be incompressible this is 
equivalent to the assumption that v - 

6. For the two-dimensional stress system a*, n y , r xy , r yXi prove by consider¬ 
ing the equilibrium of forces on 
the faces of a plane element, that, 
7" = llTli* and that r J\ is there¬ 
fore is a tensor of the second 
order. 

7. Given a two-dimensional prob¬ 
lem with 

a x = x 2 

«i v = y 2 

T XV = -2 xy 

(a) Are the equilibrium equa¬ 
tions satisfied everywhere in 
the body? 

(b) Show that the linear strain compatibility equations are not satisfied. 
Hint: use Hooke’s Law to obtain the strain components. 

(c) By integrating the strains (ruje-x, dvjcy, etc.) directly show that the 
above stresses cannot represent a strain compatible solution to the 
problem. 

8. One form of the nonlinear Hooke’s Law is given by 

T = \1\E^ 2Urj 4- (Hi 2 — 4 - 2mlirj + 77 co rj 



Prob. Fig. 4.0 


in which 

Z, m are new elastic constants 

1 2 is the second strain invariant. 

co t) is the cofactor of the strain tensor. 

Write out the six terms of this nonlinear form of Hooke’s Law. 

9. Given a nonlinear strain tensor 


( 0 K 0 \ 
K K 2 O) 
0 0 0 / 


determine Hooke’s Law in its nonlinear form. Write out the six terms in 
their expanded form. 
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10. (a) Determine the equations for i ZXi r Z y t g z in order that the equilibrium 
equations be satisfied if 


fx* + 2yz 


T = 


TZX 



(b) What are the corresponding compatibility conditions? 

11. The two-dimensional form of the equilibrium equations can be satisfied 
identically by introducing the Airy stress function </>, defined by 

a 2 <f> 

G Z r= - 

dy* 

bH 

Gy =- 

bx 2 


Tjy — 


bxby 


(a) Show' this. 

(b) Using Hooke’s Law and the strain compatibility condition, show that 
the Airy function satisfies the biharmonic equation, 


where 


V 4 ^ = 0 
V 4 = V 2 V 2 


b 4 2b* b 4 
bx 4 bx 2 dy 2 by 4 


(c) Show, therefore, that the real and imaginary parts of all /(z), 
z = x+iy are possible solutions to two-dimensional stress problems. 

12. One form of nonisotropic (or aeolotropie) stress-strain relation is given by 


where 



S r t — Str> (**» t — 1 > 2 , * ■ • 6 ) 


(a) Show that this gives, in twx> dimensions, 

e x = iSliajr + /S]2Cy + $16 Tzy 

ty = S\2<5x+ "I" $26 T jy 

Yxy = £l6ffx + $26ffy + £66 T *i/ 
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(b) Show that the equilibrium equations are identically satisfied if we 
assume 

Ox = — 


Oy = 


tft<f> 


dx 2 


T X y = “ 


d 2 <f> 

dxdy 


where </> is the Airy stress function. 

(c) Show that compatibility requires 

d*<b d*4> d*<t> d*6 d*4> 

0 = S22 -2jS> 26-h (2$i2 + Sqq) -2<Sie-— + $11—— 

fix* dx^dy dx 2 dy 2 dxdy* dy* 

(d) Finally, if we assume that tensile stresses do not cause shear strains 
and shear stresses do not cause tensile strains, then show that 

$16 = $26 = 0 

and the above equation becomes 


id 2 d 2 \ I d 2 d 2 \ 

(-h ai-If-I- 0 C 2 -) (f> = 0 

\dx 2 dy 2 )\dx 2 dy 2 ) 


where 


and 


$11 


aia 2 = 


ai + ot2 = 


$22 

$66 + 2 #21 


$22 


13. Another form of anisotropic stress-strain theory can be developed assum¬ 
ing 

Ox V x Gy 

— 

E X Ey 


Gy VyG x 


e u = -- 


7xy = 


Ey E X 

T xy 


Prove that, for this case, the Airy stress function must satisfy the 
equation 

id 2 d 2 \ t d 2 d 2 \ 
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with 



Determine the additional condition in order that this equation hold. 

14. Using the indicial subscript notation and the summation convention 
show that 

[AB\ = [BA] 

and that 

[ABC] = [ ABC] = [CAB] 

15(a) Refer to Eqs. 3-84 through 3-88. Obtain the three stress equilibrium 
equations in general curvilinear coordinates. 

(b) Consider a thick-walled circular cylinder subjected to a uniform in¬ 
ternal pressure. Using cylindrical coordinates and noting the 
symmetry of the problem, determine the equilibrium equations 
using (a) above. 

(c) Do the same for a thick-walled spherical container subjected to a 
uniform internal pressure. 



Chapter 5 


APPLICATIONS OF THE THEORY OF ELASTICITY 


5-1 Introduction. In the previous chapter the fundamental equa¬ 
tions between stresses, strains and deformations were derived. These 
were given in both a small deformation (linear) and a large deformation 
(nonlinear) form. 

In this chapter the linearized results of the last chapter are applied 
to three classical problems in the mathematical theory of elasticity: 

(a) the tension-compression bar problem, 

(b) the pure bending problem, 

(c) the torsion problem. 

It will be seen that t he solutions t o these three problems follow natur¬ 
ally from the assumption of progressively more complicated forms to 
the stress tensor, 

5-2 The Tension-Compression Bar in Elasticity. The equa¬ 
tions of the linearized mathematical theory of elasticity in their three- 
dimensional forms are as follows : 

1. Equilibrium (see Eq. 4-141), which for body forces neglected is 
given by 

f'dj d'Tyx. ^ 

dx dy dz 

^ Txy ^ c ' Tzy — Q 

dx dy dz 

dr X z &Ty Z do z 

-+- F -= 0 

dx dy dz 

2. Boundary conditions on stresses (see Eq. 4-142): 

x = lox + mTyx+nTzx 

y = It xy-\-m G yTIT Z y (5“2) 

z — It xz "1" rtiTyz ~\~rtG z i 
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3. Compatibility (see Eq. 4.-145): 
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( if f 

) 


4. Hooke’s Law (sec Eq. 4-1 hi and I Yob. A. Chapter 4): 

1 

<‘x =■■ F I r >j - + T.')] 

] 

<‘u = ,|o ?/ -i'(oj4 o a )] 

rj 

1 

(‘z - [ Gz — e( + O 1 */)] 

h 

T 2 y 

Yx,/ = ~G 

r !fZ 

y " = ~a 

v< x = -} 


(5-3) 


(5-4) 


Let us assume that we are interested in investigating the behavior 
of a cylindrical (not necessarily circular) cross-section bar, as shown in 
Fig. 5.1. Let us assume further that we are interested in the behavior 
of this bar when it is subjected to a stress in the x direction only. 

If wc assume the stress tensor is given by 

( a o o 
0 0 0 
0 0 0, 


r = 


(5-5) 
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in which o x = C, a constant, then obviously the equilibrium equations 
are satisfied (the student should verify this and the following statements), 
and we have from Hooke’s Law 


<7* C 
Cx E ~E 
vC 

€y ~ 

vC 

€z = ~E 

Yxy = Yyz = Yzx - 0 / 


(5-6) 


so that the strain compatibility conditions are also satisfied. For the 
cylindrical body shown in Fig. 5.2, the boundary conditions give, on 
the end faces which are perpendicular to the x axis (so that l — ±1, 
m = n = 0), 

x — l<Jx = (5*7) 

on the near Lice and, similarly, i = a x on the far face. 


The other equations that hold for the end faces and also for the 
longitudinal outside surface (for which l - 0, rn and n ^ 0) are identi¬ 
cally zero. This means that on the end planes normal to the x axis, the 
surface force per unit area must be equal to the constant stress. C. 
On all other boundary surfaces the stress is zero. This is in agreement 
with the conditions on the body which we wish to investigate. 

In other words, the assumed form of the stress tensor, Eq. f>-5. cor¬ 
responds to simple tension or compression in a cylindrical bar. The 
stress will be tension if C is positive and compression if C is negative. 

Let us now determine the deformations of the structure. In order 
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to do this we must use Hooke’s Law. We have, from Eq. 5-4, 

C F x 'bu \ 

= ~E = TJs = ^ 


vF x bv 

Cu =-= - 

A X K by 
vF x cw 

= ~a7e = Hz 

bu bv 

Yxu = — + ~ = b 
cHj 6x 




Yyz 


Yzx 


bv bw 
<z by 


= 0 


bw bu 

-1- 

bx bz 


= 0 


/ 


(5-8) 


in which Fx\A x is the constant stress, caused by a force in the x direc¬ 
tion, F x , acting on a plane, A x , which is normal to the x axis. 1 

It should be noted that our requirement that the stress distribution 
be a constant stress distribution means that the force F x (which is, 
essentially, the resultant force due to the stresses on the end cross 
section) must be applied at the centroid. This is so since 

x — I &z dA x 

J A x 
= CA X 

and Mu = moment of stresses about the u axis \ 

= F X Z } ,M0) 

where Z is the distance between the point of application of F x and they 
axis. Now, we have also 

- L, G X Z llA X | 




zdA x 


(5-11) 


= 0, if y is the ccntroidal axis / 

1 Although the exact solution requires that the end face applied stress condition b© 
the uniform stress, a x = C, in accordance with the well known St. Venunt- Principle, the 
stress condition at sections away from the ends will still be approximately uniform, of 
value ctj = C, no matter how the, stress is applied on the end face. The only requirement 
is that the resultant of this actual end stress condition be the same as the resultant due 
to o x ss C on the end face. By “sections away from the ends” we mean sections greater, 
roughly, than the beam depth away from the ends. See also Ref. (50). 
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Hence, since we require that M y = 0, 


and 


F X Z = 0 
Z= o 


(5-12) 


or the force F x is applied on the centroidal y axis. A similar argument 
may be applied to the centroidal z axis, so that finally, we have the 
requirement that F x must act at the centroid of the cross section. 

If we integrate the first of Eq. 5-8, using as the datum point or point 
of zero elongation the origin, x = 0, we get 


F x x 
u =- 

A X K 


(5-13) 


and similarly, from the second and third equations, 

vF x y \ 

v =- 

A X E 

vF x z 

w = - 

A X E i 


(5-14) 


It may easily be verified, by substitution, that these values for u, v , 
and w satisfy the partial differential strain expressions given above. 

The expression for u, the deformation in the x direction, will be recog¬ 
nized as the familiar elementary relation for the elongation (if F x is 
tension) predicted by Hooke’s Law. 

The equations for v and w (the deformations in the y and z directions, 
respectively) represent the Poisson ratio effects corresponding to lateral 
contractions (or elongations) caused by longitudinal elongations (or 
contractions). 

The above represents an exact solution of a problem in linearized 
theory of elasticity. We wish to emphasize that although the mathe¬ 
matical solution obtained above is a simple one, it is by no means a 
trivial one. Indeed, it represents an exact solution to a very important 
physical problem and as such is of considerable practical interest. And 
because it is an exact solution, it represents a possible point of departure 
for simplifications and approximations. 2 


2 This pure normal stress solution is, in fact, the basis of techniques used in simple 
truss analysis. Trusses are generally assumed pin-connected at their ends and loaded 
only at the joints which, in turn, means that the forces acting on the bars or members 
of the truss must lie along the axes of the members. In other words, the members are 
subjected to simple tension—compression action, which is just the case considered above. 
It might be mentioned that when truss members are very deep and heavy, a more 
sophisticated analysis is required—but the simpler procedure applies in the majority 
of cases. See Ref. (10) for further disoussion of trusses. See also Ref. (50). 
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5-3 The Bending Problem. This problem is also solved in an 
inverse manner—that is, a stress tensor is initially assumed; compati¬ 
bility, boundary forces, and equilibrium equations are checked, and 
Hooke’s Law is applied. It is then shown that the assumed stress 
tensor corresponds to a pure bending applied to the body. 

Let us consider the linearized theory of elasticity solution for the 
stress tensor given by 


[Vx 

0 

°\ , 

(Ky 

0 

°\ 


T = ( 0 

0 


0 

0 

0 

(5-15) 

\ o 

0 

0 / ' 

l 0 

0 

(>/ 



for a cylindrical body as shown in the figure. It is clear that K is the 
stress at a unit distance, y, from the origin (see Fig. 5.2). 



The equilibrium equations (see Kq. 5-1) for body forces neglected, 

div T = 0 (5-16) 

are obviously identically sat isfied by the assumed stress tensor, Eq. 5-15. 

The boundary conditions become (since on the end face / = ± I, ni — 0, 
n = 0, and on the side surface l — 0, 0 < m ^ ±1,0 ^ n ^ ±1) 

x = n x on the end faces (5-17) 

and all other boundary conditions are identically satisfied, 0 — 0. 
Hooke’s Law gives 

1 Ky , , 

e x = -- = 'TT~ ( a ) 


K 


E 


By — 


VGj. 

E~ 

VOx 


vK\\f 
~E 


( 1 *) 


vR y , v 

** E E C 

Yxy = Yyz = Yzx = ^ (d) 


(5-18) 
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so that the compatibility equations are also satisfied identically, as the 
reader may verify. 

Thus, all formal requirements of the mathematical linearized theory 
of elasticity are satisfied by the assumed stress tensor. 

We shall insist on the additional requirement that the net force be 
zero on the end faces (and hence all planes) which are perpendicular to 
the x axis—see Fig. 5-2. This means that 


or 



g x dA = 0 



(5-19) 


and hence the z axis is a centroidal axis. The z axis, which is the line of 
zero stress, is called the neutral axis and is usually designated as N.A. 
We will require also that the moment about the y axis be zero, i.e., 


My 


= K f yzdA = 0 
J A x 


(5-20) 


This means (see Eq. 2-71) that the y and z axes are principal axes of 
inertia. 

Let us determine the moment of g x about the z axis. This is given 

by 


which gives 



G x y dA 


K L 


y 2 dA = KI Z 


(5-21) 


and we call this quantity M z , the bending moment about the z axis. 
Thus 


M z = Kl z 


(5-22) 


in which I z is the area moment of inertia of the cross section ab6ut the 
z axis. Note that M z is constant at all points, x , on the beam. 

Hence, iv, the stress per unit distance from the centroidal axis is 


given by 

K-* i 

(5-23) 

Iz 

and the stress g x is given by 

jr M z y 

a x = Ky = 

Iz 

(5-24) 


The above equation shows that at any section the stress varies 
linearly across the cross section from the neutral axis. This is as shown 
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in Fig. 5.3, and it is clear that the maximum stress on the cross section 
occurs at the point furthest away from the neutral axis. This is of 
fundamental importance in the actual design of engineering beams. 



Fig. 5.3 


To determine the deformation, we have from Hooke’s Law, given in 
Eq. 5-4, 


du 

Ky 

(a) 

\ 


C ' T ~ Jx = 

~E 



dv 

= — = 
cy 

vKy 

E 

(l») 


f (5-25) 

dw 

dz 

vKy 
~ ~E 

(c) 

; 



From Eq. 5-25, by direct integration. 

K 

u = y-yx + u 0 {y, z ) (5-26) 

Jii 

The first and third of Eq. 5-lSd give 


and 


dv dv 

Kx 

m 0 

dr dy 

~~E~ 

'('•J 


dw chi duo 

dx dz dz 


(5-27) 


(5-28) 


and these integrate at once to give 


K x- du 0 


(5-29) 
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and 


du 0 

w = x + w 0 (y, z) 
dz 

Substituting these in Eqs. 5-25b and 5-25c, we get 

d 2 uo dvo vKy \ 

dy 2 dy E 

d 2 uo dwo vKy 

- x =-1-— 

dz 2 dz E j 


Note: the right-hand-side terms of Eq. 5-31 and are 
of x . Hence, we must have 

d 2 u 0 


dy 2 

d 2 uo 


= 0 


and 


dz 2 

dv o vKy 
dy + E 
dwo vKy 


= 0 


= 0 


= 0 


dz E 

The last two equations integrate to give 

vK y 2 

t’0 = ~ — -- + h 1 (z) 
vKyz 

u '° = — Y~ +hz ^ 


Thus, Eqs. 5-29 and 5-30 now become 


v 


w 


Kx 2 duo 
2E dy 


vKy 2 


2 E 


+ hi(z) 


duo 

- x — 

dz 


vKyz 

~~E~ 


+ hz(y) 


Substitute these in the second of Eq. 5-18d and find 

dh\ dk 2 vKz d 2 uo 

-- 2x - = 0 

dz dy E dzdy 


(5-30) 

(5-31) 

independent 

(5-32) 

(5-33) 

(5-34) 

(5-35) 


(5-36) 
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The first three terms in this equation are independent of x. Therefore 
it follows that 

dhiQ 

7-77 = 0 (5-37) 

dzdy 


8 hi vKz 
dz E 


(5-38) 


In the last of these we see that the left-hand side is a function of z 
only and the right-hand side is a function of y only. This means that 
both sides must be equal to a constant, say C. Therefore, 


— = -C 
dy 

dhi vKz 

-JL -= c 

dz E 

and from Eqs. 5-32 and 5-37 we also have 


(5-39) 


(5-40) 


The last three mean that 


and Eqs. 5-39 give 


wo = C\y + C'iz + 63 


hz = -Cy + C 4 
vKz 2 

hi = + Cz+C 5 

2 E 


(5-41) 


(5-42) 


Thus, we have finally, for u, v, and u\ the following expressions: 
u = — 't— + C\y + Czz + O 3 | 


AV ,, vKy' 1 vKz 2 

2 E 2 E 2 E 

vKyz „ „ 

w = — Czx --- Cy + C\ 

E 


(5-43) 
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To determine the six constants we assume that at x = y = z = 0 
(i.e. at the centroid), 

deformations = 0 or u = v = w = 0 
and distortion of a differential element is ze*ro, or, 


hi c v hr dw cw cv 

cy cx (z dy cx dz 

These relations give 

C - C\ = C 2 - C 8 = Ca = C b = 0 

so that, finally, 

Kyx 
u = — 


E 

Kx 2 vKy 2 vKz 1 
~ 2E~ '2E + ~2E~ 


w = — 


vKyz 

E 


(5-44) 

(5-45) 

(5-46) 


(5-47) 


These deformations, for a rectangular cross section, represent the 
anticlastic, or saddle, surface, as shown in Fig. 5.4. The reader can 
verify this configuration by grasping a soft rectangular rubber eraser at 
its ends and bending it into an arc. 



The line x = variable, y = z 

u 

v 


0, also deflects, as given by 

0 i 

A*2 

~~2F 


(5-48) 


iv = 0 
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In particular we may note that, since for this line 

Kx 2 

(5-49) 


it follows that, for this curve or line (as well as for the entire beam), 


d 2 v _ M z 

dx* = eF z 


(5-50) 


The right-hand side of Eq. 5-50 is a sort of invariant form in that it 
depends only on the applied moment, the cross section of the bar, and 
the material of the bar—but not on the coordinates. 

The sign of the right-hand-side term in Eq. 5-50 depends upon the 
convention used for defining positive and negative moment. Thus, this 
equation can be given with either the plus or minus sign. 


5-4 The Engineering Elasticity Solution for the Beam—The 
Bernoulli—Euler Solution. In the previous section it was shown that 
the exact solution of the linearized equations of elasticity, correspond¬ 
ing to a pure moment M z , constant along the axis x of a cylindrical bar, 


gives 

G X = 

M z y 

(5-51) 

and 

d 2 v 

lz 

M z 

(5-52) 


dx 2 

' FAz 


In these equations, o z is the stress at a distance y from the z axis, 
l z is the moment of inertia of the cross section about the z axis, and E 
is the tension-compression modulus of elasticity; v is the deflection of 
the x axis in the y direction. 

In the engineering application of the exact bending moment solution, 
the so-called Bernoulli Euler solution, we take as a starting point the 
above two equations, which hold for a constant moment on the bar. 

However, we make the assumption that these equations hold at all 
points on the bar even if the moment varies from point to point on the beam. 
In other words, the equations 


M z y 
° X= Iz 

(5-53) 

d?v M, . 

dx 2 FA Z 

(5-54) 


are assumed to be valid, locally , at all points on the beam. 
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In the engineering analysis, we say nothing about the cross-sectional 
deformations v and w\ indeed, as a consequence of the above two rela¬ 
tions, it follows that (for stresses a x proportional to strain e x ) a plane 
section normal to the x axis before bending is also a plane section after 
the bending deformation (which is a pure rotation of the cross section 
about the neutral axis) occurs. Furthermore, the deformation of this 
cross section (due to bending only) is limited to this rotation only—no 
distortion of the cross section in the y and z direction is assumed to 
occur. This means that the deflection of the line y = 0, z = 0, which 
is given by Eq. 5-48, is also, in the engineering beam, the deflection of 
the plane 2 = 0, the neutral plane, and also the deflection of the beam . 

Finally, since the curvature of the deflected line y = 0, z = 0, is 
given by 


d 2 vjdx 2 1 

[1 + (dv/dx) 2 ]^ 2 p x 


(5-55) 


it follows that, if we limit the beam to small deflections, so that 


dv 

dx 


< 1 


we can neglect (dvjdx) 2 in comparison to unity, and we have 

1 d 2 v M z 
p x “ dx 2 EI Z 


(5-56) 


Equations 5-53 and 5-56 are the fundamental equations for the deflec¬ 
ted beam in the Bernoulli-Euler theory of beams. They can also be 
obtained starting with the assumption that plane sections of the beam 
before bending are plane after bending (see Ref. 10); however, for our 
purposes it was deemed preferable to arrive at them as a logical con¬ 
sequence of the exact solution of the linearized equations of elasticity— 
subject to the assumption noted above. See also Ref. (50). 


5-5 Some Remarks on the Accuracy of the Engineering Form 
of the Flexure Formula. As pointed out in the last section, in strength 
of materials courses the bending stress for a beam under any transverse 
loading is determined by assuming that Eqs. 5-53 and 5-56 hold for all 
types of transverse beam loading. This is the Bernoulli-Euler theory of 
bending , and a basic assumption in this theory is that plane sections be¬ 
fore bending remain plane after bending. Also, in this theory anti- 
clastic bending is neglected. 

We will now' show that plane sections cannot remain plane after 
bending if the bending moment is not either a constant or a linear func¬ 
tion of x, the distance along the beam. This means that the transverse 
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loading cannot be other than a concentrated force, and therefore the 
engineering form of the flexure formula for a beam under distributed 
loads is, at best, an approximation. 

The development which follows is due to the English mathematician, 
Pearson. 3 He established an amount of approximation of theBernoulli- 
Euler solution, as follows: 

If Eq. 4-116 of the linearized theory of elasticity is solved for the 
stresses as functions of the strain, we would obtain 

G x = A {&x Hh Cj/ 6z) “H 2 Gc x (5-57) 

in which A is a constant, G is the shear modulus of elasticity, and 
e x + e y + c z = is the invariant of the strain tensor. 

In the Bernoulli-Euler solution we assume that e y = e z = 0 and 
hence 

du 

g x = Ee x = E— (5-58) 

dx 


in which E is the modulus of elasticity. 

From the two equations given above we find 


and therefore 


E — 2G du 

J\ =- 

A fix 

dJi E-2G d'ht 


dx A dx 2 


(5-59) 

(5-60) 


Now, the equilibrium equation of the theory of elasticity is (see 
Eq. 5-1) 

fi* + £2£ + *!£ , 0 (5-61) 

dx dy dz 


and since 


/du #r\ 

Tyx = Gyvx = °W7*) 

/du dw\ 


(5-62) 


g x =■ A\ -}- 2G - 


this gives 


\ id 2 u d' l u d 2 u 

(A + G )—-+G-+-+ - 

' ' dx \dx 2 dy 2 


[dx 2 dy 2 dz 1 


u\ 

? - ° 


(5-63) 


3 In a paper “On the flexure of heavy beams subjected to continuous systems of loads," 
Quart. J. Math., Vol. 24, p. 63-110, 1890. 
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and, using the above expression for dS\jdx, this gives 

8 z u /8 2 u 8 2 u\ 

K — + KA — + — = 0 
dx 2 \dy 2 8z 2 J 

Now, the Bernoulli-Euler expression is also given by 


M(x)y du 

g x = —-- = E— 

I z dx 


(5-64) 


(5-65) 


in which M(x) is a function of the x only. Hence, differentiating and 
integrating, we get this: 


and 


V dM(x) 
dx 1 I z dx 


Eu = — j M(x) dx + tft(y, z) 

Iz J 


(5-66) 

(5-67) 


in which if*(y , z) is a function of y and z only. 

Putting Eqs. 5-66 and 5-67 in Eq. 5-64 above, we get 


„ dM(x) r^ 2 «A(2/, z) d 2 t/j{y, z) 
1 -hA - 1 


A" 2 y 


dx 


1 [ dy 2 


+ ■ 


dz* 


>]=„ 


(5-68) 


and since the last bracket of this equation is independent of x, then so 
also is the first term. Hence 


dM(x) 

- = constant (5-69) 

dx 

and 

M(x) = K§x + (5-70) 


which means M(x) can only be due to a concentrated load or a concen¬ 
trated moment. In other words, for beams subjected to loading other 
than these, there is a conflict between the Bernoulli-Euler theory and 
the linearized theory of elasticity, indicating that the Bernoulli-Euler 
theory is in error. However, tests indicate that the approximate 
Bernoulli-Euler theory gives results which are sufficiently accurate for 
engineering purposes. 

The interpretation to be placed on the Pearson result given above 
is as follows: 

The Bernoulli -Euler assumptions—(1) that a x = M z yjl z everywhere 
in the beam and (2) that dh'Jdx 2 = M Z \EI Z everywhere in the beam— 
are consistent w ith the exact equation of equlibrium and with the exact 
linearized form of Hooke’s Law only if the moment is either a constant 
or varies linearly along the length of the beam. This result is, therefore, 
one. possible measure of the inaccuracy of the Bernoulli-Euler theory 
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within the framework of the more exact relations of the mathematical 
theory of elasticity. There are, however, other possible measures of this 
inaccuracy. For example, one may test when the failure of the equiva¬ 
lent Bernoulli-Euler assumption—that plane sections before bending 
remain plane after bending—occurs. Or one may consider the compati¬ 
bility of strain equation and determine the inaccuracy introduced by 
neglecting this requirement. 

5-6 Summary of the Bending Problem Solution. We discussed 
the exact linearized mathematical theory of elasticity solution for pure 
bending on a beam and pointed out the connection between this and 
the engineering solution—the so-called Bcmoulli-Euler theory of 
beams. 

Finally, we described Pearson’s theoretical treatment which gives a 
measure of the approximation involved in the engineering treatment of 
beams. 

5-7 The Shear Problem and the St. Venant Torsion Problem. 

Introduction 

In the preceding sections wo studied in some detail problems which 
arise from a consideration of the stress tenser having the form 


l GX 

0 

°\ 


p 

0 

0 

(5-71) 

\ 0 

0 

0/ 



These were the direct load problem and the beam-bending problem. 

In this section wc shall consider the problems which occur when the 
stress tensor is assumed to contain only the shear stress. We shall see 
that, for our purposes, two problems are encountered: 

1. the near-trivial two-dimensional pure shear structure, 

2. the much more important pure torsion structure. 

Problem 1 will be discussed first. Following this we shall present, 
in rather detailed form, the classical St. Venant solution to the torsion 
problem. We shall discuss the significance of warping in this problem 
and, having the exact general solution, wo will develop the solutions 
for two cross sections of engineering interest—the circle and the ellipse. 
Following this we shall indicate very briefly how solutions for more 
complicated cross sections are obtained. 

The Pure Shear Structure 

Consider the general two-dimensional stress tensor (see Eq. 4-39), 



(5-72) 
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and let us assume that all elements are zero except the two shear stresses 
T xy = T yi‘ Then the stress tensor becomes 

/ b r X y\ 

\r yx 0 J (5-73) 

and conditions are the same at all sections z = constant and are as 
shown in Fig. 5.5. The equilibrium equations (see Eq. 5-1) require 


or T X y — Tyx 


c) T X y 

-- = 0 

dx 


& T yx 

dy 


= 0 


constant everywhere in the body. 


(5-74) 


y 



Deformed shape 
of block 


x 


The reader should verify that the boundary conditions are identically 
satisfied. 

Hooke's Law gives 


and 


Yzy 


- = constant 

G 


T yx 

y yx = - = constant 

G 


(5-75) 


and obviously the strain compatibility condition is identically satis¬ 
fied, 0 = 0. 

Thus we have, essentially, the solution for a block of material sub¬ 
jected to constant, equal shear stresses acting on the four faces per¬ 
pendicular to the x and y axes, and deforming as shown in Fig. 5.5. 
Although this represents an exact solution in the linearized mathe¬ 
matical theory of elasticity, it is really a near-trivial solution of rather 
limited practical interest. We shall not consider it further in this text. 
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The Classical St. Venant Torsion Solution 

The solution of the torsion problem, as obtained by St. Venant, 
represents one of the truly great landmarks in the mathematical theory 
of elasticity. It accounted for many observed experimental phenomena 
which other, earlier theories could not predict . Moreover, this solution 
has been the starting point for many additional investigations and 
extensions of its theories in both elasticity and applied mathematics. 

In the St. Venant Theory we start by stating that we are seeking a 
solution to the problem of a pure torsion acting on a cylindrical (not 
necessarily circular) cross section. This is shown in Fig. 5.0. 



The applied torque is Mt , the length of the bar is along the z axis, 
C is the boundary of any cross section, and B is the region or area of any 
cross section. 

Experiments indicate that a torque applied as in Fig. 5.6 develops 
shear stresses on the cross section. Hence, we assume as our stress 
tensor 

( 0 0 r«\ 

0 0 TjJ (5-76) 

T ZX T zy 0 / 

which means we are assuming stresses acting as shown in Fig. 5.7. 
Then the equilibrium equations (see Eq. 5-1) give, for everywhere in 

R , 

/ 0 0 T xz\ 

(— — —)( 0 0 Tj, 2 1=0 

U **'L... I) 

or 


8z 


(5-78) 
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~Tz~ 


= 0 


2t X z dryz 

-+- = 0 

ex cy 

y 

t *iy 


■X 


Fig. 5.7 



(5-79) 

(5-80) 


The first two of the above imply that r zz = t xz = independent of z, 
and that T zy = t 1jz = independent of z. 

Hooke’s Law (see Eq. 5-4) is given by 
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hxy 

2Yjz\ 
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(5-81) 


and for our stress tensor this gives at once 

2 (l-fy) T X z 8w 

yzz = ~e~ Txz = ~~g = 7z + 1)7 

2 ( 1 -fv) T yz dv ^ dw 

Yyz = r v z = ~}\7 ~ TT + 'r - 

E G dz dy 

du 

e x = — = 0 
dx 


(5-82) 

(5-83) 

(5-84) 


du dv 

Yyx = yxy = — + — = 0 (5-85) 

dy dx 
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dv 

e y = — =0 (5-80) 

dy 

dw 

^ = 0 (5-87) 

dz 


From the third, fourth, fifth and sixth of the above we have 
du 8v dw du dv 

~ = ~ = - = —+ — = 0 (5-88) 

dx dy dz dy dx 

and therefore 

u = u(y, z) \ 

v =-- v(x, z) I (5-89) 

w = w(x, y) ) 

Now, when a torque such (is shown in Fig. 5-0 is applied to a cylindri¬ 
cal bar, it is found that the cross section rotates about some point, such 
as O , Fig. 5.8, and the point P moves to P\. 


y 



Therefore, from the figure, 


and 


or 


PPi = rO 

ja __ y 
Pl \ ~ r 


PPiy 


= -yO 


u 


r 


(5-90) 
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Similarly 


v = zd 


(5-91) 


the negative sign being required since u is obviously in a negative direc¬ 
tion. 




The bar twists through an angle 0 that varies linearly from the end 
as shown in Fig. 5.9. Hence if we define an angle a as the twist per unit 
length, then 

8 = xz (5-92) 


and we have 


u = — a yz 
v — a xy 


(5-93) 

(5-94) 


We must also consider the possibility of a deformation in the z 
direction, a warping , which is given by ?/’(#, y ). Tests indicate that for 
non-circular cross sections, there is a warping of the face when a pure 
torque is applied, and this is considered in the St. Tenant- Theory. 
Indeed, it was the inclusion of this term and the subsequent solution 
obtained therewith that constituted St. Tenant’s great achievement, 
since none of the earlier torsion theories could properly account for this 
term. 

Thus, we have 

it = — a yz \ 


r = a xz 
w = w(x f y) 


(5-95) 


and we are in agreement with the requirements previously obtained; 
see Eq. 5-88 and 5-89. 

Substituting these values for u. v, and w in Eqs. 5-82 and 5-83, we 
obtain 


dw 

yxz = “<*2/ + — 


(5-96) 
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and also 


dw 

Yvz = ** + — 

3y 

(5-97) 

dw 

r xz — Gyxz — — -|- 0— 

dx 

(5-98) 

dw 

Tyz = Oy yz — Oolx + 0 — 
dy 

(5-99) 


It will simplify later expressions if we introduce a new function, the 
warping function, <f>, defined by 

ouf>(x, y) = w(x, y) (5-100) 

Then 


= 

T yz = 



(5-101) 


Using the above and substituting into Eq. 5-80, we have, for every¬ 
where in R t 

—( - Cray + (7a—) + — ( Gxx + (7a—) = 0 (5-102) 

&r\ 8x) 3y\ dy) 

or 

d 2 6 d 2 d> 

Y*<f> = -I- + — = 0 in /? (5-103) 

dx 2 dy 2 


Thus, the warping function, 0, is harmonic (or satisfies the Laplace 
equation), everywhere in R —i.e., throughout the bar. 

Now let us consider the boundary conditions (see Fig. 5-10). Note 
that normals to the boundary, C, have components (/, m, zero) since 
the normal is always perpendicular to the direction of the z axis. Hence 


the boundary condition (see Eq. 5-2. 

, and Fig. 

5.0), 


/ T zi/ 

T X z\ 



(l m n) I n y 

'Tyz 1 — O* 

; y i) 

(5-104) 

\Tzx T zy 

a z ! 




becomes, since x = y = z = 0 on C 

Txzl + Ty Z m = 0 (5-105) 
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or, using Eq. 5-101, 


( 


-*/ + 



everywhere on C 4 


(5-106) 


Thus, we have shown that the equations of equilibrium, compati¬ 
bility conditions, Hooke’s Law, and boundary conditions for the 
assumed stress tensor and deformation of Fig. 5.8 require that we find, 
for each bar, a function, </>. the warping junction, such that 


Everywhere in H, = 0 (a) ' 

. / ^ v / C (j) V 

Everywhere on C. | — */-h -J/++ —Jw = 0 (b) 


(5-107) 


The boundary condition on C may be given in an alternate, simpler 
form, as follows; see Fig. 5.11 which shows a portion of the boundary 
with a unit normal, n. and a unit tangent, drawn at any point. The 
direction of these is as shown by the (n, s) coordinates, and these have 
components as indicated on the figure, as the student may verify. 



Now. the vector 


V</> = grad <f> - — — 

\cx 'ey! 

and the scalar product of this vector with a unit normal (/ m) is given 
by 

i(f) cd> 

V<b-n = /-t -m- (5-108) 

c.r 'ey 


4 The boundary eondiiion** on Tin* end where tin* unit normals liave components 

(U U - 1 i simply states that on ihr-e end fares the shear stresses and r !y exist—as 
we have assumed. However, set the toot note on p. 143 of this chapter, and Ref. (oO). 
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By definition of scalar product, the above is the component of V0 in 
the direction of n, and by definition of “gradient" this is just equal to 
dfff/dn. Thus 

cd> C(f> c 0 

— = /—+ iw— (5-109) 

in ex iy 

Therefore, from Eq. 5-107b, 

~- = hj-m.r (5-110) 

cn 

Now, it is obvious that the vector (*r y) is given by 

(xy) = V[*(*a + y®)] (5-111) 

Furthermore, the scalar product 

V[i(.r 2 -f?/ 2 )] • f = (x y) • ( — »i /) =- hy-tnx (5.112) 

is just equal to the component of V[-l(.r 2 +y 2 )] in the direction of /, i.e., 
in the s direction. 

Hence, everywhere on C. 

r- j r' t 

1 = 1y-mx = \h(x 2 + y' 2 )] (5-113) 

in ' < s 

and this boundary condition may be vised to replace the condition as 
given in Eq. 5-107b. 

The next steps proceed most directly by application of elementary 
complex variable theory. Kefer to Chapter 1. Art. 1-5. 

Given 


0 + ''0 =f(z) 

where 


z = x + w 

then it was shown that 0 and 0 satisfy Laplace’s equation, and in addi¬ 
tion. 0 and 0 are related by the Cauchy Hiemann equation. 


i<f> c'0 

in is 


(5-114) 


Thus, we now look for a function 0, such that 
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everywhere in the cross section, and (see Eq. 5-113) 

dift d 

~ = -H£(* 2 +2/ 2 )] 

ds ds 


(5-116) 


or 

0 = ±(x* + y2) + K (5-117) 

on the boundary. Equation 5-117 may alternatively be stated as 

0-J (x 2 + y 2 ) = K (5-118) 

on the boundary or the boundary is a level (constant) surface of 
0-i(x 2 + y 2 ). 

Up to this point, only the equilibrium equations, boundary condi¬ 
tions, and Hooke’s Law have been satisfied for an assumed stress dis¬ 
tribution. It still remains to 

1. prove compatibility is satisfied 

2. show that the stress-system corresponds to a pure torque 

3. obtain, if possible, funct ions 0 which will satisfy Eqs. 5-115 and 
5-118 for given cross sections. 

To check compatibility it will be recalled that 


f x — e y — ?z — Yxy — 0 


Yxz = a 


Yyz = a 



(5-119) 


If these values are substituted in the strain compatibility conditions 
it is found that these are satisfied, 0 = 0. 

To prove that the assumed stress distribution corresponds to a pure 
torque, we proceed as follows: 

It must be shown that 


t zx dxdy = 0 

(5-120) 

J J R 


t zy dxdy = 0 

(5-121) 

J J R 


JJ (r zy x-T ZX y) dxdy = M T 

(5-122) 


where Mt is the applied torque. 



APPLICATIONS OF THEORY OF ELASTICITY 


165 


The solution of Eq. 5-120 will be shown in detail. Equation 5-121 
may be shown similarly, and is left as an exercise to the student. First 
note 



(5-123) 


and because (d 2 <^/&r 2 )-f (d 2 </>ldy 2 ) = 0, this may be replaced by 




e 

?y\ 




(5-124) 

This area integral is t ransformed to a line integral by means of Green’s 
Theorem 


icP dQ 

\~dx 

Then Eq. 5-124 becomes 


ff {~j- + ~t) dxdy = f Pd y-Q 

J J area \ &X dy / J line 


dx 


//. T! *" 9 - o, [ //dr *) dy - SAt +x ) * 




(5-125) 


(5-126) 


Now the vector coordinates of a unit normal to the boundary C (see 
Fig. 5.12) are 


n = (l m) 


/dy 


dx 

ds, 


(5-127) 


or Eq. 5-126 becomes 


Jj B. H ~ — yjl+ + ^ s (5-128) 


fd(j> 


and because of the boundary condition Eq. 5-107b, the right-hand side 
is zero. This w*as to be shown. 

The value of 


JJ {Tz y x-T zz y)dxdy = M T (5-129) 


will now be determined. 
This is also given by 


GaJJ [(^ +:r ) ;c ~ dxdy = M t (5-130) 
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or 


and if we call 


Croc f f / - x - y + x 2 + y*\ dxdy = Mr (5-131) 

JjR\dy dx ] 

D = Cr f f (x 1 + y 2 + x~ — y--\ dxdy (5-132) 

J J r \ dy dx] 


dy 

the “torsional rigidity’’ of the cross section, then 

M 7 ' — l)y. 


(5-133) 


The solution may be obtained as follows in terms of another quantity, 
V, defined by 


T* = «/»-J (x 2 + y 2 ) 


(5-134) 


From Eqs. 5-134, 5-101, and 5-114, 


£)M” 


()<f> 

r yz 

dx 

dx 

'dy 

Go. 


di/j 

c<f> 


dy 

- t, y - 
<v 

Tx~ y ~ 

(lOL 

n = - 


s'T dT 

■ + y — 
dx dy 

j dxdy 


(5-135) 

(5-136) 

(5-137) 


We repeat here, for convenience, the requirements for an exact solu¬ 
tion to the torsion problem as given above. 




(iiven any cylindrical bar, having a cross section of any shape, Fig. 
5.13, then, the solution will be obtained if we can find a function t/f(x , y) 
such that 

V 2 <// = 0 everywhere in K (5-138) 

0 — 2 U’ 2 + y 2 ) = constant, on C (5-139) 
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Having this function y), then 


r„ - 


and 


a = twist per unit length = 


M t 


off (*++-£-g\dA 
J J r\ ' 1 or 


(5-140) 


(5-141) 


Or, if we introduce a new variable, H\ defined by 

T = 0-iO’ 2 + */ 2 ) (5-142) 

the solution will be obtained if we determine a function 4 such that 


V 2V F = — 2, everywhere in R 
V F = 0, on C 

and having this function 4\ then (see Prob. 13, p. 177) 

Z'V 

T zx = Ox — 

<v 


T zy 


= — Gy. 




cx 


a = tw ist per unit length = 


Mt 


•2Gjj H 'dxdy 


(5-143) 

(5-14-4) 


(5-145) 


(5-146) 


5-8 The Circular Cross Section. To indicate an application of 
this theory to a problem of practical interest, let us consider the bar 
with a circular cross section, Fig. 5.14, of radius r. The given applied 
torque is Mt • Determine the stresses, deformation, and warping for this 
bar. 



Fig. 5.14 
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Solution 

Let us try for ip t the constant quantity K . 5 Then 
V 2 0 = V 2 K = 0, as required 


On C f we have 


^ — l(x 2 + y 2 ) = d , a constant 

so that for tp = K, 


(K — d) 2 = x 2 + y 2 

Hence if 


(6-147) 

(6-148) 

(5-149) 


2 (K-d) = r 2 (5-150) 

we satisfy the boundary condition on C. We choose K and d so that 
this is so. Then 



(5-151) 


and we see that the stresses, t zx and T zy correspond to a resultant stress, 
Tres (see Fig. 5.15), such that 

1. r res varies linearly with distance, p from the center of the cross 
section O. 

2. T re s is perpendicular to a radial line from the center O to the point 
in question. 

Also, a, the twist per unit length, is given by 


a = 


M t 


0 




df 8^>\ 
z + y*-x- — y—\ 


8x %) dA 




G 


//. 


(x 2 + y 2 ) dA 


M t 

gT 


(5-152) 


where I p is the polar moment of inertia of the cross section with respect 
to the origin O (see Eq. 2-59). 

Also (see Fig. 5.15), since 


Tres = * Op 


(5-153) 


5 See Art. 5-11 in regard to uniqueness of solutions of torsion problems. 
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it follows from the above that 

MtP 

Tres = — (6-164) 

1 p 

which permits us to find the resultant shear stress on a circular cross 
section due to an applied torque, Mt . Note: this value will be a maxi¬ 
mum at the outside fiber, where p is a maximum. 


y 



Finally, since 0 is a constant, it follows that ^ is a constant (see 
Eq. 1-166) and therefore the warping is zero, since this constant may 
be taken equal to zero (any other constant value for <f> or w simply 
represents a rigid body movement of the entire bar and not a distortion 
of the cross section). 

Summarizing the solution for the circular bar, we have 


then 


Mt = given, applied torque 

T reB = MtP 11 p ~ resultant shear stress at p from origin 
a = MtIGI p = twist per unit length 
w = 0 = warping 


5-9 The Elliptical Cross Section. We now wish to determine 
the stresses, angle of twist and warping for an elliptical cross-section 
bar (Fig. 5.16) subjected to a constant torque Mt . 

Solution 

Without indicating how this function is obtained, 6 let us try for 0, 
the function 

0 = e(x 2 — y 2 ) (5-155) 

where e is some constant. 


6 See Art. 5-11 regarding uniqueness of solutions of torsion problems. 
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y 

A R 



A 


Fig. 5. Hi 


Then certainly 


vv = —4 — - o 

dx* 


as required. The student should verify this. 

Also, on (' \vc require that 

0 — A(.r 2 -f y 1 ) = d , a constant 

or that, on (\ using; the assumed value for 0, 

r(.r 2 - y 1 ) - ^4//*) = fl 

This is equivalent to 


>•2 


-4- 


= 1 


-lV/( l~2r) -2d/(l4 2e) 

and for this to he true, i.e., for this to he given hy 


(5-150) 


(5-157) 


(5-158) 


(5-150) 



—+ - = 1 
«* b 2 

(5 100) 

requires that 

2d 

- . „2 

1 - 2(! 

(5-1 til) 

and 

2d 

- = ifl 

\+2e. 

(5-102) 

which gives 

(1 2 A 2 

2(« 2 + A 2 ) 

(5-103) 


Hence, the function 0 which satisfies all requirements in li and on 
the houndary C is given hy 


0 = 


a 2 — b 2 


2 (a 2 4 b 2 ) 


(x 2 -J/2) 


(5-164) 
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The stresses are then given by 


and 


TZX = 


T Z y — 



2 Gena 2 
a 2 + 

2 Gab* 
a 2 + 6 2 


a 


il/ T 



00 \ 


eLl 


a 2 + 6 2 

-Jf T 

7 tGclW 


\ 




) 


(5-165) 


(5-166) 


Finally, the warping function <f> is given by 

a 2 - b 2 

</» =-a:?/ 


(5-167) 


The above represents a complete solution to the problem of an ellip¬ 
tical bar subjected to a constant torque Mr- The student should note 
the following: 

1. The maximum shear stress occurs on the boundary at the minor 
diameter at points A, Fig. 5.16. This is an unexpected result but 
one which is borne out by experiment. 

2. This cross section warps. Indeed, the only cross section which will 
not warp when subjected to a pure torsion is the circular cross 
section solved earlier in this section. 


5-10 Torsion Solutions for Other Gross-Sectional Shapes. 

It is possible to obtain exact solutions to the torsion problem for many 
cross sections of practical interest. However, there arc many more cross 
sections for which exact solutions can not he obtained. 

In these cases we must resort to some approximate method. There 
are various approximate procedures and techniques which have been 
developed for solving these problems. Some of these are : 

1. The membrane analogy. In 1903, Ludwig Prandtl described his 
torsion-membrane analogy. He pointed out that the differential equa¬ 
tion of the torsion problem is the same as the differential equation for 
small lateral displacements of the surface of a thin membrane subjected 
to lateral pressures. By properly correlating the two sets of boundary 
conditions it is possible to draw an analogy between the torsion and the 
membrane problems. Soap films have been used in place of membranes 
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and many irregular shapes have been investigated for torsion in this 
manner. It is necessary that the membrane be stretched across a hole 
having a boundary the same shape as that of the bar under investiga¬ 
tion and that it be distorted using a slight lateral pressure. See Kef. (10) 
for further discussion of this. 

2. There are various energy conservation theorems which can be 
utilized to give approximate solutions. The student is referred to Ref. 
(15) for a more detailed discussion of this point. 

3. It is possible to solve the problem using finite difference methods. 
Further discussion of this will be found in Ref. (17) and Ref. (50). 


5-11 Uniqueness of Solution of the Torsion Problem. In this 
section it will be proved that the solution to the torsion problem is 
unique. That is, it will be proved that if we have a solution to the tor¬ 
sion problem for a given cross section (no matter how obtained), then 
this solution is the only one for the given cross section. 

Uniqueness proofs are extremely important in applied mechanics. 
This is so because in most problems there is not a set procedure for 
obtaining a solution. The solution, if one has been obtained, is very 
frequently obtained by some complicated, involved line of reasoning 
and one is naturally led to speculate if perhaps some simpler or other 
procedure might not give a different result. The uniqueness proof, if it 
exists, is absolute assurance that the given solution, no matter how ob¬ 
tained, is the only solution to the problem. Thus, in the previous sec¬ 
tions in which solutions were obtained for circular and elliptical cross 
sections, the */i functions used in the solutions were, apparently, rather 
arbitrarily chosen. This is, in reality, exactly so—that is, they were 
initially chosen arbitrarily. But, having them, it was shown that they 
correspond to solutions for circular and elliptical cross sections. 
Furthermore, the uniqueness proof of this section shows that it really 
does not matter how one obtains the 0 function for a particular problem. 
Any other method for obtaining the function must lead to the same if/. 
In this connection, it may be well to point out, not all problems in 
applied mechanics have unique solutions. The simple Euler column 
buckling problem, for example, has an infinite number of solutions. 

For the solution to the torsion problem, we require a function 


0(z, y) which satisfies 


dH 

—+— = o 

dx 2 dy 2 


(5-168) 


everywhere in the body B, and 


if/ — \(x 2 + y 2 ) = constant 


(5-169) 


at all points on the boundary, C . 
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To prove that this function 0 represents a unique solution, let us 
assume that there are two functions 0 and 0i, both of which satisfy 
Eqs. 5-168 and 5-169 above. We shall now show that these two 0's 
can, at most, differ only by a constant value which means (see Eqs. 
5-140 and 5-141) that stresses and deformations are the same for both 
values of 0, i.e., the solutions are the same for both values of 0. 

Let 


Then, it follows that 


0-01 = 0 

d 2 p d*B 
— + — = 0 
dx 2 dy 2 


at all points in the body R, and 

d P 

— = 0 B = constant 
dn 

on the boundary C. 

Now let us consider the following identity 


(5-170) 


(5-171) 


(5-172) 


(5-173) 


By Green’s Theorem, the left-hand side is also equal (see Fig. 5.12) to 

f fit# *_**)*__,( ,5-174) 

J c \&y ds dx ds / J c\ dx dy) 


and since C is a curve of constant p 

8B dfi\ 




8 1 

dn 


this integral is equivalent to 


-/ 


c dn 


(5-175) 


(5-176) 


which is equal to zero, because of Eq. 5-172. Also, because of Eq. 5-171, 
the first term on the right-hand side of Eq. 5-173 is zero, so that, finally, 

(dp\ 2 m /dpi 2 “» 


/U(5H 


(5-177) 
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Since the square of a term is always positive (or zero), Eq. 5-177 can 
hold only if 


d l= d l = 0 

dx dy 


(5-178) 


everywhere in i?. Therefore )3 must be constant everywhere in R. 
This means that ip and differ by at most, a constant, and hence the 
stresses and deformations are the same for 0 and 0i—or, the solution 
is unique. 


5-12 Summary of the Shear and Torsion Discussion. It was 

pointed out in this chapter that by considering a single pair of shear 
forces only in the stress tensor, the near-trivial shear block solution is 
obtained. 

By considering two pairs of shear stresses we obtain the classical St. 
Venant solution to the pure torsion problem for a cylindrical bar. 

We indicated in some detail the steps in this exact solution of the 
linearized equations of elasticity. Having this general solution, we 
applied the theory to two cross sections of practical interest: (a) the 
circular cross section and (b) the elliptical cross section. Complete 
solutions were obtained for these two cases. It was then noted that 
there are various approximate techniques available for solving the 
torsion problem and some of these w ere briefly described. 

Finally, uniqueness of torsion solutions was proved. That is, it was 
shown that the function 0 (no matter how obtained) which is a solution 
to a particular cross section is the only possible solution (except for an 
additive constant w r hich does not effect the stresses and deformations). 


Problems 


1. Assume the stress tensor is given by 


/AV 

0 

°\ 

° 

0 

0 

\ o 

0 

0/ 


for a cylindrical bar w ith x axis along the length of the bar. Discuss the 
resulting solution. 

2. Assume the stress tensor is given by 


( Ky* 0 O' 
0 0 0 
0 0 0 , 


for a cylindrical bar with z axis along the length of the bar. Discuss the 
resulting solution. 
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3. If for the stress tensor we assume a x = K\y + K 2 Z, then show that if 
y and z are centroidal but not principal axes, the stress is given by 



4. Given a rectangular cross section as shown with an applied moment of 
100 in .-lb about the z axis. Determine the stress using the equation 
given in Prob. 3 above, and verify the result for point A by comparing 
the result with the simple Bernoulli-Euler value, after resolving the 
moment into two components about the principal axes. 

5. Given a circular steel bar, 3 in-, dia., 8 ft long, with a torque Mt applied 
at its ends. If the allowable stress is 15,000 psi, determine the allowable 
moment. 

6. Consider a thin hollow cylindrical (not neces¬ 
sarily circular) tube with r^>h. The tube 
is twisted by a moment Mt- 

(a) The boundary condition requires that at 
all points the shear stress be in the* direc¬ 
tion of the center line of the thin tube. 

Prove this. 

(b) The shear stress, r, multiplied by the 
thickness h (not necessarily constant) at 
each point gives a “shear flow',” q , in 
pounds per inch. By balancing the torque (about any point, such 
as 0) due to this shear flow and the applied torque Mt, show T that 
q = MtI'ZA , where A is the area included within the center line of the 
tube. 

(c) Verify this result for the thin circular tube using the exact solution for 
a circular section. 

(d) Determine the shear flows and shear stresses in the walls of the tube 
shown if the applied torque is 10,000 in. lb. 

7. Using the Bernoulli-Euler form of the beam deflection expression, deter¬ 
mine, by integration, the end deflection and end slope for the beams and 
loadings shown. 
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8. Using the Bemoulli-Euler form of the beam 
stress equation, determine the maximum bend¬ 
ing stress for the beams shown in Prob. 7 if the 
beam cross section is as shown in the figure 
and if l = 10 ft, E = 1,500,000 lb/in.2, M = 
2000 in. Ib, P = 350 lb, w = 50 lb/ft. 

9. For the bar of elliptical cross section prove that 
the maximum torque shearing stress occurs on 
the boundary at the minimum radius. 

10. Prove that for a circular cross section bar, the 
warping, w t is equal to zero. 

11. The torsion formulas for a circular cross section 
are 


m t p 



a 


Mt 

oT p 



Prob. Fig. 5.8 


(a) Consider a bar of elliptical cross section, with a = 2b. What would 
be the errors in r and a if they are determined using the circular 
cross-section formulas? 

12. Verify equations (5-165), (5-166) and (5-167) for the elliptical cross- 
section torsion solution. 

13. Refer to Eq. 5-137. Show that if we assume the constant value of 
on the boundary is zero, then 

D = 2Gjj n 'Vdxdy 

Hint: Use Greens Theorem and the zero boundary value for *F. 



Chapter 6 


THE DEFLECTION TENSOR IN THE THEORY 
OF STRUCTURES 


6-1 Introduction. The engineering applications of the results ob¬ 
tained in the mathematical theory of elasticity are generally presented 
in courses of strength of materials or structural analysis and design. 
The exact solutions of the linearized theory (as given in Chapters 4 
and 5) are generally approximated in some manner suitable for engineer¬ 
ing use. An example of this was given in Chapter 5 in connection 
with the Bcrnoulli-Euler Theory of beam bending—and, in fact, it is 
this approximate bending theory which we consider in the present 
chapter. 

We consider the problem of t he static behavior of the thin struc¬ 
ture in a plane. By a “thin structure” we mean one whose depth is 
less than, say, one-tenth of its length. The majority of structural 
components, such as beams, columns, plates, etc., fall in this category. 

Following a short introductory discussion concerning beam deflec¬ 
tions and the application of energy methods in determining deflections, 
a fundamental deflection tensor of structural analysis is derived. 

It is shown that various techniques and results in the general theory 
of structural analysis follow directly because of the tensoral nature and 
properties of this deflection tensor. 

6-2 The Deflection of a Plane, Thin Beam Element. 1 Consider 
a typical plane structure, the curved beam AB shown in Fig. 6.1. End 
A is free and end B is built-in. Pi and P% are loads on the beam and 
the dotted figure is the deflected beam. 

We note that the theory which follows is independent of the end 
conditions. It will hold for all thin, plane structures subjected to 
stresses within the proportional limit of the material, and subjected to 

1 See also the paper “The tensor in structural theory" by the author. Annals of the 
New York Academy of Science, 1962. 
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“Bmall” deformations. By a small deformation we mean a deforma¬ 
tion such that the resulting change in slope of the beam, dSjdS is much 



less than unity. For a beam subjected to these conditions it can be 
shown (see Ref. (10) and Chapter 5) that 


d 2 S _ M(S) 
dS 2 = ~eF 


(6-1) 


d6 M(S) 
~dS = El 


( 6 - 2 ) 


In the above equations, 

8 = deflection of the beam at any point, S. 

S = distance along the beam. 

M(S) = bending moment at any point *S\ on the beam due to the 
given external loading. 

E = modulus of elast icity in t ension or compression. 

1 moment of inertia of the beam about the neutral axis, 
i.e., the unstrained axis. 

0 = d8jdS " change in slope between the deflected and undeflected 
beam at any point on the beam. Hence dO = the angle 
of rotation between cross sections a distance dS apart, 
at any point on the beam. 

One way in which the deflection of such a structure can be obtained 
is by means of the so-called unit load or dummy unit load method. We 
shall describe this method by considering the structure of Fig. 6.1. 
Assume we want to find 8^. Obviously if we find the x and y compo¬ 
nents of 8a we shall then have 84, since (see Fig. 6.2) 

&a = (Sa* + *a *) V2 


(6-3) 
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Let us find Sa v , which is a typical value, and the technique to be 
described will then also apply, when altered in the obvious manner, to 
the determination of 8^. 

In our static analysis of structures (such as the present case) we 
assume all loads are “gradually applied.” This, physically, means that 
the loads are applied so slowly that the beam does not vibrate under 
the application of loads. Otherwise stated, this means that the load 
starts at zero value and gradually increases to its final value—all the 
while remaining in essential equilibrium with the deflection of the beam. 
This means, for example, that if the final value of a particular load is 
P and its final deflection in the direction of its line of action is 8 then 
the work done by this load, gradually applied, is given by 

PS 

work =- (6-4) 

2 

In determining beam deflections we shall utilize a fundamental law 
of nature, the conservation of energy , used in a form appropriate to the 
given structure. When applied to a structure such as the beam (this 
also applies to the arch, plate, and other fundamental structural units), 
this law, simply stated, tells us that for a beam in static equilibrium 
the work done by a gradually applied external load is just equal to the 
work stored in the beam in the form of “strain energy,’' i.e., energy 
introduced by the deformation of the beam. 

This strain energy can be due to bending strain, normal (tension or 
compression) strains, shear strains, and torsion strains. We shall con¬ 
sider only the first of these, bending strains, since for the thin beam 
structure this effect is most important. 2 


8 If the beam is short and deep, then shearing effects are important and the shear 
strain should be considered. If the structure is a pure membrane, then tensile effects 
are significant and tension strain energy must be considered. Similar statements hold 
for other special structures. 
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Fig. 6.3 


Bending strain energy is caused by an internal moment deflecting 
through an angle—thus, at any point, S, on the beam (see Fig. 6.3) we 
have, for the gradually applied load, 


MdO M 2 dS 

internal strain energy in the portion dS = - =- (6-5) 

^ 2 2EI 


and over the entire beam, 


internal strain energy = j 


M 2 dS 


(E.L. = entire length) 

For our structure we proceed as follow-s: 

1. Assume that before the given external 

loading is applied, we gradually apply ^- 

a unit load at A in the direction of A 

desired deflection, i.e., in the y direc- l ( f 

tion. See Fig. 6.4. /— -i 

2 . Due to this gradually applied load, the 

end A deflects an amount 6 A a in the 6,4 

direction of the unit load, and the 

moment at any point is ra, shown positive in Fig. 6.4. 3 

3. The external work done by the unit load is 


and the internal strain energy due to this load is 

C ?n 2 dS 


3 Many sign conventions appear in the literature. Wc assume in this figure that a 
positive moment bends a beam as and a negative moment bends the 

beam as 
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4. Up to this point then 

external work = internal work 
_ f m*d8 
2 ~ J k.l. 2EI 

5. With the unit load still on the structure, now assume the given 
external P loading is applied. Due to this, the structure will deform 
and S .\ y will be the additional deflection of point A , in the y direction, 
caused by this loading. Conditions are as shown in Fig. (5.5. 




Fig. 6.5 


6. Let us consider the effect of the I* loading on (he unit load. First, 
the unit load does external work (due to tin* P loading) given by 


( 1 ) 8 , 


(«■#) 


7. Due to the P loading, the internal moments caused by the unit load 
do work given In 

/MdS\ 


J, 


( 0 - 10 ) 


8. Equating once more, the unit load response only , due to the P 
loading, 

external work = internal work 


(i m 9 ) = f 

J E 


E.L. 


Mm dS 

El 


( 6 - 11 ) 


and this is the general expression for the deflection of a point in a 
particular direction- due to bending effects only. 
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For emphasis, we redefine the terms in the above expression, 

<5 v i v = deflection of point A in the y direction, due to the gradually 
applied P loading. 

m = moment at any point on the beam due to a gradually 
applied unit load at .1 in the y direction. 

M = moment at any point on the beam due to the given external 
P loading, gradually applied. 

E, /, dS = elastic constants for the beam. 

In view of Eq. (i-11, it follows that 


and 


Mm x <1$ 


J m m x (i 

K.r ~W 


r Mm 0 dS 

* At = J K. L. . Hi 


( 6 - 12 ) 


(6-13) 


where 

8 Aj _ — deflection of the point A in the x direction due to the given 
loading, 

m x — moment at any point due to a unit load at A in the x direc¬ 
tion, 

S 4fl - rotation of })oint A due to the given loading, 
m d = moment at any point due to a unit couple at A. 

In order to illustrate the application of Eqs. €>-11 to fi-13, we shall 
solve several simple deflection problems using them. 

KxaMVIjK 1 

For the beam and loading shown, determine S A and Oa- 



Fig. fi.G 


Fig. G.7 


Solution 

(a) To determine we have 


8 


-r 


1 Mrndx 


(6-14) 
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in which M and m are obtained from Fig. 6-7 a and b. Then 


8a 


f 


( — Px)( -x) dx 
El 



(6-15) 


and the plus sign means the deflection is in the direction of the unit 
load, i.e., downward 

(b) To obtain 6a we have M = - Px , as before, and m is equal to 
-1, as shown in Fig. 6.8. 


1 in-lb 


c 



Fig. 6.8 



Note: in this case the unit load is a unit couple, since we are interested 
in an angular deflection. 

Then 



(-rx)(-\)dx 



(6-16) 


The plus sign means the deflection is in the direction of the unit couple, 
i.e., counterclockwise. 


Examine 2 

Determine 8 b for the beam and loading shown in Fig. 6.9. 

Solution 

For this case, we can write continuous M/EI expressions only in 
portions AB and CB. Hence our integrations will be as follows: 


J -/ + J 

J E.L. J A t B J C,B 



M is given (see Fig. 6.10), by 
For AB , M = dx 


(6-17) 
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lib 



Fig. 6.11 


and similarly, m is given (see Fig. 6.11) by 
For AB, m = \x 
For CB , m = 
so that 


.i/2 


S A = 




o El i 

wl 4 wl 4 


(> f [ 

r, + J n 


Jw’/a-i) - 


wx i‘ 




EI 2 


384£/i 256£/ 2 


(6-18) 


6-3 The Deflection Tensor. We shall now demonstrate that the 
following matrix is a tensor and, in fact, is the fundamental tensor of the 
theory of structures. 


[m x m x 

m x m y 

rn x m e 

I m y m x 

m y m y 

m y m e 

\m 0 m x 

m 0 m y 

m 0 m 0l 


To do this note first that the above is given by 


f*\ 

lw y \(m x m y m e ) 

\™J 


(6-19) 


(6-20) 


In view of Eq. 2-29, therefore, it. will be sufficient to show that 



is a vector, i.e., satisfies the transformation law 


(6-21) 


V' = RV 


( 6 - 22 ) 
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We do this directly as follows (see Fig. 6.12): 

Assume the origin is at the end A. Actually, the origin can be taken 
anywhere— the result would be the same. 




Consider m x , due to a unit load in the x direction. Its value is given by 

m x = y 

and similarly, ru' x , the moment due to a unit load in the a:'direction is 
given by 

m x = ;//' 

In the same way we have 


m y - -a; 
m' y = x 


(the minus sign is due to the moment sign convention 1 ) and 


Thus, 


and 


m $ - 1 
m' u = 1 



Now, note first that, the rotation of axes involved in this transforma¬ 
tion is one in which 2 is not changed, that is, we simply rotate the x 


4 As pointed out on page 181, there are many possible sign conventions in structural 
analysis. In the present analysis, for simplicity, we use the following conventions: if the 
moment is in a counterclockwise direction it is positive; if clockwise, it is negative. 
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and y axes to x* and y\ about the z axis at A. Hence, for this case, the 
rotation matrix, Eqs. 2-16 and 2-17, becomes 



Fig. 6.13 


Then it is certainly true (see Fig. 6-13) that 


I y\ I cos 9 sin 9 0 

-x' = - sin 9 cos 9 0 

\ 1 / \ 0 0 1 



or 

which proves that 

is, in fact, a tensor. 


V' = RV 


jm x m x 

m x m v 

m x m $ \ 

m y m x 

m y m y 

m y m e I 

\m e m x 

m e m y 

m e m e J 


(6-25) 

(6-26) 

(6-27) 
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Also, it is clear by inspection that Eq. 6-27 represents a symmetric 
tensor. Hence there is a set of axes, 0, x\ y\ and z\ for which this 
tensor can be given in diagonal (i.e., principal axes) form, in which case 
it becomes 

( m x >m x > 0 0 \ 

0 m y 'm y > 0 I (6-28) 

0 0 m 9 ' m#! 

6-4 The Redundant (Statically Indeterminate) Structure. 

Now let us consider the structure and loading shown in Fig. 6.14. This 
structure is triply indeterminate in the sense that there are only three 
independent equations of static equilibrium available and there are six 
unknown reactions which must be solved for. Many techniques are 
available for solving this structure. Some of them are described in 
Ref. (10). We shall, in general terms, indicate how the unit load method 
and the tensor developed in the preA'ious section can be utilized in 
solving this structure. 



Assume that Hl, Vl, and Ml are the three redundants, i.e., un¬ 
knowns. Remove them. The structure (now determinate) and loading 
are shown in Fig. 6.15. Under the given loading, point A now has 
deflection components as shown, 8a„, 8 Ar , 0 A - 

Physically, the reactions Hl, V and Ml have such values that they 
just make these three deflections equal to zero -which is the require¬ 
ment at the fixed end such as A. 

Furthermore, the horizontal deflection due to H l is (because of the 
linear nature of the problem) just H l times the horizontal deflection 
due to the unit load in the direction of H l- Similar statements can be 
made for the other deflections and reactions. 
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All of the above is included in the following three equations which 
enable us to solve for the three redundants (//^, Yl, and Mi) and 
hence to solve the problem (see Ref. (10)), 


Hi$A n A H + Vi$a„a v + Mi$a u a 0 + f>A tI = 0 

Hl&A v A h + Vi$A v A v +Mj£a v A 0 + &A v = 0 

Hi£a $ a h -I- Vi£a 9 a v + Ml$a o a o + 0a = 0 
in which typical terms of these equations are 


^ a h a h 

L 

m H m n 

El 


&A„A V = 

L 

m H m v dS 


&A » A r = 

( 

Vl gW y (IS 


J E.L. 

El 

i 


(6-29) 


(6-30) 


so that the Eq. 0-29 can also be given in terms of our fundamental 
tensor as 



r IminiH 

m H?ny 

?nnm 0 \ 

(11 L V L M l ) 

I my m ji 

my my 

m v m 0 | 

% 

E.L. XWflW/f 

m 0 my 

m 0 mj 


dS 


(6-31) 

Now Eqs. 6-29 and 6-31 represent three simultaneous equations in 
terms of three unknowns and they can usually be solved without diffi¬ 
culty. However, an essential simplification is introduced if our tensor 
is put in diagonal form, since then these equations become, respectively, 


H'iJ&a' hA'h + Sa'h = 0 
V'L&A'rA'y + SA'v = 0 
M'i$a' o A' o + 0a' = 0 


(6-32) 
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or 


(H' l V' l M’ l ) 



0 

0 \ 

° 

m'ym'y 

0 

^ E.L.V 0 

0 

m' 0 m'J 


dS 

/?/ 


(6-33) 


and now we may solve for H'l, V'l , and M'l, directly in each equation 
without requiring a simultaneous equation solution. 

The transformation which makes our tensor diagonal is the basis of 
the so-called elastic center method of structural analysis. For the 
general structure, this method requires that the origin and orientation 
of axes be properly located, in order that the tensor be in diagonal 
form. Following this, the unknown reactions are obtained from equa¬ 
tions similar to Eq. 6-33. These reactions, acting at the origin (or 
elastic center) must then be transferred by statics to the actual support 
location. See the paper cited in the footnote on p, 178 of this chapter. 


6-5 Some Additional Diagonalization Examples. If we are 

concerned only with linear deflections, the deflection tensor becomes, 
(since m 0 — 0) 


f /m x m x 

m x m y \ 

dS 

J e.l. \m y m x 

m y m.y) 

’ El 

which may also be represented by 



s. (*” 

SziA 


\&yx 

hyy! 



(6-34) 


(6-35) 


in which h xx = deflection in the x direction due to a unit load in the x 
direction; the other terms are defined similarly. 

Because 8 is a symmetric tensor, it may be put in diagonal form. 
That is, there is a set of axes, 0- x'-~ y\ such that 

8 x'y ' = &y'z' = A (b-36) 


Otherwise stated, there is a set of axes , O- x f - y', such that a load in 

the I*,| direction will cause a deflection at A only in the |^| direction. 

We may call these directions the principal directions. 

As a simple example, consider the straight bar AB shown in Fig. 6.16. 
Obviously S xy = 0 for the x and y axes as shown, since for a unit load 
in the x direction m x = 0. It follows, therefore, that the x and y 
directions are the principal directions and therefore a unit load (or 
any load) in the y direction will cause no deflection in the x direction— 
which is the usual approximation in the elementary theory of beam 
deflections. We may note, however, that this assumption must follow 
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Fig. (>.!(> 


as a direct consequence of the postulates which led to the derivation 
of the deflection tensor. 

We now consider the quarter-circular bar, Fig. (>.17, free at .1 built- 
in at B . and loaded at A. 



Let us. for the above bar, determine the angle <f> between the a* and 
y axes and the x and y' (principal) axes by use of the physical defini¬ 
tion of principal directions, namely: 

A unit load in the ( ^, j direction will cause zero deflection in the 


direction . 

Assume a load applied in the direct ion x such that its x component is 
K and its y component is 1. Then if h v y - = 0, 8j- X ' ¥ 0, Ar/Sy must 
l>e in the same ratio as Kj 1 , where 8* and 8 ?/ are the x and y eompo- 
nents. respectively, of the deflection due to this load. Thus, from 
Fig. (>.1S we see that the requirement for principal direction is that 


K K&xx — bxy 

1 8|yy — A Syj 


(0 37) 


But 


1 


t an <f> — 

K 


((>38) 


and therefore 


or 


2 tan (j> 
tan 2<f> = — —— 
1 -tan 2 </> 


tan 2<£ 


2K 

K 1 — 1 


2/K 

r~(i7^) 


(6-39) 
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Also, from Eq. 6-37, 

Kbyy ” A^S|/x = K8 X x~~$xy 1 
K(hyy — h X x) — — 1) j 

from which the requirement for x' to be a principal axis is that 

2K 2 S xy 


K*-l 8yy~8 


= tan 2<f) 


(6-40) 


(6-41) 


which is (as it must be) the same relation as the principal axis location 
requirement previously derived from the inertia tensor (and hence the 
general symmetric tensor of the second order) in a different way. 


6-6 Summary. Using an energy method, the deflection of a plane 
bar due to elastic bending effects was obtained. 

It was shown that this led to a symmetric tensor of the second order— 
the deflection tensor, which is the fundamental tensor in the theory of 
elastic bending deflections. 

This being a symmetric tensor, it follows that there are principal 
axes associated with it. The physical meaning of these principal axes 
for this tensor was discussed briefly. 

It was pointed out that the elastic center method of structural analysis 
makes use of the symmetry property of the deflection tensor. In this 
-method the- axes are located so that the tensor is in diagonal form, and 
this simplifies the resulting algebraic solution. 

As an additional application of basic tensor theory, the general 
equation for locating the principal axes of a symmetric second-order 
tensor was obtained directly from this deflection tensor by making use 
of the physical interpretation of principal axes. 

Problems 

1. In the structures shown, determine the deflections indicated, using the 
unit load method. Bending effects only are to be considered. 

2. For the structures shown below, using the unit load method, determine 
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(e) 

Prob. Fig. 6.1 


S\r A j &h a and Oa (bending only considered) due to (a) 1 lb horizontal at A, 
(b) 1 lb vertical at ^4, (c) 1 in. lb at A. 

3. In the figures shown, AC is a rigid arm (El oo) of length l, making an 
angle 0 with the horizontal. Using the physical definition of the elastic 
center, i.e., the elastic center is the point such that a vertical load acting 
on it causes it to deflect only in a vertical direction etc.—determine the 
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Prob. Fig. 0.2 ami 0.3 

location of the elastic center, C\ using the deflections obtained in Prob. 2. 
For a typical application of this technique see the reference cited in Foot¬ 
note 1 of this chapter. 

4. For the structures of Prob. 3 determine the angle between the x and y 
axes and the x' and y axes at the elastic center. Use the same method 
as in Prob. 3. 




Chapter 7 


INTRODUCTION TO THE THEORY OF 
PLATES AND SHELLS 


7-1 Introduction. In this chapter we derive by matrix methods 
the basic equations governing the behavior of thin plates. Some typical 
solutions are obtained for thin plates with small deflections. Based 
upon a tensoral generalization of thin plate equations, an anology is 
developed between thin plate theory and solutions of the mathematical 
theory of elasticity. Finally, a very brief discussion of Karm&n’s large 
deflection plate theory is given, and another nonlinear large deflection 
theory is derived that is based upon the elasticity-thin plate analogy 
and that is essentially an extension to thin plate theory of Murnaghan’s 
finite deformation elasticity theory, Ref. (lfi). 

The standard American reference on the subject in Ref. (Ifi) and the 
notation and order of presentation will be based in broad outline on 
this text. 


7-2 Basic Relations—Plates Subject to Pure Bending. We 

consider an O-x-y-z system directed as in Fig.7.1. Let 


w = deflection, positive down 
r = radius of curvature, posi¬ 
tive up 

n, t = mutually perpendicular di¬ 
rections making an angle a 
with x , y 
e, y = unit strain 

a = tensile or compressive stress 
r = shear stress 

E = modulus of elasticity in ten¬ 
sion and compression 


0 = modulus of elasticity in 
shear 

v = Poisson s ratio 

h — plate thickness 

1) - Eh 3 j 12(1 - v 2 ) = plate flex¬ 
ural rigidity 

M -■ bending moment per unit 
length 

q = transverse loading per unit- 
area 

Q = shear force per unit length 


First we consider the plates subjected to moments only, i.e., q = 0. 


195 
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Referring to Fig. 7.1, for the deflection shown, 

1 d / dw\ d 2 w 

r xx dx\ dx) dx 2 

and in the same way 

1 d / dw \ 8 2 w 


'vv 


8y\ 8y ) 


dy 2 


(7-1) 


(7-2) 



Also, because (dw/dx dwjdy) is a vector, Vw — grad w , we have (see 
Eq. 2-6 and note that we have taken the transpose of both sides) 

*) 

i<x! 


/ dw 

dw \ 

/ dw 

dw W 

Vdn 

~~di) ~ 

\ dx 

Hy)\ 


cose 


(7-3) 


and in the same way, the vector V becomes 


so that 


{- 

±\_ 


d \ /cos a 

- sin a\ 

\8n 

8t) 

\8x 

dy) \sin a 

cos a/ 


1 d_ 

dx 

d 

\dy) 


/ dw dw\ 

(- -) = 0t 

\ dx dy] 


(7-4) 


(7-5) 


where St is a tensor of the second order, and from Eqs. 7-1 and 7-2 
we may say 


St = 


1 

1 ^ 


f d 2 w 

d 2 w ' 

Y xx 

r xy 


dx 2 

dxdy 

1 

1 


d 2 w 

d 2 w 

^ T yx 

Tyy i 


i dydx 

dy 2 i 


(7-6) 
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Now & is obviously symmetric. Hence it can be put in diagonal 
form. In other words, there is a set of axes through 0 such that 


In addition, the previously derived transformations for the second- 
order tensor give at once (see Eq. 2-41) 

1 d*w 1 1.2. 

-= - =-cos 2 a-sin 2 a H-sin a cos a 

run dn 2 r xx r yy r xy 

1 d 2 w 1 1 2 

— = - =-sin 2 a-cos 2 a-sin a cos a (7-8) 

r U dt 2 r xx r yy r xy 

1 d 2 w / 1 1 \ 1 

— = - = — (-) sin a cos a H-(cos 2 a —sin 2 a) 

r nt dndt \ r yy r xx / r xy 

In the previous study of elasticity theory (see Chapter 4), it was 
shown that for an isotropic solid we have two fundamental symmetric 
tensors of the second order—the stress tensor and the strain tensor. 
For two dimensions, these take the respective forms 


( Gx T xy\ 
Tyx GyJ 
_ / 6 X b'xyX 

'V/vx e U ' 


Also it was shown that the elements of Eq. 7-9, a and b, are connected 
by means of Hooke’s Law, which in two dimensions is given by 


— (ttx-vay) 

(a) 

1 

— (<Sy-V<Sx) 

(b) 


(7-10) 


Now, Eq. 7-10, a and b, are equivalent to 

1 + v v 

e x = ~-G X - -(G X +Gy) (a) 

JL hi 

l+v V 

C y = - Gy - —(G X +G y ) (b) 


(7-11) 
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and because of the symmetric forms of Eq. 7-9, a and b, they may be 
put in diagonal form, from which, noting that a x +a y is an invariant 
and using Eq. 7-11, a and b, we have the tensor equation 


fe x 0 \ 1 + * / g x 0 \ 

10 e y ) E \ 0 Gy) 

where S 2 is the unit tensor 


E 


(Gx+Gy)£ 2 


<?2 = 



(7-12) 


Equation (7-12), as a tensor equation, holds for all orientation of 
axes. Hence, it becomes, in nondiagonal form 


/ «n iy«A 

1 +y/ffn T nf \ v 

(7-13) 

= I - '„(rr*+ ff v )^2 

\|y<n * t / 

E W» at/ E 


from which 

2(1 +v) 

r*t = E T »< 

(7-14) 


Equation 7-14 introduces a new elastic constant, the modulus of 
elasticity in shear, defined by 


or 


2(1 + *) __ 1 
E “ G 
E 

G = 

2(1 + ,) 


(7-15) 


Equation 7-13 is the general form of Hooke's Law, in two dimen¬ 
sions, for strains as functions of stresses. The results given in Eqs. 7-10 
through 7-15 were all obtained earlier in Chapter 4. They were repeated 
because the technique utilized above in obtaining Hooke's Law r will 
be used in our analysis of plate action which follows. 

We now consider a differential rectangular element removed from 
the plate. Fig. 7.2. For small deflect ions there is a plane that, we can 
assume, remains unstressed—the neutral plane. This plane will be at 
mid-depth. 

Then, at any plane a distance z below the neutral plane we have 


e 


X 




and 


(7-16) 
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Equation 7-11, a and b, solved for a x and give 

E 

o x = -- z(ex + ve y ) 

1 — 

E 

Oy = - - Aey + ve x ) 

1 — v* 


or 


Kz / 1 1 \ 

= -+v- 

1 - V 2 \ r xx r yy 1 

Kz / 1 1 \ 

Gy = -- — - + V - 

1 - \Tyy T JJ / 


(a) 

(b) 


(7-17) 


(7-18) 


r j/*/ r xx i 

We may proceed with Eq. 7-IS, a and b, just as with 7-11, a and b. 
Doing tliis, we obtain finally 


l*n 


Tnt 

<*t 


so that- 



( 1 

1 \ 


Ez 

T ri n 

r n t 

Ezv i \ 1 \ 

+ , (7-19) 

1 + V 

1 

1 

1 — i/- \ r xx r yy’ 


\ r tn 

r tt > 



i d^w 

T„, = - 2 Oz - = - 2 at*— (7-20) 

r„ 


Going back to Eq. 7-18, a and b, and referring to Fig. 7-2, the require- 
ment of static equilibrium becomes 



r r> Hhl 2 \ 


\ 


M xx dy — j 

o x zdz\ 


(a) 



1J - (A/2) > 



(7-21) 

i 

r r+(A/2) 1 




c 

8- 

ii 

a y zdz\ 

dx 

(b) 


1J — (A/2) J 


/ 


where M xx = moment per unit length on a plane perpendicular to the 
x axis. M V y is defined similarly. 
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Substituting Eq. 7-18, a and b, in the above, we get 


M XX 


1 

i \ 


(d 2 w d 2 w 

\ 

= D \ 


+v—) 

= ~ D \ 

—+ v—-- 

(a) 


r xx 

ryy> 


dx 2 dy 2 ) 

Myy 

= d( 

f 1 

1 \ 

= - D \ 

fd 2 w d 2 w > 

) (b) 


+ v - 

-_l_ i> - 


^ r yy 

r XX t 

\ 

v dy 2 dx 2 ) 

1 •) 


(7-22) 


and just as for the pairs Eqs. 7-11, a and b, and 7-18, a and b, we find 
from Eq. 7-22, a and b, 

M ni = D( 1-v)— 

r nt . 

- «. > (, - 2s) 


In the above M n t is the torque per unit length on a plane perpendic¬ 
ular to n in a direction t. 

An alternative derivation of Eq. 7-23 which points out the physical 
significance of M nt , and in addition brings out an important fact con- 



Fig. 7.3 


r is assumed positive if it tends to rotate the element clockwise. 
Mnt is a twisting moment, and is positive, using the right-hand rule 
sign convention if it acts in the same direction as n. Hence, in Fig. 7.3, 


and, using Eq. 7-20, 


rAiht'l 

Mnt = “ T nt zdz 

J -<*/ 2 ) 


M ni 


Gh 3 d 2 w 
6 dndt 


= D(\ — v) 


d 2 w 

dndt 


(7-24) 


(7-25) 
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From the above stated sign convention it follows that 

M nt = —Mtn 


(7-20) 


a relation which holds true independently of the subscripts and the 
sign convention used, that is, 

M.xy = —Myxi etc. (7-27) 

Because of Eqs. 7-21, a and b, and 7-24 it follows that M xx , M yyj 
and M xy are components of a tensor, the moment tensor , 


/M XX — M X y\ 

\My X Myy) 


(7-28) 


/M xx 

\My X M-yyi 

The following will summarize the theory of pure bending of thin 
plates up to this point: 

(a) The curvature tensor, 


® = 


1 

1 \ 


r d 2 W 

d 2 w > 

Txx 

r X y 


fix 2 

dxdy 

1 

1 


d 2 w 

d 2 w 

l r yx 

r yy 


i dydx 

r 0y l , 


(7-29) 


was obtained and the rotation of axes equations governing this tensor 
were written at once. 

(b) The stress-strain relations and Hooke’s Law led to 

/I 1 \ /d 2 w d 2 w\ 

/I 1 \ id 2 w d 2 w\ 

M ” - z '(;- + “d - A,v + ^) 

1 d 2 w 

M xv = -M yx = D(\-v) -= D(\-v)~— 

r xy dxdy / 

(c) We saw that in the theory of thin plates, the following funda¬ 
mental tensors of the second order occur: 


(7-30) 


= curvature tensor = 


1 

1 \ 


r d 2 w 

d 2 W y 

r xx 

r xy 


dx 2 

dxdy 

1 

1 


d 2 w 

d 2 w 

Tyx 

1 

^ | 


i dydx 

dy* t 


T = stress tensor 


( Ox Txy\ 
Tyx Oy / 
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Tj = strain tensor = ^ 


uf = moment tensor 


e * \yxy\ 

\yyx *y / 

/Mxx — M X y\ 

\Myx Myyf 


Each of the above is a symmetric tensor and can therefore be put in 
diagonal form (that is, each has principal axes) and each tensor follows 
the rotation of axes transformation equations for the second-order 
tensor. 

7-3 A Simple Exact Solution for the Thin Plate. As an illus¬ 
trative solution to the equations derived in the previous article, we 
consider the following problem: 

Assume a rectangular plate with edge moments 

M X x — My \ 


Myy = If 2 

Mxy — — Myx — 0 


Then Eqs. 7-22 and 7-23 become 


/ d 2 W d 2 w\ 


= — D\ —--+ v— -) 

(a) 

\ dx 2 dy 1 / 

/d 2 w d 2 w\ 



(b) 

\ dy* dx 2 ) 

dhv 

- m->■)-- 

(c) 


(7-31) 


(7-32) 


and from the first pair of the above 

(fhr _ M y - vM-> \ 

r>.r 2 “ (){\-v*) | 

cfliv _ Mo - vM\ | 

w = ~m-*) ) 

We may integrate Eqs. 7-32c, 7-33 at once and obtain 

Cif(r) + C 2 g(y) = w 

Mi - vM 2 x 2 

-h C 3 X -f- C 4 = W 

D( 1-v 2 ) 2 


Mz—vMi y 2 
Z>( 1-1/2) 2 


-I- C 5 y + C 6 = w 


(7-33) 

(7-34) 

(7-35) 


(7-36) 
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where C 4 may be C^(y) and Ce may be C&(x). We satisfy all of these 
equations by taking 


/Mi — vMi\ / M2 — vM\ \ 

• - - 

Now if we assume that ( 1 ) at x = 0 , y = 0 , w - 0 --that is, the deflec¬ 
tion is zero; ( 2 ) the z = 0 plane of reference is tangent to the deflected 
plate at x = 0 , that is, at the origin 


then 

or 


8w 8w 

-= 0 , - 

8x dy 


Ki = K 2 = K 3 = 0 


w = 



M\ — vM> 



M‘z~vMi ^ 


y 2 


We now consider the following cases: 


(a) 


M 2 = 0 


(7-38) 


Then 

M\x 2 vM \y 2 

w _ ~ 2 ^“'^ + 2>)(l 1 
which is a form of anticlastic surface (saddle surface). 


(b) 


Mi = i / 2 = M 


Then 


M{x 2 + jr) 
~2D(\~+v) 


which is a paraboloid. 

(c) Mi — — if 2 


Then 


w = 


if! 

2D(T+7) 


(tfi-yl) 


which is an anticlastic surface. 


(7-39) 


(7-40) 


(7-41) 


7-4 Small Deflections of Laterally Loaded Plates. In this sec¬ 
tion the differential equations for the laterally loaded thin plate (with 
small deflections) will be derived arid a “moment” matrix will be 
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obtained. The boundary conditions will be discussed and certain 
simple solutions of the plate problem will be obtained. 

We consider as a free body a differential piece of the transversely 
loaded plate, Fig. 7.4a. The moments acting on the element are shown 
schematically in Fig. 7.4b, and the shears in Fig. 7.4c. 



Fig. 7.4 


Summing vertical forces, we require for static equilibrium, 


CtQx SQy 

q dxdy -I- dxdy H- - dxdy = 0 

dx dy 

(7-42) 

oQx 8Q V 
—— + —— + q = o 

dx dy 

(7-43) 


Taking moments about the y axis and neglecting higher-order diff¬ 
erentials, we require, for static equilibrium, 

d3fyx 

- dxdy H- dxdy — Q x dxdy = 0 (7-44) 

dy dx 


from which 


dMy X d^M X X 

-+- 

dy dx 


— Qx — o 


(7-45) 


Similarly, for moments about the x axis, we require for static equili¬ 
brium, 

d^S-xy dM.yy 

- dxdy - dxdy + Q y dxdy = 0 (7-46) 

dx dy 


or 


dMxy dMyy 
———= 0 
dx dy 


(7-47) 
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Now, in the chapter on theory of elasticity, it was shown that the 
equilibrium equations for an isotropic body with zero body forces are 


da x &T\ 
- + 


dx 




yx d T z 
+ - 


dr- 


dx 

faxz 

dx 


xy &Gy 


- + - 


by 

dr . 


yz 


by 


+ - 


dz 

dr Z y 

~dT 

da z 

~bz 


or, in matrix notation, 

div T = 0 

where T is the symmetric stress tensor 


= 0 


= 0 


= 0 


(7-48) 


(7-49) 


r Ox 

r xy 

Tzz\ 


Ty X 


T yz I 

(7-50) 

Jzx 

T zy 

Oz! 



Equations 7-43, 7-45, and 7-47, which are the equilibrium equations 
for the laterally thin plate, can similarly be presented in matrix form by 


div = 0 

where is a symmetric moment tensor given by 



^ M xx 

— Mxy 

— Qx z ' 

= 

My X 

Myy 

— QyZ 
2 2 


— Q x z 

\ 

— QyZ 

~ 9 ~2 > 


(7-51) 


(7-52) 


In the next article an analogy between plate theory and linearized 
elasticity theory is developed. It is based upon the existence of this 
moment tensor. 

Returning to our analysis of the loaded plate, if we substitute Q x 
and Q y from Eqs. 7-45 and 7-47 into Eq. 7-43, we obtain 

&M XX dWyx dWyy d 2 M X y 

- 1 - 1 -= — q (7-53) 

dx 2 dxdy dy 2 dxdy 

and since M yx = - M xy we have 

d 2 M xx d 2 M yy _ d 2 M xy 

dx 2 + dy 2 dxdy 


= -q 


(7-54) 
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Now we showed in Eqs. 7-22a, 7-22b, and 7-25 that 

(ti 2 w d 2 u\ 

M xx = —D\ —- + v —-) 

\ dx 2 dy 2 / 

[d 2 w d 2 w\ 


[c)y 2 

M xy = D(l-v)- 


d 2 w 


dxdy 


Substituting these in Eq. 7-54, we obtain, final!} 7 , 

cftw dhv d*w a 

V 4 w = -1-2- 1 -= — 

dxA dx 2 dy 2 dy 4 D 


(7-55) 


(7-56) 


Thus, the solution of the problem of the laterally loaded plate with 
small deflections requires the determination of a function w(x,y) which 
satisfies Eq. 7-56 and also the boundary conditions for the given prob¬ 
lem. We will now discuss the boundary conditions. 

The edges of the plate may, in general, be either (a) built-in or 
clamped, (b) simply supported (that is, free to rotate in the plane of 
the plate but not free to deflect), or (c) free (that is, unsupported). 

Condition (a), a built-in edge at say, y — 0 requires as boundary 
conditions 


("Vo = 0 


ftr\ 

dyjyu 


= 0 


(7-57) 


For condition (b), a simply supported edge at, say, y = 0, the 
following boundary conditions are required. 


My o = 0 | 

(Myy)v-0 ~ b j 

or (see Eq. 7.22b) 

/ t-vr d 2 w\ 

f r- = 0 

UV/ 2 to 2 / y- 0 


(7-58) 


(7-59) 


and, since for this edge c-H'jix- - o, we have as the second boundary 
condition 
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The condition (c), free edge, has been the cause of a most interesting 
controversy which extends even to this day. Poisson, in a famous 
memoir, originally formulated the boundary conditions for. say, a free 
edge at x = a as 

(M xx)x~a = 0 

(M X y)x~a ~ 0 (7-60) 

(Qz)x-a = 0 j 


Kirchhoff, however, by a variation of energy method, proved that it 
would, in general, be impossible to satisfy all three conditions— 
although in the special case of a circular plate (which Poisson con¬ 
sidered) all three are satisfied because one of them is identically zero. 
Kirchhoff showed that only two boundary conditions are necessary and, 
in addition, he showed that the last two of Poisson’s boundary condi¬ 
tions can be replaced by a single one. 

It is interesting to note that Kirchhoff’s conclusions were disputed 
by as eminent a mathematician as Mathieu, who derived his own 
boundary conditions for a free edge—which conditions, incidentally, 
appear to be in error. Even to this day wo find discussions of the 
boundary conditions of the plate problem. 1 

The two boundary conditions for the free edge as derived by Kirch¬ 
hoff are 

(Mxx)x=a — \ 



or (see Eqs. 7-22a, 7-25, and 7-45), 



(7-62) 


The physical meaning of the reduction in the number of boundary 
conditions is discussed in some detail in Ref. (19). Another interesting 
discussion of the point is given in lief. (20). At this time w r e only 
mention that as a consequence of this, a square plate will have concen¬ 
trated reactions R of value 

d 2 w 

R — M xy = -My, - (7-63) 

acting at each corner. 


1 Sec, for example, a paper by Friedrichs in Symposia of Applied Mathematics, Vol 3, 
McGraw-Hill Hook Co., 1951. 
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The following summarizes the discussion of the laterally loaded thin 
plate with small deflections: 

(a) The equilibrium equations were obtained for the laterally loaded 
thin plate and it was shown that these may be given as 

div^ = 0 

where *Jl is a moment matrix. This equation is similar in form to the 
equilibrium equations for the isotropic elastic body with zero body 
forces. 

(b) The fundamental differential equation of the laterally loaded thin 
plate was obtained. This is 

d 4 w d 4 w d A w q 

-+2-+-- — (7-64) 

dx 4 dx 2 dy* dy 4 D 

(c) The solution of the laterally loaded plate requires determining 
w(x , y) which satisfies Eq. 7-64 and the boundary conditions. The 
boundary conditions for built-in, simply supported, and free edges were 
given. Having w from this solution, the moment and shear at any 
point are obtained from Eqs. 7-30, 7-45, and 7-47. 


7-5 Some Solutions for the Laterally Loaded Thin Plate. As 

stated above, the solution to the laterally loaded plate with small 
deflections requires finding a function w(x, y) which satisfies 



d 4 w d 4 w 

2 -h- 

dx 2 dy 2 dy 4 


g_ 

D 


(7-65) 


and also the given boundary conditions. 

The general solution to this problem has not been obtained. In fact, 
there are very few known exact solutions to this problem. Those that 
are known are either given in series form or they refer to an unusual 
mathematical loading (such as a sine form loading) or else have been 
obtained by what is essentially pure chance. 

We shall discuss these types of solutions briefly by referring to 
specific problems. 


Problem 1 

Given a rectangular plate, length of sides a and 6, simply supported 
under a loading 


mnx tiny 

q = A sin-sin- 

a b 


(7-66) 


Determine the deflection of this plate. The origin x = y = o is at the 
corner of the plate. 
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Solution 

Substituting this value of q in Eq. 7-65, we find 

A rrnrx nrry 

\ 4 w = — sin-sin- 

Dab 

and the boundary conditions are 


( 1 ) 

w = 0, 

d 2 w 

-= 0 

dx 2 

for 

II 

p 

II 

( 2 ) 

w = 0, 

8 2 w 

for 

II 

O 

II 


(7-67) 


These boundary conditions are satisfied by assuming for w , a function 


rtiTrx nrry 
w = B sin——sin—- 
b 


a 


(7-68) 


If this is substituted in Eq. 7-67, we have 
/m 4 m 2 7i 2 n 4 


( rn 4 m z n 2 n 4 \ rrnrx 

— H-H-) sin-si 

a 4 a 2 b 2 54 / a 


mry A rtnrx nrry 

sin-= — sin-sin —— (7-69) 

b I) a b 


from which we see that 


B = 


a 4 b 4 


(7-70) 


D 77 4 (w 2 5 2 -\-n 2 a 2 ) 2 

Hence, the deflection at any point is given by 

Aa x lA rrnrx . mry 

w = — : -sin-sin- 

Drr 4 {m 2 b 2 4 - n 2 a 2 ) 2 a b 

Having w in this form, we can obtain the moment or shear at any point. 


(7-71) 


Problem 2 

Problem 1 corresponded to the case in which we have a double-sine 
type loading—not a loading usually met with in practice. A loading 
of more practical interest would be a uniform loading over the entire 
plate. To obtain a loading of this type we superpose loadings of the 
type of Eq. 7-66 to give a final net uniform load. This is done by 
means of a double Fourier series analysis as follows: 


Solution 

Assume the q loading is uniform and can be given by the double 
infinite series, 

00 00 mmx m mry 

q = 2 2 sin s ' n t 

771=1 71=1 a & 


(7-72) 
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Then multiply both sides of Eq. 7-72 by sin(raVz/a) sin(n'7ry/&) and 
integrate over the plate to give 


r b r a m'TTX n'ny 

q I I sin-sin- dxdy 

J oJ o a b 


(7-73) 


rj 


i 
0 1 


m*1 


7U7TX vi'ttx mry n ny 

A mn sin-sin-sin-sin- dxdy 

a abb 


or 


r b r a m'TTX n'^y 

q sin-sin-- dxdy = 

J o J o « b 


abA m ’n' 


as may easily be verified. From this, 
4 q ri> r a 
ab 
16? 

= { m'n'ir 


so that 


A rn'n' 


n a _ m'trx n'ny 

sin-sin- dxdy 

o « & 


0 


if ra' and n' are odd 
if either m' or n is even 


q = 


16 7 


7 r.r / Try 1 37ri/ 

sin I sin— + - sin-h 

a \ b 3 b 

1 37r x / -ny 1 37t y 

3 a \ b 3 b 


h-) 


(7-74) 


A 


(7-75) 


) 


(7-76) 


Now w\ as given in Eq. 7-6S, satisfies the required boundary condi¬ 
tions. Substituting u\ Eq. 7-68, and r/, Eq. 7-76, in Eq. 7-65 gives, 
finally, 


ir 


16 aWq 
~TfiI) 


r TTX 77?/ 770: Try 

sin sin— sin—sin—- 
a b 1 a b 

(a? + b 2 )2 + 3~(3 W + b 2 )*~ + ‘ 

3770' TTlf 

sin-sin - 

I a b 

i + 3 7^+3252)2 ’ 4 


(7-77) 


from which the moments and shears can readily be obtained in series 
form. It must be emphasized that very important questions concerning 
convergence of the series used are here left unanswered. We merely 
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showed that the assumed series does satisfy the formal manipulation 
processes used herein and hence the solution to the problem. 

Also, it is interesting to note that the above solution is for the simply 
supported rectangular plate only. No such simple solution (not even 
in series form) exists for the clamped rectangular plate. That is, it 
has not as yet been possible to assume a simple function for the clamped 
plate. The clamped edge solutions which do exist are all lengthy 
numerical approximations. See in this connection Ref. (19). 


Problem 3 

We consider next a problem of physical interest for which an exact 
closed form solution exists—namely, the elliptic plate with clamped 
edges under a uniform load. 


Solution 

The equation of the boundary is 


x 2 y2 


~l-— 1 

a* 


Let us assume 


w; 


/ x 1 y 2 \ 2 

= <7(1-—) 

\ a 2 b 2 / 


then, substituting this in Eq. 7-65, we have 

/24 24 16 


/24 24 16 \ q 

C\ -|-h-) = — 

\a 4 6 4 a 2 b 2 I) 


so that q is constant and given by 


/24 24 16 

q = DC\ -I-b- 

* U 4 i> 4 a 2 b 2 


) 


(7-78) 


(7-79) 


(7-80) 


(7-81) 


Also, from Eq. 7-79 we see that along the boundary 

w = 0 
dw 

- = 0 

dn j 


(7-82) 


so that as given in Eq. 7-79 represents the complete solution for the 
elliptic plate subject to the boundary conditions Eq. 7-82, i.e., built-in. 
Having w , the moment and shear at any point may be obtained as 
before. 

We note again that the above solution was obtained by chance. It 
just happens that Eq. 7-79, which is a solution of the required differen¬ 
tial equation, also satisfies boundary conditions of physical significance 
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for this problem. Also, as previously pointed out, no such simple 
solution is known for the simply supported elliptic plate. 

In concluding our discussion of small deflection theory, we mention 
that many plate problems not otherwise capable of solution may be 
solved approximately by the use of energy methods. Fundamentally, 
these methods make use of the fact that when a loaded plate is in equi¬ 
librium its potential energy has a stationary (minimum) value. This 
law is very useful in the general theory of structures; in plate and shell 
theory it very frequently is the only known method for obtaining even 
an approximate solution to a given problem. It is applied in the 
following manner: 

The energy expressions for plates are known in terms of the deflec¬ 
tions. It has been found that if deflections are assumed that satisfy the 
boundary conditions, then even though these are not the true deflec¬ 
tions, the solutions for shears, stresses, moments, etc., obtained by 
making the potential energy a minimum will be quite close to the true 
values. We must emphasize that this has been shown by comparing 
certain approximate energy solutions with certain known exact solu¬ 
tions. That this will always be so is not at all evident. Indeed, it 
seems quite possible that in some cases so-called “pathological” deflec¬ 
tion functions may be chosen (which satisfy the boundary conditions) 
that give values for the various functions that differ markedly from 
the exact or other approximate solutions. In addition, it may be 
worthwhile to point out that the approximate energy solution is one 
which satisfies the boundary conditions and the requirement for mini¬ 
mum potential energy only—it does not, in general, satisfy the equa¬ 
tions of equilibrium or the equations of stress and strain compatibility. 

Here is summarized the discussion of certain solutions to the thin 
plate equations: 

(a) It was pointed out that in general there are four types of solu¬ 
tions available for the plate problem. 

1. Exact closed-form solutions. As an example of this the solution 
was obtained for the clamped-edgc elliptic plate. 

2. Exact closed-form solutions with impractical or nonengineering- 
type loadings or boundary conditions. As an example of this, the 
simply supported rectangular plate loaded with sine-type loading 
was obtained. 

3. Series type solutions. As an example of this, the simply supported 
rectangular plate under a uniform load was solved. 

4. Approximate solutions based upon energy or similar methods. 

In the next section we discuss an analogy between the linearized 

elasticity theory and the thin plate theory described herein. In order 
that the presentation be as coherent as possible we shall repeat, where 
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necessary, different relations, equations, and statements that may have 
appeared in earlier sections of the text. 

7-6 Two Analogies Between Elasticity Theory and Thin 
Plate Theory. 2 It will first be shown that the equations governing 
the behavior of moment and torque loaded thin plates which have 
small deflections are analogous to the equations of the two-dimensional 
linearized mathematical theory of isotropic elasticity. Because of the 
analogy, all solutions of two-dimensional plane strain or plane stress 
problems may be taken as solutions of a particular thin plate problem, 
and vice versa. 

Next a three-dimensional generalization of the above is developed. 
In this form, the theory draws an analogy between solutions in three- 
dimensional elasticity and those of thin plates subjected to lateral and 
shear loads as well as moments and torques. 

The latter development is based on a tensoral generalization of the 
two-dimensional result to three dimensions. Because of this analogy 
all the known solutions for thin plates subjected to lateral loads repre¬ 
sent possible solutions in a three-dimensional elastic structure, and 
vice versa. 

Examples of both analogies will be given. 

The Equations of the Two-Dimensional Linearized 
Mathematical Theory of Isotropic Elasticity 

The fundamental tensors of two-dimensional linearized elasticity are 
the stress tensor, T , given by 

T = ( Gx 

\Tyx 

and the strain tensor, rj, given by 

” ■ c 

Note that these tensors are symmetrical. Also they are tensors in 
the sense that they satisfy a particular rotation of axes law, which, 


T X y ] 
(Jyj 


& 

e 


zy\ 
y J 


(7-83) 


(7-84) 


a See S. F. Borg, “Two Analogies in Solid Continuum Mechanics,” J. Franklin Inst. 
Oct. 1961. H. Schaefer, “Dio volUtandigc Analogic Scheibe-Platte” in the Abhandlungen 
der Braunachweigischen Wisaenschaftlichen Gesellschaft , Braunschweig, 1956, Vol .VIII, 
develops an analogy similar to the two-dimensional one in this article but his is funda¬ 
mentally different in that his analogous quantities differ from those of this discussion. 
See alBO R. V. Southwell, “On the Analogies Relating Flexure and Extension of Flat 
Plates,” Quart J. Mech. Appl. Math., Vol. 3, pp. 257-270 (1950), and Yi Yuan Yu, 
“On the Complex-Representation of the General Extensional and Flexural Problems 
of Thin Plates and Their Analogies,” J. Franklin Inst., Vol. 260, No. 4, Oct. 1955. See 
also Ref. (19) for another plate analogy. 
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typically (see Eq. 2-35), is 


T = RTR* 


(7-85) 


The fundamental equations governing the behavior of a deformable 
body, in the two-dimensional linearized theory of elasticity, are 


stress equilibrium, body forces neglected 

div T = 0 


(1 1 )(” T '»)_o 

\dx dyj \t vx OyJ 


(7-86) 


boundary conditions on stresses 


TN = x 


/ o x t I3 A /l\ _ /*\ 

\Tyx Gy / \mj \y) 


(7-87) 


in which (l, m) are the direction cosines of a normal to the boundary and 
x, y are the boundary stress in the x. y directions. 

Hooke's Law in its linearized isotropic form 


1 + V V 

T) = ——T - 


(7-88) 


and a 

strain compatibility equation , in its linearized form 

+ (7-89) 

dy 2 dx 2 dxdy 

In Eq. 7-88 v is Poisson’s ratio, E is the isotropic modulus of elasticity, 
is the trace of the stress tensor, and <?2 is the 2x2 unit matrix. 

The Fundamental Equations of Small Deformation 
Thin Plate Theory 

We may represent the loading, moments, and torques acting on a 
typical element of a thin plate as in Fig. 7.5. The moments, M X x and 
M yy and the torques, M xy = — M yx are given per unit length of side. 
We may also define the curvatures, a typical value of which is 


1 d / dw \ d 2 w 

r xx &r\ dx) dx 2 


(7-90) 


Then, as we saw, the following tensors occur in the theory of moment 
and torque loaded thin plates with small deflections: 
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Fig. 7.5 


moment tensor 

curvature tensor 
l 1 


(7-91) 


ryyt 
d idw 


d idw \ 
dj\ dx / 

ira ldw\ d [du>\\ 
Ydy\ dx / dx\ dy ) J 


lr d idw \ d fdw \I 
2Ldx\dy/ + fyWz/J 


d idw > 


dy I dy\ 
d / dw\ 
dy\ dy ) 


(7-92) 


\2L dy\dx) dx\ dy / J dy\ dy / / 

We saw that the equations governing the action of thin, laterally 
loaded, small deflected plates are 

equilibrium equations 


di vJK = 0 


id d \ / M X X ~ M X y\ _ Q 

\dx dy)\Myx Myyj 


(7-93) 


\dx dy/\Myx M yy' * 

We may show also that the moments and torques satisfy 
boundary conditions 

jkN = (id) ) 


/M xx 

-M xy \n 

[\ lM X z\ 

\M yx 

M V J \« 

ft/ \Myyf 


(7-84) 
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in which M xx and M yy are the edge moments. 

There is a relation between curvatures and moments ( Hooke's Law), 
since it may be shown that the following relation holds between R and 
At (from Eqs. 7-22 and 7-23) : 

1 4 - v v 

PA =- Jt + -(7-95) 

D( l-* 2 ) D( 1-1/2) 

In Eq. 7-95 J\ is the trace or first invariant of the moment tensor 
and D is the plate stiffness. 

Finally, there is a 

compatibility of curvature relation (as may be verified) 


(7-96) 


/ 1 \ 

l 1 \ 

/ 1 \ 

W- 

H — 

82 - 

\ r xx / 

\ r yy i 

o W 


% 2 


dx 2 


dxdy 


The Analogous Quantities and Relations for the 
Two-Dimensional Theory 

In view of the foregoing, the following analogous quantities and 
relations may be set up for the two-dimensional isotropic elasticity— 
thin plate fields (the symbol ~ means “is analogous to”). 

the tensors 

6 At 

T -- 

h 2 


or 


Also 


6 

Eq. 7-83 ~ — Eq. 7-91 
H h 2 


(7-97) 


or 


h _ 

77 ~- Pt 

2 

h 

Eq. 7-84- r Eq. 7-92 

2 

equilibrium equations 

div T = 0 ~ div At = 0 

or 

Eq. 7-86 - Eq. 7-93 

boundary conditions 

TN = x ~ MN = St \ 
Eq. 7-87 ~ Eq. 7-94 ) 


(7-98) 


or 


(7-99) 


(7-100) 
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Hooke's Law 

Eq. 7-88 ~ Eq. 7-95 (7-101) 

compatibility condition 

Eq. 7-89 - Eq. 7-96 (7-102) 

We Bee, therefore, that there is a direct analogy between the two- 
dimensional equations of the linearized theory of isotropic two-dimen¬ 
sional elasticity and the governing equations for the thin, small deflec¬ 
tion theory of moment and torque loaded plates. 

Because of this analogy, it follows that solutions in the two-dimen¬ 
sional theory of isotropic elasticity may also be taken as analogous 
solutions in the theory of moment and torque loaded thin plates. In 
applying the analogy we compare a plate in the x-y plane (deflecting 
laterally in the z direction) to a two-dimensional deformable body 
loaded by stresses or forces in the x and y directions. In particular, 
the analogous quantities are (using the subscript E for elasticity solu¬ 
tions and P for plate solutions), 


Elasticity 


Thin Plates 



xz 


ox 

rs* 

h 2 




(SMyy 



rs* 

W 




6 xy ; I 

r xy = T yx 


h 2 

h 2 



h 


e x 


2r xx 
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Illustrative Example 

As an illustration of the application of the analogy, we consider the 
following problem in the theory of elasticity (see Ref. 13): 
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Fig. 7.6 


The beam shown in Fig. 7.6, with stresses 


ox = d^xhf-ly 3 ) ' 
o y = 

T XV = — d$xy 2 


(7-104) 


atisfies all the requirements of the two-dimensional linearized theory 
f elasticity. Along the top and bottom sides the normal stress a y is 
niformly distributed. On the side x = l the normal stresses follow a 
inear and cubic parabolic variation. The shear stress on the top and 
lottom is proportional to x and is parabolic on the face x = l. 

Thus, the solution shown represents a thin plate solution, with 

GM XX . 
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From Hooke’s Law the elasticity strains may be obtained as 
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and therefore the radii of curvature for the plate are known, using 
Eq. 7-103. 

The Three-Dimensional Form of the Analogy 
We consider next a thin plate having small deflections and subjected 
to transverse and shear loads in addition to the edge moments and 
torques; see Fig. 7.4, repeated again here. 
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has been introduced. This tensor represents the three-dimensional 
generalization of the two-dimensional form given in Eq. 7-91 and 
includes the effect of transverse and shear loads. 

We are therefore led to introduce a generalized three-dimensional 
form of as given in Eq. 7-92. This becomes, in its three-dimensional 
form, 




(7-108) 


It should be noted that and M as formulated above are tensors 
in the sense of Eq. 7-85. 

Because of the generalized nature of these tensors one is led to postu¬ 
late a three-dimensional Hooke’s Law as a direct generalization of the 
two-dimensional case, Eq. 7-95. This is given at once by 




1 4 - v v 

--uT +- J x £ z 

D( i-i/2) D( l- v 2) 


(7-109) 


In this equation, $ and are given by Eqs. 7-107 and 7-108. is 
the trace of and £3 is the 3 x 3 unit matrix. 

The boundary or edge conditions on the moments, torque, and shears 
are 



(7-110) 
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In Eq. 7-110, l , m and n are the direction cosines of a normal to the 
edge of the plate at the central plane x = 0, hence n = 0. The right- 
hand-side terms are the applied edge moments, and shear. 

Also, the elements of the curvature tensor, satisfy che following 
six compatibility conditions: 



We now turn to the relations and equations of elasticity. In the 
three-dimensional theory of elasticity, the fundamental stress and strain 
tensors are, 
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(Continued on p. 222) 
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The equilibrium equations in three-dimensional elasticity are, for 
body forces reglected, 
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Hooke’s Law, the relation between the strain and stress tensor, is 

1 + V V 

rj =-~T--.W 3 (7-115) 


In Eq. 7-115, /i is the trace of the stress tensor, and 
3x3 unit matrix. 

The boundary conditions on stresses 3 are given by 
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and finally, the strains must satisfy the following six compatibility 
conditions, 

d 2 e y d 2 e z d 2 y yz y 
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3 Although the boundary condition on stresses is given as x = NT in Art. 4-8, because 
the stress tensor is symmetric, this is equivalent to the expression given here. 
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2d^€ x d / (tyzz dy xy &Yvz 
dydz &r\ dy dz dx 

2d 2 ?y _ _^/fyxy fyyz fyzx 

dzdx dy\ dz dx dy 

By comparing the above, it becomes clear that an analogy may be 
drawn between the postulated thin plate relations, Eqs 7-105-7-111. 
and the elasticity relations, Eqs. 7-112—7-117. 

This means that solutions in plate theory may represent solutions 
in the three-dimensional elasticity theory and vice versa. 

In Ref. (19) many different plate solutions are given. Each of these 
corresponds to a particular solution in a three-dimensional stresses 
structure providing it satisfies all the relations (Eqs. 7-105-7-111). 
The analogous quantities are the following: 
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The procedure may be summarized as follows: 

1. Knowing w(x, y)p, determine M xx , M yy , M xy , and Q x , Qy f using the 
known plate relations. These are all functions of (x, y) only. 
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2. Using the values from (1), from Hooke s Law (Eq. 7-109) determine 
the 1/r terms. Note: these are now functions of ( x , y , 2 ). 

3. Check the compatibility equations, Eq. 7-111. If these hold, then 
the analogous relations. Eq. 7-1 IS, follow. 

As an example, we saw (Eq. 7-79) that the exact solution for a 
uniformly loaded elliptical plate with built-in edges is given by 

.■Or,,) = C(1----) (7-119) 

in which C is a constant and a and b are the major and minor elliptic 
radii respectively. Using the known plate relations, we obtain from 
Eq. 7-109 the various elements of JiP. which, when substituted in 
Eq. 7-111, give six equations. The third, fourth, fifth, and sixth of 
these are satisfied identically. The first and second will be satisfied if 
a = b (i.e., for a circle) and if v — 1. 

Using these, we find the analogous stresses are given by 


) (7-120) 

etc. 

Then, using Eq. 7-115. we can obtain the strains, and from the 
strains we obtain the deformations v, v , and w —or these could be 
obtained using Eq. 7-1 IS. 4 

7-7 Laterally Loaded Plate with Large Deflections. The prob¬ 
lem of the laterally loaded plate with large deflections is of some 
interest in connection with thin metal construction of airpla-nes and 
similar structures. By a “large deflection ' in plate theory, we mean 
that the ratio v\)lh is in the neighborhood of two or ton or twenty. 
(u >0 is the plate center deflection and h is the plate thickness.) For 
wojh in this range, the ordinary small deflection plate theory cannot be 


and 
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4 The value v=l is physically unrealistic and introduces infinities (as in Eq. 7-22, 
for example), which further restricts the range of applicability in this example. How¬ 
ever, the technique described above represents the procedure to be used in applying the 
analogy. It is clear that not all solutions of plate theory have analogous three-dimen¬ 
sional elasticity solutions— an,d the reverse is true as well. Whether or not a particular 
laterally loaded thin plate solution corresponds to a physically realistic three-dimen¬ 
sional elasticity solution (or vice versa) must be determined for each individual case 
by checking the procedure given above. 
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used. This theory does not apply, because we may have stresses and 
strains in the central plane and also because the higher-order strain 
terms of the strain tensor (see Chapter 4) may be important—both 
of which effects are neglected in the small deflection theory. 

As might be expected, the large deflection theory becomes quite 
complicated. The equations are nonlinear, and there is no known 
closed form exact solution to them for any practical problem, though 
several series and numerical solutions have been obtained. 

The fundamental equations were derived about 60 years ago by 
K&rm&n, Ref. (24). In the last 25 years, the problem has been studied 
by various American and German engineers. A fairly complete biblio¬ 
graphy on the subject will be found in Ref. (25). In this brief descrip¬ 
tive discussion, we merely point out that the numerical solutions 
have been obtained up to about wo/h = 3 for clamped and free edge 
rectangular plates under uniform loads. 

Timoshenko, Ref. (19), describes several and mentions other methods 
of solution to this problem and Prescott , Ref. (20), discusses an approxi¬ 
mate method of solution which he recommends. Wang, Ref. (25), 
describes a numerical finite-difference relaxation solution, but the labor 
involved in this procedure appears to prohibit wide application of this 
method. 

Merely for the purpose of rounding out this discussion, we list the 
fundamental equations for the large deflection theory and describe 
briefly the methods for solving them. 

The equations are 


d*w 2 d 4 w d 4 w q h jd 2 F d z w c 

dx 4 dx z dy 2 dy 4 I) 1) l dx 2 'ey 2 

(7-121) 

The first of these is essentially a compatibility of strain relation (see 
Ref. (19)), and the second is a balance of forces and eflects lat eral to the 
plate. In the above, all terms except F are as defined before, and F (a 
stress function) is defined by the median plane stress expressions'— 
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The solution of the problem requires finding w and F that satisfy 
Eqs. 7-121 and 7-122 and also the boundary conditions. Levy, Ref. 
(26), solved the problem by assuming q , w , and F as double Fourier 
series. Way, Ref. (27), solved the problem'by an approximate energy 
method which utilized assumed functions, u , v, and w satisfying the 
boundary conditions. He then set the variation of energy equal to 
zero and solved for the various undetermined deflection term para¬ 
meters. Hencky, Ref. (28), Kaiser, Ref. (29), and also Wang, Ref. (25), 
solved the equations in the form of difference equations. In conclusion, 
it may be noted that all three methods described above appear to check 
each other fairly well in the region where comparisons may be made. 

7-8 Another Nonlinear Large Deflection Thin Plate Theory. 5 

In Art. 7-7 the Karman large deflection theory was briefly discussed. 
It was noted that the Karman relations assume essentially that the 
large deflection causes membrane stresses in addition to bending 
stresses, and that the membrane stresses add terms to the small- 
deflection equation of equilibrium-of-forces in the lateral direction. In 
addition, a first-order large deflection compatibility condition is utilized 
so that two nonlinear equations in terms of transverse deflection and a 
stress function are obtained. 

We shall now describe a large deflection theory of a fundamentally 
different type. It will be assumed, essentially, that the large deflection 
is one which occurs without the development of membrane stresses. 
That is, a large deflection form of the bending deformation relation is 
obtained. The nonlinearity occurs in the second derivative of the 
deflection terms and arises as a consequence of the analogous behavior 
of a thin plate to that of an elastic body in general, as described in 
Art. 7-6. In a sense, therefore, the present analysis bears the same 
relation to linear, thin plate theory that the elastica (column) solution 
bears to the Euler column theory. 

It should be noted that in the theory to be presented the equations 
are given in terms of curvilinear coordinates (a, b) which define the 
deformed shape of the neutral (unstressed or inextensional) plane. 
These correspond to the Lagrangian coordinates of the analogous 
large deflection deformation elasticity theory. 

In Art. 7-6 it was shown (see Eq. 7-98) that an analogy may be made 
between the curvature tensor of thin plate theory and the strain 
tensor 77 of elasticity theory, the analogy being 



5 Sec the paper by the author “A specialized non-linear thin plate inextensional 
bending theory,” Journal of the Franklin Institute , Aug. 1962. 
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In elasticity (see Art. 4.2) the strain tensor is obtained as follows: 

We consider an element da, initially at (a, b, c) which in its deformed 
state becomes dx at (x, y , z) where 

x = a + w y = 6 +t 2 = c + ic (7-124) 

Thus, u 9 v, and w are the deformations. Then, a definition of the 
“state of strain” is the difference in squared length of the final, de¬ 
formed element from the initial, undeformed element (see Eq. 4-10) 
or (using for the unit matrix). 

state of strain = da+(J*J — &%)da (7-125) 

and the strain tensor is defined as 


1 = 


JV- <? 3 
2 


(7-126) 


tj is a nonlinear tensor and is shown in its expanded form in Eq. 4-17. 
Now, as noted above, in elasticity theory the deformation of the 
elastic body is represented by movements of particles in the body— 
these being (at any point) movements (u, v, it) in the (x, y , z) directions. 

In thin plate theory, conditions are fundamentally different in that 
the elastic body is a thin plate that deforms by assumption in accordance 
with the Bernoulli-Euler Theory—namely, a plane section of the plate 
before bending is assumed to be plane after bending. In view of these 
basic restrictions on the form of the structure, the deformations of the 
thin plate in the x and y directions are fully characterized by net move¬ 
ments of planes perpendicular to the x and y axes. That is, we may 
uniquely define at any point in the plate the deformation in the x 
direction as the quantity (A/2) (ciu'/ca) (see Fig. 7.7). Note particu¬ 
larly how r , in analogy to elasticity deformation and strain theory, it 



Fig. 7.7 
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follows that a measure of the unit strain in the x direction is just given 

by 


hr d / dw \I 
2Vda\da)\ 


(7-127) 


and, in a similar way, we may show the direct analogy and physical 
relation between all elements of the strain tensor i) and the curvature 
tensor in their 2x2 (i.e., x , y) forms. 

Therefore the quantities [(h\2)(cwjda) y (hl2)(dwjdb)\ play the same 
role in thin plate theory that (u, v) play in general elasticity theory. 

In other words, a “state of strain” expression for the thin plate can 
be developed just as was done for the elasticity problem, by noting that 
[(hl2)(dwlc)a), (hl'2)(c)ivlc'b)] is analogous to (u,v). 

With this fundamental assumption we can proceed in an identical 
manner in thin plate theory in deriving a state-of-strain equation as was 
done in elast icity theory. If this is done we obtain, finally, 

state of strain = (!&*{</* )da (7-128) 


where and are similar to J and J* except that (A/2)(du;/da) is 
used instead of u and (hJ2)(dwjdb) is used instead of v. 

Then, as was done in elasticity we define the curvature tensor by 


2 2 


(7-129) 


which in its expanded, nonlinear form is given by 
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(7-130) 


In view of the above and utilizing the postulated analogous three- 
dimensional forms as shown in Art. 7-6, one may derive a nonlinear 
thin plate theory entirely analogous to the Mumaghan nonlinear elasti¬ 
city theory (Ref. (16)). If this is done it is found that the governing 
relations and equations of this nonlinear plate theory are the following: 
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(a) The non-linear curvature tensor— 
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(b) The moment tensor— 
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(c) The equilibrium equations- 
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(d) Boundary conditions on moments, torques, and shears— 


or 
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(7-135) 


(e) Hooke’s Law, the nonlinear relation between the moment tensor 
and the curvature tensor (see Kef. (16) for an incompressible 
material— 


= /[(A lt /i^ 3 + 2,zi.3?) + (hSi* - 2m 1 J r 2 ) g* 

(7-136) 

+ + ni co 

Ai, /xi, Zi, mi, and 7ii are constants. 

./i and ^2 are the invariants of the tensor. 

(f) A set of six nonlinear curvature compatibility conditions of which 
one, typically, is given by (see Eq. 4-140) 


d 2 


(--) 

a*(-—) 

\ W 

\ r bb ! 


db 2 da 2 



b( 

A 


| *(- — 

) e( — -) 

\r a bl 

\ 

raa! \ 

, r bb / 

\ r aai 

' \ r bb J 

dadb 

- 

da 

da 

db 

8b 


M 

L' 

) 2*1 

f M d ( 

_M 

r aa > 

l r aa , 

\ r bb / \ 

r b bf 


db 



db 


da 


da 


(-—) o(J_) *(-L),(_-L) 

\ r aa i \r ab ! \ T a b I \ r bb 1 


da 


db 


da 


db 


(7-137) 


In addition to defining a postulated nonlinear plate theory, 6 the above 

6 The inextensional bonding theory of thin plates has been studied by various in¬ 
vestigators, the analysis generally being restricted to plates that deform to a develop¬ 
able surface. See Ref. (19). See also E. H. Mansfield and P. W. Kleeman, “A large 
deflection theory for thin plates: a theory based on the assumption of an inextensional 
middle surface of the plate,” i4irr. Enyrg. 27, 314, April 1955; D. G. Ashwell, “The 
equilibrium equations of the inextensional theory for thin flat plates”. Quart. J. Mech. 
Appl. Math. 10, 2, May 1957, and E. H. Mansfield, “The inextensional theory for thin 
flat plates,” Quart. J. Mech. Appl. Math. 8, 3, 1955. 
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equations are analogous to those of the Murnaghan three-dimensional 
nonlinear theory of elasticity, Ref. (16). Hence, solutions of the non¬ 
linear elasticity equations also correspond to possible solutions in the 
postulated nonlinear thin plate theory, and vice versa. It must be 
emphasized that the theory and relations presented in this article 
are postulated ones only. No solution to these are given and, in fact, 
there is no assurance at this point that solutions of physical interest 
exist. 

7-9 Summary. The fundamental equations for small deflection 
thin plate theory were derived using matrix arguments, and several 
simple solutions of these were given. Then, an analogy, based on a 
tensoral generalization, was developed between thin plate theory and 
elasticity theory. Finally, a brief discussion of Karman's large deflec¬ 
tion theory was presented, and another large deflection theory was 
derived, based upon the tensoral analogy between the nonlinear elasti¬ 
city equations and a postulated nonlinear thin plate theory. 


Problems 

1. One form of the basic beam equat ion is 

d 2 /d 2 w\ 

El -(- = q 

dx 2 \dxV 

in which El = stiffness 

w = deflection at any point x 
q = transverse loading per unit length 
An analogous equation occurs in plate theory. Obtain this equation by 
substituting the plate tensors for the corresponding linear terms given 
above, and by noting that g'/unit area in the plate equation is an invariant, 
so that the left-hand side also must contain only invariants. 

2. An alternate form of the beam equation is 

d 2 M 

q = lb* 

in which M is the bending moment at any point x. Obtain the analogous 
plate equation using the reasoning discussed in Prob. 1. 

3. The strain energy stored in a beam is given by 



Obtain the corresponding plate energy term by using the tensor generaliza¬ 
tion and the invariant reasoning described in Prob. 1. 

4. The strain energy stored in a beam may also be given by 




— M 2 dx 

2 EI J K L. 
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Obtain the corresponding plate energy using the argument of Prob. 1. 

5. The equation for the laterally loaded thin plate can be written in the form 

V2(V2m>) = — 


in which V 2 is the Laplacian operator. 

(a) Using the polar coordinate form of the Laplacian as given in Chapter 3, 
obtain the general form of this equation in terms of r , 6 . 

(b) For circular symmetry (i.e., equation independent of 0) show that this 
becomes 


1 d / d \ rl d / dw \l q 
r dr\ dr) r dr\ dr /. D 


(c) For q = constant, show that the general solution of this equation is 
qr A 

I)w =- h CV 2 (log r - 1 ) + C z r 2 4- C 3 log r + 64 

64 


(d) Using the curvilinear coordinate transformations of Chapter 3, obtain 
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(e) For a plate of radius a and thickness h without a central hole, show' 
that in the equation above Cj = C 3 = 0. If the plate is simply sup¬ 
ported at its outer edge, set up its boundary conditions in term of w 
and M TT , and prove that 


Dw = — qr 2 
64 
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(f) Show that the maximum bending stress (see Chapter 5) is therefore 
given by 
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Chapter 8 


THE EQUATIONS OF VISCOUS FLOW AND 
INTRODUCTION TO BOUNDARY LAYER THEORY 


8-1 Introduction. A viscous fluid is one in which viscous (shear¬ 
ing) forces may appear. This is different from the so-called perfect 
fluid in which shear stresses are assumed to he absent. In this chapter 
the equations governing the flow of any viscous, non-heat-conducting 
fluid will be derived. Obviously, this will degenerate to the perfect 
fluid equations if the terms pertaining to viscous fluids are permitted 
to approach zero. It will be found that for incompressible viscous 
fluids there will, in general, be four unknown quantities that must be 
determined at every point in order that the flow field be completely 
know'n. These are the three components of the fluid velocity and the 
pressure. This, in turn, requires that we have four independent equa¬ 
tions governing the flow of the fluid. These four equations are 

(a) One equation which is a statement of constancy of mass, the 
so-called continuity equation. 

(b) A statement of Newton s Law, which in vector form is 

F = ma (8-1) 


or which, upon equating components of the vectors, becomes 
three equations— 


F x = ma x 
F y = ma y 
F z = ma z 


( 8 - 2 ) 


These equations of Newton’s Law for the specialized viscous flow 
case are called the Navier—Stokes Equation. It was derived indepen- 
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dently by Navier (1827) and Stokes (1845) although Poisson and St. 
Venant had some influence upon its Anal derivation. 1 

8-2 The Continuity Equation. To derive the equation of con¬ 
tinuity, we consider a cartesian frame as shown in Fig. 8.1. 



Denoting the velocity components at any point by V = (u v w)> we 
consider the balance of mass flow which goes into the volume occupied 
by the differential element dx , dy, dz shown. 

Consider the face (1)“(D* There is a mass of fluid equal to (pu) dydz 
which flows into this face in each second. The density of the fluid is 
denoted by p. 

Similarly, at face Q)-@) there is an amount of fluid [p + (dpjdx) dx] 
[u + (du/dx) dx] dydz which flows out, and the net gain (for the x direc¬ 
tion) in the mass of the volume per second is given by 

Amount flowing in less amount flowing out 

/ dp \ / du 

= pu dydz — (p + —dx I (u H- 1 

\ dx / \ dx 

[ dp du\ 

= — ( u -b p — I dxdydz 

\ dx dx) 

Similarly, for the other two pairs of faces we And a net gain in mass, 
per second, given by 

dp dv\ 

v -b p —) dxdydz (8-4) 

dy dy) 

1 It must not be inferred that viscosity and heat-conduction are the only modifying 
effects to otherwise 1 ‘perfect fluids." Some other typical factors which must be consi¬ 
dered in special cases are magnetic effects, chemical reaction effects, nonequilibrium 
conditions, ionization and disassociation. Generally, the simplest problems occur in 
perfect fluid theory, and the inclusion of each added factor adds considerably to the 
complexity of the problem. 



I dydz 


(8-3) 
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and 




(8-5) 


or the total net gain in density (mass per unit volume) per second due to 
the fluid velocity is given by 


d(pu) d(pv) d(pw) I 

. dx dy dz J 


This must be balanced by a gain in the density of the fluid in the element. 
In the interval of time dt — 1 sec, the density of the fluid will increase 

by 


dt dt 


(8-7) 


Equating Eqs. 8-6 and 8-7, we obtain the equation of continuity in 
unsteady flow : 


dp d[pu) d(pv) (dpw) 
dt dx dy + dz 


(8-8) 


In vector notation this becomes 


^ + V • (pf) = 0 

Ct 


(8-9) 


Equations 8-8 and 8-9 hold for all compressible fluids. If the fluid is 
incompressible , then p does not vary and the equation of continuity 
takes the simplified form, 

( 8 - 10 ) 

which is valid even for a time-dependent flow. 


or 


V - V = 0 
du dv dw 

— -f--1-= 0 

dx dy dz 


8-3 The Navier-Stokes (N.S.) Equations. There are several 
methods of deriving the Navier-Stokes Equations. Fundamentally, 
they all assume, in addition to the usual assumptions of homogeneity 
and isotropy, the following (we list the assumptions first and then 
discuss them): 

1. Laminar flow. 

2. A linear relation between stress and time rate of change of 
deformation of the fluid. That is, it is assumed that Newton’s 
Law for one-dimensional laminar flow, 

du 
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is valid and may be extended to laminar flow for the general shear 
ease, 

/8u dv\ 

In Eqs. 8-11 and 8-12, t is the shear stress and /i is the viscosity. 

3. A definition of pressure as the mean value of the negative sum of 
the principal diagonal elements of the stress tensor: i.e., if p is the 
pressure, 

P = -i(<J*+cr y+a z ) *8-13) 


Discussion of the Assumptions 

1. Laminar flow. In connection with this assumption, it must be 
pointed out that in this chapter we are considering only laminar flow, 
as against the more complicated (and, in nature, more common) 
turbulent flow. We shall not go into a lengthy discussion of the differ¬ 
ence between laminar and turbulent flow. It will suffice to state that 
whether a flow is laminar or turbulent depends upon the magnitude of 
the Reynolds number—above a certain value for this number the flow 
is turbulent. 2 The equations governing laminar flows take a much sim¬ 
pler form and the solution of the laminar flow problem is much simpler 
than those for turbulent flow. The equations which we shall derive and 
all solutions which we shall give hold only for laminar flows. 

2. Linear relation between stress and time rate of change of deformation. 
Newton’s Law of Friction was derived by him in an improper manner. 
However, its theoretical justification may be proved by the kinetic 
theory of gases and it has been verified experimentally. As given by 
Newton, it takes the form 

du 

r = fi— (8-14) 

The extension of this law to the general case, i.e., the assumption that 
it takes the more general form 

/du dv\ 

t " ■ n% + to) (M * ) 

means in effect that the equations of solid elasticity for linear variation 
of stress and strain may be extended to the case of fluids with 

corresponding to G 

and with time rates of unit strain corresponding to unit strain. 

■ See Ref. (48) for a descriptive discussion of turbulent flows. In this text we use the 
symbol Nr to represent Reynolds number. 




EQUATIONS OF VISCOUS FLOW 237 

This last is so because (u, v , w) for the fluids are velocities (or time 
rates of deformation) whereas for solids they are deformations. 

Fluids which behave in accordance with the Newton assumption are 
called “Newtonian fluids.” Many fluids do in fact behave in this manner, 
among them water, mercury, petroleum, some molten resins and other 
so-called “simple” fluids. 

Many more fluids, however, do not behave in accordance with New¬ 
ton’s assumed linear relat ion bet ween shear stress and rate of deforma¬ 
tion. These are called “non-Newtonian” fluids and their behavior is 
studied in the broad field called rheology, the science of flow. Rheo- 
logists state, w r ith some justification, that “everything flows,” hence 
their field encompasses the study of everything. However, in the usual 
scientific manner, we can assume with sufficient accuracy a simplified 
behavior for many materials under actual conditions and solutions 
obtained for these cases, in fact, agree well with the observed pheno¬ 
mena. Thus we can consider (using the assumption ol a Newtonian 
fluid) problems in viscous flow as in this chapter and we can consider 
problems in plasticity theory as in Chapter 9. When these methods do 
not account for observed phenomena we must then resort to a more 
accurate (and generally more complicated) rheology theory. 

3. Pressure definition. In connection with the third assumption we 
note the following facts: It is known that the pressure at a point in a 
fluid is the same in all directions at the point. 3 In other words, the 
pressure is independent of direction (or an invariant). Also, the physi¬ 
cal dimension of a pressure is a stress. 

Now, in a perfect fluid (shear stresses absent) or in a viscous fluid at 
rest, the stress tensor becomes, for all axes, 


/Ox 

0 

°\ 


0 

Gy 

0 

(8-16) 

\ 0 

0 

Gzf 



In other w f ords, regardless of the axial orientation, it follows that 
(using the known invariants of this tensor) 

G x “I" Gy d ~ G z = G G y-*r G z = \ 

GyGz + G Z G X + G x Gy = G yG z + G Z G X + G X G y = K% > (8"I7) 

G X GyG z = G X G yG z = A 3 / 

and it may be shown (see Prob. 6 at end of this chapter) that these 


* This is essentially a postulate, a fundamental postulate of hydrostatics and hydro¬ 
dynamics. It was introduced by Euler and, based upon this simple assumption, the en¬ 
tire theory of fluid mechanics as we know it today has been developed. See in this 
connection Ref. (47). 



238 MATRIX-TENSOR METHODS IN CONTINUUM MECHANICS 


equations are satisfied only for 

Gx = Gy = Gg = G x = Gy— G g — K (8-18) 

Thus, for the perfect fluid or for the viscous fluid at rest, we have 
for the stress tensor 

0 0 \ 

(8-19) 


For this case the physical requirement that the dimension of the 
pressure be that of a stress, when combined with the requirement of 
invariance can be satisfied by taking 



P — —+ Gy + Gg) — — G x — — Gy — —Gg — —G 


(8-20) 


This definition is carried over into the general theory of viscous 
fluids. That is, pressure is defined as 


P= -b(°X+Gy + Gg) 


( 8 - 21 ) 


and this gives for p a quantity that (1) satisfies dimensional require¬ 
ments, (2) satisfies requirements concerning invariance, and (3) enables 
us to proceed with the mathematical development of the relations 
between stresses and strains for a viscous fluid. 

We now proceed with the derivation of the N.S. equations. 

It will be recalled from the chapter on theory of elasticity that there 
exists a deformation tensor given by (see footnote p. 91) 


( 8 - 22 ) 


in which (u v w) are components of a deformation. 

It may be shown in exactly the same way that a rate of deformation 
tensor occurs in fluid theory, this tensor being given by the same ex¬ 
pression as above, except that (u v w) are now components of a velocity. 
Then, recalling that if A is any tensor (see Eq. 1-31), 


f du 

du 

du > 

dx 

dy 

dz 

dv 

dv 

dv 

dx 

dy 

dz 

dw 

dw 

dw 

i dx 

dy 

dz i 


A + A* A —A* 
A = — + - 


(8-23) 


2 2 

where the first term on the right is symmetric and the second term is 
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skew-symmetric, we find that the rate of deformation tensor can be 
decomposed into two additional tensors, 


/ du 1/du dv\ \/du dw\ 
dx iU y + fa) 2\8z + dx) 



I 1/dw du\ l/dw 5v\ dw I 

\2\dx + dz) 2 Xdy + Hz) 8z ) 


which is a symmetric tensor, and 



which is a skew-symmetric or antisymmetric tensor. The rate of strain 
tensor is $ and the rotation tensor is Q. 

We have for the general viscous fluid 


a x + Gy + a z = —3 p 


(8-26) 


If the fluid is non viscous or if the viscous fluid were at rest, then, as we 
saw, 

Gx = CTy = ffz = —p (8-27) 

Therefore, it is logical to assume that it is the excess of these stresses 
over —p which must somehow be connected with the rate of strain pro¬ 
perties of the fluid. Also, for small strains, we assume the relation is 
one which may be approximated by a tangent or, in effect, we assume 
that this excess is proportional to the rates of pure strain dujdx, dvjdy , 
dw/dz , in a linear relation. This assumption is analogous to the one 
found to hold in solid elasticity for small strains. 

We assume, therefore, in view of isotropy and homogeneity, 

du / dv dw\ \ 
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which may be put in the following equivalent form (A and /x are cons¬ 
tants) : 



(du dv dw\ 

du 

a x = —p + A 


1+2 p— 


[dx dy dz) 

dx 


(du dv dw) 

dv 

Gy = -p + A 

— + ~ + T~ 

l+2 M — 


[dx dy dz) 

' dy 


(du dv dw) 

, dw 

— — J5 + AI 



\ 

[dx dy dz) 

dz / 


(8-29) 


It will be seen later that this assumed form of this equation is also 
consistent with Newton’s Law 


r xy — 



(8-30) 


Add the three equations of Eq. 8-29 to give 

X/du dv dw\ 1 

-3 P - -3 P + (3A + V )[(- + - + -)j (8-31) 

and because the term in the brackets is not, in general, equal to zero, 

A=-*fi (8-32) 


Therefore, from the first of Eq. 8-29, 


<*x = ~p — 



du dv dw\ 

— + — + — )+2 fl 

dx dy dz) 


du 

dx 


or, in vector notation, since 


V • V = div V 


du dv dw 
dx dy + dz 


(8 33) 


(8-34) 


the expression for a x becomes (note that g v and g z are given by similar 
equations) 


CFx = 


_ du 

-p- ImV • P+2p— 


(8-35) 


Now, the stress tensor is a symmetric tensor, and the rate of strain 
tensor (Eq. 8-24) is a symmetric tensor. Therefore, they may be put 
in diagonal form, and by inspection of Eq. 8-35 we may assume that 
these will occur in diagonal form for the same set of axes. The tensor 
expression for the relation between stress and rate of strain for a viscous 
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fluid, in diagonal form, becomes, therefore, 


( Ox o O' 
0 ay 0 

0 0 o Zt 


du 

0 

dx 


~(p + ■ V)E% +• 2/i 


0 


0 


dv 

— 0 
dy 

dw 

0 — 
dz i 


(8-36) 


If T = stress tensor, and <I> = rate of strain tensor, the general tensor 
equation which holds with respect to any set of cartesian axes becomes 

T = -(p + t/*V ■ r^a + ^/xO) (8-37) 

which represents nine equations, of which six are independent, three of 
these being the expressions for the generalized Newton Friction Law: 


T xy 



(8-38) 


plus two other similar expressions. 

Let us consider next a differential element of cube, Fig. 8.2, in which, 
for purposes of clarity, only the x components of the stresses are shown 



acting. The y and z components are similar and lead to an equation 
similar to the following and obtained from the following by cyclical 
interchange of the terms. Summing the forces shown in Fig. 8.2 in the 
x direction, we have 

Force = —- dxdydz + —— dxdydz -I—-— dxdydz (8-39) 

dx dy dz 
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or per unit volume, the total force acting on the element is 

F = (F x F y F t ) 
m td b 0 ' 

\dx dy < 

= divT 

Now 



T X y 

TXZ 

Tyx 

Gy 

Tyi 

Jzx 

T «v 

<*Z 1 


— 

du 


dx 


so that 


Also 


so that 


and 


so that 


and therefore 


da x 

dx 


dp 


F x = (V • V)+nV 2 u+p —(V • f) 

dx dx dx 


(8-40) 


(8-41) 


dp d - dhi 

(8-42) 

/dv du\ 

r„ - 

(8-43) 

dxyx / d 2 v dhi\ 

dy \dxdy dy 2 / 

(8-44) 

(dw du\ 

T “ - 

(8-45) 

dr zx 1 d 2 w d 2 u \ 

dz \dxdz + dz 2 / 

(8-48) 


(8-47) 


Then the general three-dimensional force F per unit volume is given 

by 

F = — Vp+-V(V • F)+ftV*F 
3 


(8-48) 
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and if we include a body force per unit volume equal to p§ , and apply 
Newton’s Law, 

F = ma 

to the differential fluid element, we find 

a T)V 

- Vp + -V(V • V ) + m V2 V + pg = P~~ (8-49) 

o Dt 

in which D V jDt is a total derivative, the so-called Stokes derivative of 
velocity, i.e., a derivative which includes spatial and time partial deri¬ 
vatives. Noting that p.[p = v, the kinematic viscosity, the equation 
takes the final form, the Navier-Stokes Equation, 

DV 1 „ „ 

— = ^__Vp + i/V 2 F + -?(V ■ V) (8-50) 

Dt p 3 

which is three equations, the first of which (x component) in cartesian 
form becomes 


du du du du 1 dp [d 2 u dhi d 2 u\ 

dt dx dy dz y pdx \dx 2 dy 2 dz 2 ) 

(8-51) 

v d /du dv dw\ 

+ 3 dx\dx dy dz) 

In the indicial subscript tensor notation (see Art. 2-6), the three 
Navier-Stokes equations become 


but dui 1 dp d 2 Uf v d /duj 

- 4 -'Ut - = Qi -— + v - 1 -— (- 

dt dxjc p dxt dx k dx k 3 dxi \dxj 


(8-52) 


in which Ut represents the velocity components (u v w). 

If the fluid is incompressible, div V = 0, and the above equations are 
simplified somewhat. 

The following is a summary of the chapter to this point: 

The equations governing the viscous laminar flow of a liquid are, for 
the incompressible case, four in number. These equations will be shown 
below in two forms, first the vector form, and secondly the tensor form, 
using the summation convention. 

(a) The equation of continuity, which is a statement of the conserva¬ 
tion of mass 

div F = 0 
dui 

— = 0 
dxt 



or 


(8-53) 
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(b) The Navier-Stokes Equation, which is a statement of Newton’s 
Law of motion 


DV 1 
-= g—Vp + vV 2 V 


dui But 1 dp d 2 Ui 

-1 -ujc -= g\ -h v - 

dt dxjc p dxi dxjcdxjc 

which is three equations, one for each component x , y , and z. Equations 
8-53 and 8-54 are four equations in terms of four unknowns, these 
being u , v, w and p. 

The starting point for all problems in incompressible, viscous, non¬ 
heat-conducting, laminar flow is with Eq. 8-53 and 8-54. See Ref. (21) 
for a detailed presentation of the subject of viscous flows. 


(8-54) 


8-4 Perfect Fluid Theory. We now present the equations which 
govern the motion of nonviscous, non-heat-conducting fluids—the so- 
called “perfect fluids.” These equations are obtained directly from 
those derived for the viscous fluid by simply setting the viscous effect 
equal to zero whenever it appears. Thus for the perfect fluid we have 

_ dui 

Continuity, div V = 0 or-= 0 (8-55) 

dX{ 


and the statement of Newton’s Law, which for this case is frequently 
called Euler’s equation, 


nV l 

m - ’-; Vp 


dui dui 

— +«*— = 9i 
dt dxfc 

1 dp 
p dxi 


(8-56) 


Although there are no perfectly nonviscous (and hence no “perfect”) 
fluids in nature, many fluids do have very small viscosity so that the 
nonviscous fluid theory may be assumed to apply in a major portion 
of the field of flow under consideration. See Ref. (22) for a detailed 
discussion of many of the topics which form “perfect fluid theory.” 
See Arts. 8-7 to 8-12 in this chapter for a brief discussion of boundary 
layers, a topic which requires an analysis of both perfect fluid and 
viscous fluid effects. 


8-5 A Simple Application of the Navier-Stokes Equation. 

Consider as a first example, the steady laminar flow in the x direction of 
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an incompressible fluid between two parallel walls, infinite in length, 
Fig. 8.3. We Bhall neglect gravity. 



For this case d/dt = 0 and v = 0, hence dvjdy = 0, and from Eq. 
8-53 it therefore follows that du/dx = 0, or u is independent of x. 

The first N.S. equation, Eq. 8-51, becomes 


dp d 2 u 
dx ^dy 2 


(8-57) 


and from the second one, dpjdy = 0. Since p is independent of y, it 
follows that dp\dx = (dpjdx) is independent of y 4 and therefore we can 
integrate Eq. 8-57 directly twice to obtain 

u = -(~)y 2 + Ay + B (8-58) 

2fL\dxJ 

which represents the general solution to the given problem. Now we 
must introduce the boundary conditions, which will permit the deter¬ 
mination of the constants A and B. (The pressure dpjdx is assumed 
given.) The boundary conditions introduce a most interesting compli¬ 
cation. Because there are two constants to be determined, we look for 
two boundary conditions, and from the form of Eq. 8-58 it is obvious 
that these must be statements concerning the value of u at the walls. 
Offhand, one would say that the problem is indeterminate in that w r e 
may have any value whatever at the wall. However, the difficulty is 
resolved if we introduce the so-called ‘‘no-slip* condition; that is, the 
requirement that the fluid particles just adjacent to the wall must, due 
to viscous effects, move with the velocity of the wall. This no-slip 


4 In fact, since dufdx = 0, or « is independent of*, it follows that tpfdx must be inde¬ 
pendent of x or must be an absolute constant. 
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condition is invariably assumed in the ordinary theory of laminar vis¬ 
cous flow. Only under very unusual circumstances is this condition 
relaxed, and then the problem is usually much more complicated. 

In the present problem, we assume first that the walls are stationary. 


(w)ft/2 = (w)-(A/2> = 0 

(8-59) 

and substituting in Eq. 8-58, we find 


“" £(D(» , -t) 

(8-60) 

which is a parabolic distribution of u. 

(w)max occurs at y = 0 and is given by 


1 / dv\h 2 

- ~d£h 

(8-61) 

The shearing stress is given by 


du idp\ 

r= %- U y 

(8-62) 

and (t )rna X j which occurs at the wall, is given by 


( M )max 

( T )max — ^ 

(8-63) 

We define a skin friction coefficient Cf by 


q _ l T max| 

ipw 2 max 

(8-64) 

Therefore 

8u 8 

C f = = 

ftpWmax Nr 

(8-65) 


where Nr is the Reynolds number based on M max and ft, and the impor¬ 
tant fact results that Cf ~ 1 /Nr. It will be found in all cases in which 
the solution requires a balance of viscous and pressure forces only 
(inertia forces neglected), that Cf ~ llN r. 

The flow considered in this article is “plane Poiseuille flow.” 

Problems connected with movement of the walls are given at the 
end of this chapter. 

8-6 Viscous Flow Equations in Cylindrical and Spherical 
Coordinates. In many problems, the boundary conditions are such 
that the differential equations in rectangular form are all but unsolvable. 


EQUATIONS OF VISCOUS FLOW 


247 

In general, if the boundaries are straight lines, a rectangular cartesian 
form is preferred. If, on the other hand, the boundary is circular, 
spherical, elliptical, or other, curvilinear coordinates will simplify the 
solution of the problem. 

The equations for the viscous flow problem will be put in cylindrical 
and spherical form using the methods discussed in Chapter 3, Curvi¬ 
linear Coordinates. 

The equations of viscous compressible flow arc, in vector form, 

dp 

Continuity —+V • (p?) = 0 (8-66) 


N.S. equations 


DV _ 1 ^ v 

— = 17— Vp + vV 2 V + -V(V • V) 
Dt p 3 


(8-67) 



Fig. 8.4 


In cylindrical coordinates, (r, <£, z), Fig. 8.4, we have (see Art. 3-5) 
(hi h% ha) = (1 1/r 1). Note that we use r instead of p. 

It was shown that in curvilinear coordinates (see Art. 3-7), 


_ l l 

div(pF) = {pui) r + -(p«i) + -(pvih + (pm)z 
r r 


( 8 - 68 ) 


where the subscripts represent differentiation. 

From this it follows that the continuity equation becomes, in cylindri¬ 
cal coordinates, 


dp d(pu\) 
dt dr 


i ia N 

+ -(p“i) +-rr - 


T 



+ 


d(pwi) 

8z~ 


= 0 


(8-69) 
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To obtain the N.S. equation in cylindrical coordinates, we note that 
the various terms of Eq. 8-67 may be analyzed as follows: 

Consider first 


DV dV _ _ 

— = — +P ■ vP. 

Dt dt 


(8-70) 


The first term on the right becomes, in terms of the cylindrical com¬ 
ponents, 


(dui dv\ dwi) 
l dt dt dt ) 


(8-71) 


The second term is the product (this may easily be verified by expand¬ 
ing the expressions) 


(8-72) 


du 

dv 

dw 

dx 

dx 

dx 

du 

dv 

dw 

dy 

dy 

dy 

du 

dv 

dw 

dz 

Tz 

dz 


which becomes, in cylindrical coordinates (see Eq. 3-79), 

f du\ dv\ ()w\ \ 

dr dr dr 

1 du\ ?’i 1 dvj uj 1 dw\ 

(*i w; i) --tv --+ - - - —r 


dv i 

dw\ 

dr 

dr 

! Ui 

-+. 

r 

1 dw\ 

r d<f> 

dv i 

dwi 

~dz 

dz 


(8-73) 


Therefore, the second term of Eq. 8-70 becomes, in cylindrical coordin¬ 
ates, 

( bu\ v\ bui 'du\ cvi v\ bv\ u\V\ bi'\ iw\ Vi L'wi tii'i\ 

Ul—+ —-- + W1-— M1--+- --4 -1 WI-- Ml ■;-■ + —■ «>1'— ) 

or r cd> r cz dr r c'd> r cz vr r cz / 


Next consider Vp. In cylindrical coordinates this becomes (see Eq. 
3-43) 

/dp 1 dp dp\ 

\0r r d<f> dz) 


(8-75) 
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The term V 2 P (see Prob. 12, Chapter 3) is shown as a column matrix: 

d 2 u\ 1 dux 1 dhii d 2 Ui 2 dvi 1 
+ -— 4— — + — --- u i 


dr 2 r dr r 2 d<f > 2 dz 2 r 2 d<f) r 2 


5 2 ui 1 1 (? 2 vi 5 2 t’i 2 dw\ 


dr 2 r dr 


dz 2 r 2 d<f> 


r - 
r 2 " 


d 2 wi 1 dwi 1 d 2 ^ d 2 w,’i 

dr 2 r dr r 2 d<f > 2 dz 2 

Finally, the term V(V • f) becomes (see Eq. 3-43) 

I*/ */\ 


(8-76) 


with (see Eq. 3-68) 


rl IjL 1 ) 

\dr r d<f> dz) 
du\ u\ 1 dv\ du'i 

f = T + ” + 'H + T' 

dr r r d<p dz 


(8-77) 


(8-78) 


or, showing V(V • P) as a column matrix, 


(d 2 U\ U] 1 du\ 
-- + - 


V(V • P) = 


1 dv ] 1 d 2 vi 

-4- 


d z W] \ 


dr 2 r 2 r dr r 2 d<f> r d<f>dr dzdr 

1 d 2 wi 1 duj 1 d-v i 1 d 2 w\ 

r drd(f> r 2 d^> r 2 ()<j>~ r d<f>dz 

d 2 u\ 1 du\ 1 d 2 ?>i d 2 w\ 

-1--j-j-- 

drdz r dz r d<f>dz dz 2 


(8-79) 


Combining Eqs. 8-71, 8-74, 8-75, 8-76 and 8-79, we obtain finally the 
three Navier-Stokes equations in cylindrical coordinates, 


du\ du\ v\ du\ v\ 2 du\ 

- VU\ -1-i W\ - 

dt dr r d<f> r dz 


1 dp /d 2 U\ 1 dui 1 d 2 u\ d 2 ui 2 dv\ U\ \ 

= gT ~pfr +v \frz~ + r~fr + 

d 2 W\ \ 

dzdr / 


■Km 


d 2 U\ u\ 1 dui 
r 2 r dr 

dv i 


1 dv\ 1 d 2 V\ d 2 W \' 

r 2 d^ r d<f>dr 


dv i dvi vi ctoi wj vi 

-4 Ui -4--7 4-4 W\——- 

dt dr r d<f> r dz 


1 dp 
pr d</> 


9* zj + v \ At-2 + 


/ d 2 v i 
\~dr^ 


1 dv i 1 

4 — 


0 2 Vl 


r dr f 

v/1 d 2 u\ 1 du\ * 
}\r drd<f> r 2 d<f> r 


d 2 v i 2 dw>] Vi \ 
dz 2 r 2 dd> r 2 ) 


d<f> 

1 d 2 vi 1 d 2 w?i \ 


■2 d</> 2 + r d<f>dz 


) ) 


(8-80) 


( continued ) 
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dwi dw\ v\ dw\ dwi 

-+Ml-H-1- Wi - 

dt dr r d<f> dz 


1 dp 

= to—jr + *\- 
p dz 


/d 2 Wi 1 dw\ 1 dw\ 


\ dr 2 r dr 


d<f> 2 


d 2 w \ > 


+ - 


y/ d 2 u\ 1 du\ 1 d 2 W\ 

\drdz r dz r dtf>dz dz 2 


\ 


(8-80) 

continued 


/ 



! — velocity parallel to r 
= velocity parallel to rd$ 
w x = velocity parallel to r sinO d$ 


Fig. 8.5 


For the spherical coordinates, as shown in Fig. 8.5, we proceed as for 
the cylindrical coordinates. In this case we have 

u\ = velocity parallel to r 

i?i = velocity parallel to rdd 

wi = velocity parallel to r sin 6 d<f> 

Thus, for this case (see Eq. 3-03), and note we are now taking the 
elements in the order (r, 6,<f>) 

(hih 2 h 3 ) = (1 1/r 1/rsind) (8-81) 


and (see Eq. 3-09) 

2 . , ' 0(p»i) cote 1 S(pwi) 

dlv(pV) = — + -(pU!) + +- {p® 1 ) "1 ; — 7"7 

dr r r dd r r sin 0 d$> 

(8-82) 

and therefore the continuity equation becomes 

dp d(pui) 2 1 d(pv i) cot0 1 d(pwi) 

^+-7-+-(p«i)+--^+— pvi+— t0 ^rr = 0 < 8 ' 83 > 

dt dr r r dd r r sm 6 d<j> 

Referring to Eq. 8-67 and considering this equation term by term, 
we obtain the following expressions in spherical form: 


dV 

dt 


/dui 

dv i 


\ dt 

~dt 

~bt) 


(8-84) 



EQUATIONS OF VISCOUS FLOW 


251 


The product is V • VP: 
r dui 

nr 

(ill v\ w\) 1 dui vi 

r~d6 r~ 

1 du\ wi 


1 dv\ u\ 
r 00 + r 
1 dv\ cot 8 


\ r sin 6 3<f> r r sin 0 3<f> 


1 dwi u\ cot 0 v\ 

—:— n ~Z7 ^ H- 

rsm0 dtp r r l 


Therefore, P ■ V P becomes, in spherical coordinates (showing this as a 
column matrix), 

du\ Vi du\ v\ 2 W\ du\ W\ 2 

U\ -1--f-- 

dr r 38 r r sin 0 3<f> r 

dv i vi 3vi UiVi Wi 3v i cot0 


u i — + — 

3r r 


38 + r + r sin 8 3<f> 


3wi Vi dwi w\ 3wi WiU\ V\Wi 

Ui -H-1-1-l-cot0- 

{ 8r r 38 rsm0 3<f> r r 


The term Vp becomes in spherical coordinates 

Vp-Bl* _!_a 

\3r r 30 r sinfl 3<f>! 

The term V 2 F (in column matrix form) is 


(8-87) 


dhix 

2 

i 

dux 

1 

d*ui 

cot 0 

1 

0Ui 

1 02ui 

2ui 

2 0t?i 2 cot 0ui 

2 

0tUl 

dr 2 

+ “ 

r 

~fr + 

~r* 

ee* 

r 2 


sin 2 0 dif> 2 

r 2 " 

r 2 00 r 2 

r 2 sin 0 

0* 

d 2 vi 

2 

_L _ 

dv\ 

__L. 

1 

(fivi 

cot 0 

0vi 

_.L._ 

1 d*V X 

2 0Kj 

cosec 2 0 2 cos 0 0wi 


dr 2 

i 

r 

dr + 

r 2 

00 2 

+ r 2 

00 T 2 

1 sin 2 0 84> 2 

+ 7* Is 

r 2 Wl r 2 sin 2 # 



2 

dw\ 

1 

l 

cot0 

dw\ 

1 dhv 1 

2 

dui 2 cos 0 0ri 

CO8GC*0Wl 

dr* 

4— 

r 

*1r” + 

r 2 

002 

+ ~ 

~di + i* 

ain a 0 dif> 2 

r z sin 0 

0^ +r 2 sin 2 0 0^ 

r 2 

) 


and finally, the term V(V • P) becomes 

iV 1 »f 1 


(W 1 V 1 gf\ 

\£r r 38 r sin0 3<f>) 


3ui 2ui 1 dvi cotflvi 

f = —- +-+-+-+ 

J dr r r 30 r 


1 dwi 
rsin0 3<f> 


(8-90) 
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1 chi’i} 
d<f> r sin 0 drdd 
n 0 cosec 0 &w\\ 
~~r 


(8-91) 

Combining Eqs. 8-84, 8-86, 8-87, 8-88 with Eq. 8-91, the three N.S. 
equations are obtained in spherical coordinates as shown in equation 
{8-92), on p. 253. 

8-7 The Boundary Layer Problem—Introduction. The num¬ 
ber of exact solutions of the equations of laminar viscous flow is very 
small. One example was given in a previous section, and several others 
are given as problems at t he end of this chapter. 

A problem of considerable practical importance occurs in airplane, 
missile, and spaceship wing or body theory. According to the perfect 
fluid theory, no “drag” or force opposing the motion should occur when 
a body is moving through air at a constant velocity. However, there is 
a very definite drag force present as even the simplest test w'ill indicate. 

The Prandtl-Blasius solution of the viscous “boundary layer” equations 
is the starting point for determining these viscous forces. In this sec¬ 
tion the laminar boundary layer theory will first be described on a 
purely physical basis. The form which the N.S. equations take based 
upon the Prandtl theory is then developed, and finally the Blasius 
solution of these equations is given in some detail. The chapter closes 
with a short discussion of various “boundary layer” effects in the 
general field of applied mechanics. Sec Ref. (23) for a more detailed 
discussion of boundary layer theory. 

8-8 General Discussion of the Boundary Layer Effect. It is 

known that air has very small viscosity. Also, a theoretical solution for 
an airfoil based upon perfect fluid theory (nonviscous fluids, see Art. 

8-4) can be obtained, and tests indicate that at some distance aw r ay from 
the airfoil (neglecting separation effects), the flow' conforms fairly closely 
to that predicted by perfect fluid theory. Prandtl, in setting up the 
problem for the wing moving in air, assumed that the fluid (i.e., air) 
has small viscosity. Blasius, in solving the problem, sought a solution 
that at a short distance away from the wing was essentially a perfect 
fluid flow. In other words the problem becomes one in which the effect 
of viscosity is concentrated in a narrow' region close to the wing (the 


or (as a column matrix) 
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boundary layer), and outside this region the flow is, for all practical 
purposes, nonviscous. 


8-9 The Prandtl Laminar-Flow Boundary Layer Equations. 

The fluid is assumed incompressible; then the two-dimensional N.S. 
equations (see Eq. 8-54) become (neglecting gravity), 

du du du l dp /d 2 u d 2 u\ 

dt dx dy p dx \dx 2 dy 2 / 

dv dv dv 1 dp [d 2 v d 2 v\ 

dt dx dy p dy \dx 2 dy 2 ) 

and continuity becomes (see Eq. 8-53) 

du dv 

- 1 -- 0 

dx dy 


(8-93) 


(8-94) 


Prandtl then assumed v very small (or the Reynolds number, uljv, very 
large) and, by applying an order-of-magnitude analysis, as indicated 
in the following discussion, he simplified these equations to the point 
where they were later solved by Blasius. 

For a flat plate, as shown in Fig. S.6, u and v are zero at y = 0. 
8, the boundary layer thickness, and all distances y in the boundary 
layer (as we shall see) are very small. The value of u at the point y = 8 
is taken as u\, the free stream velocity, which we shall assume is uniform 
at x = — co. We assume that 



(8-95) 


where the symbol O(AjB) reads “order of magnitude of A over B." 

We shall obtain nondimensional (i.e., absolute value) forms of the 
basic equations, Eqs. 8-93 and 8-94, in terms of (a) the free stream velo¬ 
city ui and (b) the distance, l , along the plate. Furthermore, we shall 
assume 



v 1 


(8-96) 


Then Eq. 8-94, the continuity equation, becomes 
djujui) d(v)u i) _ 

W) + d(y/l) " 


(8-97) 
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so that we require 




(8-98) 


(8-99) 


The first N.S. equation, Eq. 8-93a, becomes, 

d(u/ui) u d(u/ui) v d(u/u i) d(plfyu,i 2 ) 

d(tjl) u\ + ui d(x/J) + u\ d(yjl) 0(rc/i) 

( 8 -< 

v r d 2 (u/ui) d 2 (ului)l 

+ u x l L d(x/l ) 2 + d(y/l ) 2 J 

Note that the order of magnitude of the second term in Eq. 8-99 

u dlului) 

-(8-K 

u\ d(x/l) 


( 8 - 100 ) 


is unity. This term will be retained in the equation. Hence, since we 
want to retain the pressure term, we require that 


°(^) - °(r) ■ unity (8,0,) 

Also, by inspection of the last term in Eq. 8-99, we see that, since 

-4 « 1 ( 8 - 102 ) 

U\l 

we will have a viscosity contribution (which is certainly necessary if 
we are to solve a viscous flow problem) only if 

°(r)‘ - °(t) (8 - 1M) 

and we see therefore that y (and all distances in the boundary layer) 
are very small compared to l. Hence, from Eq. 8-98, v is very small 
compared to u\. 

The second N.S. equation becomes, in nondimensional form 

d(vfui) u d(vlui) v d(vjui) d(plpu l 2 ) 

d(tll)ui + ui d(x/l) + ui d(yll) d(yjl) 

(8-104) 

d 2 (vlm)\ 

+ WiZ\ d(xll ) 2 + %/Z ) 2 ) 

or 


°(f) + 0 (r) + 0 (r) - °[ £ ^r] + 0 [(r) 1 + 0 (r)] <8 - 106) 
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from which, at most 


0 



(8-106) 


and this is a higher-order infinitesimal, so that dpjdy may be taken as 
a lower order of magnitude than dpi dx and may be neglected. In other 
words, the pressure is assumed constant along a line normal to the plate. 
Thus, Eqs. 8-93 and 8-94 become, in the Prandtl boundary-layer form 


du du du 1 dp d 2 u 

\ 

-h u -h 1} — =-f- V - 

dt dx dy p dx dy 2 

( a ) 

0 = 0 

(b) 

du dv I 

-h— = 0 

(c) 

dx dy 

) 


(8-107) 


Also, at the junction of the boundary layer and the free stream, the 
equation corresponding to Eq. 8-56 becomes 


dui diii 1 dp 

di dx p dx 


(8-108) 


Now a stream function. ip, is introduced, defined by 

dip di/j 

u = — v — - 

dy dx 


(8-109) 


Thus continuity Eq. 8-107c is satisfied and Eq. 8-107a becomes 
aV dip d'ty dip d**p d*ip dm dm 

-1--= v --|-f- ii\ - 

dydt dy dxdy dx dy 2 dy 3 dt dx 


( 8 - 110 ) 


in which Eq. 8-108 was used. The boundary conditions are 
dip 

— = 0 at y = 0 

% 

dip 

— = 0 at y = 0 * 

dx I 


( 8 - 111 ) 


— = m a t y -> oo | 

dy / 

Equations 8-110 and 8-111, derived by Prandtl. Ref. (30), in 1904 are 
the general boundary layer equations. 
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In 1908, Blasius, in hia doctoral dissertation, Ref. (31), gave the first 
solution to this equation for a specific problem. He assumed 

1. Steady flow, or d\dt = 0; 

2. dpjdx = 0 or 8u\ldx = 0 (see Eq. 8-108). 

and he considered a flat plate. Then Eqs. 8-I07a and 8-109 become 


or 


with 


du du 

d 2 u 


u -h v — 

= y - 


dx dy 

dy 2 


difi d*t 

dift d*f 

d 3 if) 

dy dxdy 

dx dy 2 

v ~w 


d*ft 

— = 0 at y = 0 
dy 

ddt 

— = 0 at y = 0 

dx 9 

dif, 

— = U\ at y —>■ oo 

dy ' 


( 8 - 112 ) 


(8-113) 


and the problem of the boundary layer flow for a flat plate will be solved 
if a function ifi can be found which will satisfy Eq. 8-112 and the boun¬ 
dary conditions of Eq. 8-113. 

Eq. 8-112 is a partial differential equation, and although some partial 
differential equations can be solved by more or Jess formal methods— 
such as separation of .variable, or assuming in Eq. 8-112 that 
ift = JC(#)T(y)—in general, the solution of a partial differential equa¬ 
tion subject to given boundary conditions is extremely difficult. This 
is particularly so in the above problem. A tremendous simplification 
would be introduced if there were some method for transforming the 
above equation into an ordinary differential equation, since the theory 
of ordinary different ial equations is much more simplified and advanced 
than the theory of partial differential equations. 

It was toward this end that Prandtl introduced a decisive step. 
He saw that if the following change in variable is introduced 


V 



1/2 

y 


l/j = (vuix) Vi f(t)) 


(8-114) 


then Eq. 8-112 and the boundary conditions of Eq. 8-113 can be given 
in terms of/, where/ is a function of ?/ only. In other words, the partial 
differential equation can be transformed into an ordinary differential 
equation. 
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We verify this as follows: From Eq. 8-114, 

dift df drj 

u = ^= l"»*) v *TT 

dy dy dy 

u V 

=\ui— 
arj 

ddt df dri 1 [U\v \ 

t’= -/= -Ml”—-: — 

ox drj dx 2\ x / 

1/Ml v\W/ df \ 

2l x ) Vdr, f ) 


1/2 \ 

/ 


and 


du d 2 f drj 

dy ^dr? dy 


_ «1 /Ml \ 

“ T W 


1/2 d2/ 
drj 2 


£m d 2 / drj 

dx ^ drj 2 dx 

1 mi d 2 / 
4 ~aT^ di] 2 


dhi u\ /u 

1 \ l/2 drj Ml fV 

■l\d 3 f 

dy 2 _ 4\v 

x) drj 3 dy 8 \v 

ddr? 


(8-115) 


(8-116) 


Substituting the above in Eq. 8-112 and denoting differentiation with 
respect to rj by primes, we obtain 

(8-117) 


or 

/"'+//" = 0 

And the boundary conditions, Eq. 8-113, become 

/' = 0 at rj = 0 (a) 

/ = 0 at rj = 0 (b) 

/' = 2 at rj oo (c) 


(8-118) 


(8-119) 


Blasius solved this problem by obtaining two separate solutions: (a) 
one solution which holds for small values of rj and (b) one solution which 
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holds for large values of rj ; and he equated these solutions at an arbi¬ 
trary boundary point to obtain a single solution which held for both 
small and large values of rj. We shall describe another method of 
solution due to Topfer, Ref. (32). 

In this method we assume that / can be given in series form 


/ = 




C^ctrj 2 

~2T 


C377 3 C417 4 


Csafirj* 

~ 5! + 


( 8 - 120 ) 


The boundary conditions of Eq. 8-119 require that Co = C\ = 0 . 
Then substituting Eq. 8-120 in Eq. 8-118 and setting the coefficient of 
each power of 77 equal to zero, we find 


C2 2 oc 2 -I- C^a 2 = 0 
C 3 = 0 

C 4 = 0 


C% + 


C2C30L C^C^x. 
2! + 3! 


= 0 


\ 




( 8 - 121 ) 


and if we take /"( 0 ) = a (which merely sets the scale or datum for the 
C values), then C 2 = 1 , C 5 = — 1, C® = 0 , C 7 = 0 , C s = 11 , etc., and 
Eq. 8-120 becomes 


a? 1 2 afirf llapTjS 375a 4 i7 i;L 

2! 5!~ + 8 ! 11! 


(8-122) 


and the problem is solved if we determine a. 

Now, if F(tj) is this equation when a = 1 , then as may be verified by 
substitution 


/ = aW( a i/3^) 


(8-123) 


and 


df dFla. 1/3 -n) dF( v ) 

lim/' = lim — = a 2 / 3 lim --— = a 2 / 3 lim —--(8-124) 


v ^dr) d( a 1 ' 3 ^) 

Now, from Eq. 8-119c, Eq. 8-124 becomes 


m-n) 

*2/3 lim = 2 


or 


17 -* 00 


dr) 


(a) 

(b) 


(8-125) 


limE'(Tj) 

7j->ao 

Equation 8-125b may be solved by numerical methods by evaluating 
F'(i j) for various values of ij starting at 77 = 0 and continuing until 
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F'(r)) is constant to a sufficient approximation. If this is done, it is 
found that 


a = 1.328 


(8-126) 


Having a, we can determine the drag force on the plate due to the boun¬ 
dary layer. For, from Eq. 8-116, 


du 

dy 



and at y = 0, see Eq. 8-122 


du 

dy 


\v.Ui 



1/2 


so that the shearing stress at the plate is given by 


du 


T 



= iocptti 



(8-127) 


(8-128) 


(8-129) 


Note that in this equation, at x = 0, r oo. This is a reflection of 
the fundamental requirement that the solution holds only for Nr very 
large—hence it does not hold near the leading edge of the plate. 

To obtain the drag force on a plate of width b and length Z, integrate 
Eq. 8-129, noting that the shear stress acts on both sides of the plate to 
obtain 


Drag = D = 1.328&\//*/>Zmi 3 
The dimensionless drag coefficient Co, defined as 

D 


C D = 


\pui*A 

(in which A is the “wetted area” or 2 bl), is then given by 

1.328 


C D = 


Vn r 

where N R is the Reynolds number based on u\ and l. 


(8-130) 


(8-131) 


(8-132) 


8-10 Summary of the Prandtl-Blasius Boundary Layer 
Solution. 

(a) The boundary layer effect was first discussed in purely physical 
terms. 
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(b) The Navier-Stokes Equations were then modified in accordance 
with Prandtl’s boundary layer development. 

(c) The Blasius form of the Prandtl equations were then obtained. 

(d) These equations were solved using Topfer’s method. 

(e) The shear stress, drag force, and drag coefficient for boundary 
layer effects were then obtained for a flat plate of length l and 
width b. 

8-11 The Thickness of the Boundary Layer. In the previous 
section, the boundary layer equations were solved for a given case, the 
infinite flat plate. It was pointed out that PrandtTs original hypothesis 
was that viscous effects were important only in the narrow boundary 
layer, and that outside of this layer the flow is essentially nonviscous. 
The question then arises, “How thick is the boundary layer?” 

Referring to Fig. 8.6, it is seen that there is no actual boundary line 
between the viscous and nonviscous portions of the field. In fact, vis¬ 
cosity is theoretically effective throughout the entire region of flow. 
But, as can also be seen from Fig. 8.6, practically, the effect of viscosity 
is negligible at a small distance from the plate. The determination of 
the “small distance” is our next task. 



One definition of 5, of course, is the distance from the plate at which 
the velocity is very nearly equal to the undisturbed free stream velocity 
u\; for example, 

u 

— = 0.99 

Ui 

or other similar value. This means (see Eqs. 8-115 and 8-122) consider¬ 
ing only the first term of the series, 

u 1 df (<xtj) 
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and, from Eq. 8-114, 


y-S- 2 ,(-) 

2(0.99)(2) 

1.328 W/ 


= 2.986 


ir J 


(8-134) 


(If more terms in the series had been used it would be found that the 
value of the constant in the above equation would be 5.0 instead of 
2.986; see Ref. 23.) 

The above definition of boundary layer thickness is a numerical one. 
In many problems dealing with boundary layers it is more convenient 
to define a boundary thickness based upon either of the following con¬ 
siderations : 

(a) kinematical considerations, i.e., mass flow or streamline distor¬ 
tion considerations. This is called the “displacement thickness” 
and is usually designated 5*. 

(b) dynamical considerations, i.e., momentum considerations. This 
is called the “momentum thickness” and is normally designated 9. 

As shown in Fig. 8.7, 5* is essentially a measure of displacement of 
the streamlines due to boundary layer effects. It is connected with a 
defect in the mass flow, and we can define it physically in two ways, 
both of which are kinematical (geometrical) definitions. 

1. 3* represents the deflection of a streamline at infinity, Fig. 8.7a. 

2. 8* is a thickness such that rectangular mass flow through it is 
equal to the mass defect of the variable velocity flow, Fig. 8.7b. 

Then we have, from (1) or (2) above 


or 


/• oo 

(p u iy)y-,oo = pu 1 (y + 8*)y^ a >-p (ui-u)dy 

J o 

r 00 / u \ 

S*= 1- )dy 

J o \ ^1/ 


(8-135) 


This may be evaluated by numerical means, using Eqs. 8-115 and 8-120, 
and it gives 

/ vx \ 1/2 

8* = 1.721^— J (8-136) 


The momentum thickness 9 may be defined as the t hickness of a layer 
of fluid of velocity u\ whose momentum flow is the same as that of the 
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Fig. 8.8 


defect in momentum in the actual boundary layer. Or (see Fig. 8.8) 
( puiy)u i = pui(y + d)ui- /: p(u\—u)udy | 


or 


r°° u / 

i--) 

J 0 Ui \ 

Ml/ 


(8-137) 


and if this expression is integrated numerically, we find 

/ vX\l / 2 

0 = 0.664^—j 


(8-138) 


Summarizing the definitions of boundary layer thicknesses, we 
defined three different boundary layer thicknesses: 

1. a numerical definition in which the boundary layer thickness is the 
width to a point at which the velocity is some arbitrarily assigned per¬ 
centage of the free-stream undisturbed velocity. 

2. a kinematical definition, 8*, this being essentially the deflection of 
a streamline at infinity. 

3. a dynamical definition, 0 , this being a thickness based upon 
momentum considerations. 

Numerical values for the three thicknesses were obtained. 
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8-12 The General Occurrence of Boundary Layer Type. 
Solutions in Applied Mechanics. 6 It will now he shown that the 
typical “boundary layer ' 1 type of behavior occurs in other fields of 
applied mechanics. By “typical boundary layer behavior,” we assume 
essentially the following action: 

(a) The equations governing the phenomena contain a parameter 
which is very small. 

(b) For this parameter equal to zero , a certain solution to the equa¬ 
tions is obtained. 

(c) For this parameter very small a solution is obtained which is the 
same as the solution for case (b) except in a narrow region within 
which there is a rapid change of a significant field quantity. 

For example, in the case of viscous flow, the Euler equation for 
nonviscous, non-heat -conducting flow in two dimensions (see Eq. 
8-56) is 

du du 1 dp 

u— + v— = -- (8-139) 

dx dy p dx 

and may be interpreted as a balance of inertia and pressure forces. 

The Navier-Stokes equation. 

du du 1 dp 

u - hr — -fi fi 2 u (8-14-0) 

dx dy p dx 

is a balance between inertia, pressure, and viscous forces. 

Prandtl’s boundary layer theory assumes that in Eq. 8-140 

viscous effect 

-->0 (8-141) 

inertia effect 

or that the Reynolds number Nr is very large. This leads to the boun¬ 
dary layer solution previously obtained and holds for very small values 
of viscosity v, provided the length parameter in the Reynolds number 
is also not small. 

Equations such as Eqs. 8-139 and 8-140 are typical of those which 
lead to boundary layer effects. It can be shown that if the parameter 
that multiplies the highest term of the differential equation approaches 
zero (i.e., if v -> 0 above), then the solution to the equation approaches 
the solution corresponding to the equations for v = 0 (Eq. 8-139 above), 
except for a narrow region within which there is a rapid transition of. 
in this case, velocity. And this narrow region is the boundary layer. 

<' Most of tlir material covered in thin section appeared in a paper k ‘A Note on 
Boundary Layer Type Solutions in Applied Mechanics" in the April is.-aie of the 

Jour nut of Aeronaut icot Science*. 
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The phenomena are dependent upon the number of boundary condi¬ 
tions required for a unique solution to a partial differential equation. 
Thus, Eq. 8-140, being one order higher than Eq. 8-139, requires an 
additional boundary condition, the no-slip condition. For v 0, one is 
tempted to neglect the last term of Eq. 8-140, but if this were done the 
order of the equation would be lowered, a boundary condition would 
be lost, and the solution (at least in the neighborhood of the boundary) 
would differ from the no-slip solution; or, in effect, we would not obtain 
the boundary layer in the solution. It would seem, therefore, that a 
fundamental requirement for the type of boundary layer action con¬ 
sidered herein is what may be called a 1 ‘singularity in the boundary 
condition”—that is, the requirement of an entirely new boundary con¬ 
dition because of the inclusion of the extremely small term in the field 
equation. Furthermore, it would seem that a physical description of 
the boundary layer phenomenon can be given in terms of “ratio of 
effects” approaching zero as was done in the case of the viscous fluid 
boundary layer, Eq. 8-141. 

Several boundary layer solutions in which the form of the differential 
equation is similar to Eq. 8-140 have been discussed. Taylor and Maccoll 
Ref. (33), in their analysis of the shock front of supersonic flows, obtain 
a boundary-layer equation that leads to a characteristic thin layer 
(shock thickness) as viscosity and heat conduction approach zero. The 
laminar flow heat convection problem, Ref. (34), also leads to an equa¬ 
tion that is identical in form to the viscous flow equation. 

Friedrichs, Ref. (35), discusses a differential equation that occurs in 
the theory of plates and which physically may be thought of as a 
balance of 

plate effect plus membrane effect = transverse load effect (8-142) 
and considers the case in which 


plate effect 

--- 0 

membrane effect 


(8-143) 


It is found in this case that the boundary layer is in the slope of the 
plate at the supports and, in effect, that the structure acts like a mem¬ 
brane everywhere except at the supports, at which place a boundary 
condition is lost in the pure membrane solution and a rapid transition 
in slope takes place in a narrow region, this being the boundary layer. 

Another similar, although apparent ly unrelated boundary layer effect 
occurs in plates Ref. (19). If we consider a long plate, simply supported 
along its sides, free along the short sides and uniformly loaded trans¬ 
versely over its area, it is found that at the short edges the plate “curls” 
over in a narrow region—the boundary layer for this case. The pheno¬ 
menon is undoubtedly due to a boundary layer effect; some distance 
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away from the edges a condition of plane strain exists, whereas at the 
edges this condition must be given up. The boundary layer described 
by Friedrichs may be thought of as one in which a condition of plane 
stress prevails throughout the plate but is given up at the edges. 

Fung and Witrick, Ref. (36), consider another boundary layer effect 
which occurs in large deflection plate theory. This case however, is not 
what is called a “true boundary layer” in this book, since the behavior 
appears to depend upon the effect of nonlinearity. 

Bromberg and Stoker, Ref. (37), discuss a boundary layer effect that 
occurs in the theory of shells which is also due to the inclusion on the 
plate theory of certain nonlinear, higher-order terms of the strain tensor. 

Two additional types of boundary layer effects which are due to 
singularities in the boundary conditions and which lead to characteris¬ 
tic thin layer regions will now be described. 

The first occurs in the Lame-Clapeyron theory of axially symmetric 
deformations of elastic bodies. Consider a rotating circular wheel. 
It is found, Ref. (11), that the tangential and radial stress distributions 
for the case in which there is a small central hole in the wheel are the 
same as the solutions corresponding to no hole, everywhere except for a 
narrow region adjacent to the hole in which there is a rapid change in 
the stresses. This is a boundary-layer type effect and is connected with 
the following singularity in the boundary condition: 

For the case of no hole, the boundary condition is as follows: (a) the 
radial deformation is zero at the center of the wheel. For the case of a 
small hole, the boundary condition is as follows: (b) the radial stress at 
the edge of the hole is zero. The differential equation in deflection is the 
same for both cases, but in going from small hole to no hole there is a 
singularity in the boundary condition. The solution is similar in many 
respects to that of the small circular hole in an infinite plate subjected 
to tension stress. Also, there appears to be some connection with the 
St. Venant principle, see footnote, page 143. 

Another boundary-layer effect occurs in the direct compression- 
buckling loading of a rod. If we consider the ratio of effects 

buckling (bending) stress 

—-—-—->0 (8-144) 

direct compression stress 

it is found that the governing parameters are the slope 0 and the slender¬ 
ness ratio lip of the bar. The slenderness ratio being fixed in any given 
problem, it becomes necessary that the slope approach zero. 

The problem can be set up as follows: for zero slope, we have direct 
stress only, or 


P 

G = - 

A 


(8-145) 
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For small slope, we have direct stress combined with bending stress 


„(see Eq. 5-23), or 

P Pyc 

a = + 

A~ 1 

(8-146) 

and (see Eq. 5-56) 

S3 

8:11; 

ii 

3 

(8-147) 


in which 

l = length of bar 
p = radius of gyration of bar 
<y = stress 

P = direct centrally applied load 
A = area of bar 
y = deflection 

c = distance from neutral axis of bar 
El — stiffness 

dS = differential length along bar 

For extremely small 6 , the stress Eq. 8-146 is nearly the same as the 
stress Eq. 8-145 for all values of P less than PEuier- As P approaches 
and then exceeds PEuier, it is found, Ref. (38), that there is a rapid in¬ 
crease in cr corresponding to a small increase in P. Thus, the boundary- 
layer “region” in this case iB the load P, and the term that corresponds 
to the velocity of the viscous boundary layer is the stress. For small 6 
a boundary condition corresponding to the end support is needed. 
Thus, in going from small slope to zero slope a boundary condition is 
lost. 

A familiar example of some interest—in that it indicates the impor¬ 
tance of losing a boundary condition (dropping the highest order term 
of the differentia] equation) in the boundary layer type solution is 
the comparison of Stokes and Oseen flows, Ref. (22). The Stokes flow 
is a balance of viscous and pressure forces and is described by the equa¬ 
tion 

1 dp 

(8-148) 

p dx 

The Oseen improvement introduces a perturbation inertia term (first 
order in the differential equation) 

du l dp 

+ (8-148) 

dx p dx 

and now it is found that the flows of Eqs. 8-148 and 8-149 are the same 
in the boundary layer adjacent to the body but differ in the large region 
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away from the boundary layer—which is just the reverse of the usual 
boundary-layer effect. 

8-13 Summary. The equations governing the flows of viscous 
fluids were derived first. These are (in three-dimensional space) (a) one 
equation of continuity and (b) three Navier-Stokes equations. 

It was shown that when the viscous terms are set equal to zero, the 
above equations govern the flows of “perfect-fluids”—the nonviscous, 
non-heat-conducting fluid. 

A simple exact solution of the viscous flow problem was presented, 
the plane Poiseuille flow. 

The N.S. equations were presented in curvilinear form—in spherical 
and cylindrical coordinates. 

The Prandtl-Blasius boundary layer theory was presented briefly. 
Finally, the general occurrence of “boundary layers” in applied 
mechanics was discussed. 


Problems 

1. Consider the problem of steady flow through a straight pipe of uniform 
circular section. Let z be the axis of the pipe and assume the velocity is 
everywhere parallel to z and a function of the distance r from this axis. 
Let the length of the pipe be l and pi, p 2 the mean values of the pressure 
at the two ends. 

(a) show that 

P 1 -P 2 
- r 


dr 



Interpret physically this last result, 
(b) Then show that 

Pi —P2 


4 pi 


r 2 + A logr+jfl 


and if a is the radius of the pipe, and the pipe is flowing full, 

Pi P% t 


w = 


4 pi 


-(a 2 —r 2 ) 


(c) Hence, the quantity of flow in the pipe is given by 

ira* pi -pi 


Q = 


8 ft l 
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2 . 


For an annular pipe, of inner radius 6, outer radius a (see data in Prob. 
show that 


w = 


Pi ~P2 
4 ftl 


a 2 —r 2 + 


ft 2 -a 2 
log (b/a) 



1 ), 


and the flow is given by 

0- q4 . gzg ] 

8/X J L log (6/a) J 

3. Consider the three-dimensional equations for a viscous, incompressible 
fluid. Show that if the inertia terms are neglected the pressure must 
satisfy 

V 2 ^ = 0 


so that p can be expanded in a series of harmonic functions. 

4. Consider the unsteady laminar motion of a viscous incompressible fluid 
such that v = 0, w = 0, and u is a function of y only. Then show the 
following: 

(a) p = constant. 


du d 2 u 



(c) so that a possible solution is given by 

u = Ae^+Mv+Be-mWv 


provided the motion is a simple harmonic one with a time factor 

/ a \ 1 / 2 

gi(trt+e) an d p _ 

(d) If the fluid lies on the positive side of the x-z plane and if this plane 
is a rigid surface oscillating in accordance with 

u = aei(<rt+e) 

show that if the fluid extends tc infinity in the y direction, we have 

u = Q£—a+i)fiV+il*rt+ e) 

or, taking the real part, 

u = ae~Pv cos(af — ft/ + €) 

which is due to a motion of the boundary given by 
u = a cos (of + c) 

(e) Show that the drag force on the rigid surface, per unit area, is given 
by 

D = pv*a*a cos(at Jtt) 

and show that this force has its maxima at intervals of one-eighth of a 
period before the oscillating plane passes through its mean position. 
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5. If, for the fluid of Prob. 4, the fluid does not extend to infinity but is 
bounded by a fixed rigid plane at y = h, then show 

(a) the boundary conditions require 

j4l B = cl 

A e a+i)fih + Be~ ll+i) 0 h = 0 

(b) so that 

sinh(l +i)P(h—y) 

U = a -glioi+e) 

sinh(I +i)flh 

(c) and therefore, the drag per unit area is given by 

D = fi(l +t)0a coth(l + t')0Ae i(<rt4c) 
the real part of which is given by 

sinh 2 ph cos (at + € -|- J-n-) + sin 2 f$h sin(<yJ + e + Jw) 
cosh 2fih— cos 2 fih 

6. (a) For the two-dimensional stress tensor, prove that if the tensor is 

given by 

r n 

\0 <!„/ 

for all sets of axes, that a x = rr y . Hint: Use the relations concerning 
the invariants of the tensors. 

(b) Do the same for the three-dimensional stress tensor. 

7. Given two parallel infinite walls, a distance h apart, dp/dx = 0. Assume 
the top wall moves with a velocity U, and the bottom wall is stationary. 
The resulting flow is a “plane Couette** (after the French scientist) flow. 
Obtain the following: 

(a) Velocity distribution, including sketch of same. 

(b) Shear stress, r. 

(c) Coefficient of friction, C f . 

8. Mixed flows are superpositions of Poiseuille and Couette flows. Obtain 
velocity distribution, shear stress and friction coefficient for the following: 

(a) dp/dx < 0, sometimes called the viscosity 
turbine. 

(b) dp/dx > 0, sometimes called the viscosity 
pump. 

A viscosity pump may be built with a 
movable inner runner rotating in a stationary 
outer casing as shown. In the pump shown, 
h/r < 1 and centrifugal effects may be neg¬ 
lected. Assuming a unit depth of pump, and 
letting 

P 

P2 > Pi H - - 

pg 



P 2 at x*/ 9. 


P = Pi —P2 
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(a) Compute ( H/H mn ) as a function of (, where f = (Q/Q max ), Q being 
the discharge. 


Answer: 


= 1-f 


(b) Compute the efficiency of the pump, ij, 

. 3f(l —f) 

Answer: rj =- 

4-3£ 


(c) Compute the maximum possible efficiency of this pump. 

(d) Discuss the operation of the pump and flow condition for Q = 0. 

10. Obtain the equations of flow for a cylindrical, two-dimensional, axial 

symmetric motion in concentric circles. 

(a) Show that one of these represents a balance of centrifugal and pres¬ 
sure forces and the other an equation of time-rate of change of velo¬ 
city. 

(b) Show that the shear stress is given by 


r = fir- 


d(vijr) 


and the rotation (vorticity) by 


1 d(vir) 


(c) Discuss and sketch the flow for zero vorticity. 

(d) Discuss and sketch the flow for zero shear stress. Is this also zero 
vorticity flow? 

(e) Discuss and sketch the flow for constant vorticity. 

11. In the boundary layer substitution of rj and 0, use an exponent n instead 
of £ and substitute in the Blasius equation. Show that in order for this 
equation to be a total differential equation, n must be taken equal to 

12. Determine the transverse velocity, v, in the boundary layer (Eq. 8-115) 
and plot this as a function of x and y (or rj). Is this velocity zero at the 
edge of the boundary layer, as assumed in the theory? Discuss. 



Chapter 9 


INTRODUCTORY THEORY OF PLASTICITY 


9-1 Introduction. In this chapter, the introductory parts of 
plasticity theory will be developed. As in the other chapters, the pre¬ 
sentation will emphasize the fundamental unity (and also the points of 
difference) between plasticity theory and the other fields of applied 
mechanics. 

The discussion starts with a short review of certain basic ideas in 
two-dimensional elasticity theory. The place of plasticity theory in the 
framework of solid mechanics is then brought out by emphasis on the 
places where elasticity theory does not hold This leads to a discussion 
of the various directions in which developments in plasticity theory 
have progressed. 

The significance and importance of the postulated plastic stress- 
strain relations and plasticity conditions are then discussed, and finally 
a solution is given, using the methods developed, for a simple, well- 
known problem in plasticity. 

9-2 Review of Two-dimensional Elasticity Theory. As an 
introduction to inelastic theory or plasticity theory, let us review some 
of the fundamental ideas of two-dimensional elasticity theory. We 
consider an x-y system of coordinates. Then, for small deformations, 
the strain tensor is given (see Eq 

_ / e x JyxiA __ 

\$Yyz Zy / 

Note: the above form of the strain tensor is independent of any rela¬ 
tion between stress and strain. It holds for any small, continuous 
deformation. 

Also, for a body in equilibrium we have, for zero body forces, the 

272 
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equilibrium equations, 

div T = 0 

where T is the stress tensor given by 

jt = / ° x r *v\ 

\ T yx Gy! 

and, in expanded form, Eq. 9-2 becomes 

yx 


&Txy &Gy ( 

_ . 0 (b) J 

Equations 9-4a and 9-4b are simple equilibrium of force equations, 
and hold independently of any relation between stresses and strains. 

In two-dimensional elasticity theory we generally have either a condi¬ 
tion of plane stress or plane strain, see Ref. (13). In plane stress problems 
we have as an additional unknown e Zy and in plane strain problems we 
have as an additional unknown a z . 

Thus in order to solve a problem in two-dimensional elasticity 
completely we must be able to determine the seven quantities— 

&x> Cy, yxy( = Yyz), Gxi Gy> T xy( = T yx)> an< I G z (OT e z ) 

In other words, there must be seven independent equations in terms 
of these seven unknowns. As of this point, we have only two such equa¬ 
tions, these being Eqs. 9-4a and 9-4b. 

For elastic action, that is, for stresses and strains on the straight line 
portion of the stress-strain curve, we also have Hooke’s Law, which in 
two dimensions is (see Eq. 7-88) 

1 4- y V 

7) -(9-5) 

E E 

or, in expanded form, the following four equations (for plane stress or 
plane strain) 

e* = —(o x -va v -vo t ) | 


e y = —-(csy — v<3z-v<Ji) 

E 


= — (o s -vax-vo y ) 
E 


Yxy = 
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As pointed out above, in Eq. 9*6 either <r 2 or e z is zero, depending upon 
whether we have plane stress or plane strain. 

Now there are six independent equations in terms of the seven un¬ 
knowns, and in order to obtain a unique solution to the problem, it is 
necessary that we have one more independent equation. In the two- 
dimensional theory of elasticity, this equation is the compatibility 
equation (see Eq. 4-131). 


d 2 e x d 2 e y <Pyxy 
dy 2 ^ dx 2 dxdy 


Equation 9-7 is a consequence of the required continuity, single¬ 
valuedness and uniqueness of u and v , and their derivatives, and can be 
derived entirely from these requirements (see Art. 4-6). Hence, Eq. 9-7 
is also an equation that is independent of any relation between stresses 
and strains. 

Summarizing, we have in the two-dimensional theory of elasticity 
the following seven equations in terms of the seven stress and strain 
components, 


floz yx 

+ = 0 
dx dy 

(a) 

dr X y d Gy 

+ = 0 
dx dy 

(b) 

1 

e x = — (g X — VGy — VGz) 
A 

(c) 

1 

e v = —(ay-va x -va z ) 
A 

(d) 

i 

e z = — (o z -va x -va y ) 
A 

(e) 


\ 




T xy 

yxy = ~G 
d 2 e x d 2 Yzy 

by 2 dx 2 dxdy 


(f) 

(g) 


(9-8) 


Of these equations, (a) and (b) and (g) are independent of any 
stress-strain relation. Equation (g) however, does require uniqueness, 
finiteness and single-valuedness of u , v, and the derivatives of 
these. 
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With this review of two-dimensional elasticity theory, we can now 
proceed to a discussion of inelastic effects, i.e., plasticity. 

9-3 The Equations of Plastic Flow. To explain the form which 
the plasticity equations take, we must consider a typical metal experi¬ 
mental data, specifically the stress-strain curve. Figure 9.1 is typical 
of tension stress-strain curves for many metals. It represents the fol¬ 
lowing sequence of events: 

1. Zero load and deflection is point O —load is applied slowly to the 
specimen until point A (the elastic limit) is reached. Between O and A 
the stress-strain relation is a linear one and Hooke’s Law holds. In this 
region, the equations of elasticity are valid. 

2. As the load is increased, the curve AB is traced. This is the region 
of plastic action, or inelastic action. 

3. If at point B the load is gradually released, the curve BC (parallel 
to OA) is traced. If the load is then increased slowly, it is found that 
the curve is straight in the region CD , and parallel to OA. Only after D 
does the inelastic action start again. We have neglected hysteresis or 
internal friction losses in the portion BCD of the curve, as indicated 
by the zero distance between the two loops. 

4. Steps (2) and (3) repeat at E , F, and G. In EFG also we have neg¬ 
lected hysteresis losses. 



Strain 
Fig. 9.1 
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For some metals it is also found that the shape of the stress-strain 
curve in the plastic region depends upon the rate at which the load is 
applied to the specimen. 

The significance of the above statements is far-reaching, insofar as 
plasticity theory is concerned. They mean that 


(a) The deformations in the plastic region are not single-valued func¬ 
tions of the stress. For example, in Fig. 9.1 the stress ao corres¬ 
ponds to strains e\ or eg or £ 3 . This effect is sometimes explained 
by the statement that the state of strain depends upon the prior 
history of loading of the structure. 

(b) The time effect means that deformations are functions not only 
of x and y , but also of the time, t. 

(c) The shape of the stress curve also means that in plastic flow 
problems it is not always possible to restrict the theory to that 
of small deformations. In other words, 


but 




du 

dx 


du 1 T /duY 2 /dv\ 2 / dw \ 2 ' 

e “ ~ i3a + 2lApa/ + \8a) + / . 


(9-9) 


and the higher-order form of the st rain tensor may be required to obtain 
solutions in some large deformation problems of plasticity theory. 

In the theory of plasticity, since the equations of equilibrium must 
also hold for plastic flow, we have, for zero body forces, 


div T = 0 

(a) 

&Ox. d T yi 

cx dy 

(b> 

dr X y day 
dx dy 

(c) 


\ 

(9-10) 


) 


as before. 

However, because of (a) and (b) above, the compatibility equations 
do not hold. Also, because of (b), the relation between stress and strain 
should contain time effects. And, if the strains are large, the strain 
components should contain the higher-order terms, as noted in (c). 

It follows, therefore, that Eq. 9- 10 b and c are, at this point, the only 
exact equations which hold for plastic flow. That is, w r e have two equa¬ 
tions (in two dimensions) among three (or four) stress components (in 
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two dimensions), and no equations as yet among the four (or three) 
strain components. This is the status of the exact mathematical theory 
of plasticity, in the two-dimensional case. In three dimensions the 
analogous statement would be : there are three equations of equilibrium 
among the six Btress components and no equations as yet among the 
six strain components. 

Approximate methods for solving inelastic strain problems have 
developed along two distinct lines. These two methods, along with the 
exact theory, may be said to describe completely the field of plastic 
flow and, for our purposes,we list the breakdown as follows: 

I—Engineering Plasticity Theory 

II—Technical Plasticity Theory 

III—Mathematical (Exact) Plasticity Theory 

Group I is frequently called “The Theory of Limit Design'’ and is 
essentially an engineering extension, to the field of plasticity, of the 
approximate Bernoulli-Euler theory of bending (see Art. 5-4). It 
assumes, in most cases, a stress-strain curve which neglects work har¬ 
dening (i.e., BC is horizontal in Fig. 9.2a), and very frequently neglects 
elastic effects entirely, and assumes a stress-strain curve as in Fig. 9.2b. 
This method is described in Refs. (11), (39), (40), and (41) and will not 
be discussed further here. 




<■) 


(b) 


Fig. 9.2 


Group II is the theory which attempts to obtain mathematical solu¬ 
tions of plasticity problems by using the available exact equations and 
by introducing various postulates to permit- a solution. 1 The solution 
then obtained is checked against experimental data for some clue as to 
its usefulness for the case tested. This is commonly called “Plasticity 


1 In many respects, therefore, this theory is very similar to the current status of the 
general theory of turbulent flow. In the lat-ter case, also, the known exact equations 
governing the phenomenon are less than the number ot unknowns. In order to solve 
the problem, therefore, various additional equations, in the form of postulates, must be 
introduced. See Kef. (48) for further discussion of this point. 
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Theory” and represents the field of greatest activity at this time. We 
shall devote the remaining sections of the chapter to this field. For more 
complete treatments see Refs. (42), (43) and (44). 

Group III, the exact theory of plasticity, is still awaiting formulation 
of the exact, necessary and sufficient equations governing plastic action. 
Hence this portion of the field has not yet gotten underway, and we 
shall not discuss it further. 2 

9-4 The Technical Theory of Plasticity. For two-dimensional 
plastic theory, we have again seven unknowns, these being the stress 
and strain components 


Gx> Gy* T xy(“ r yx)> e x> e y> Vxy( — Vyx) 
and either a z or e z 


The number of available equations (which we list at this time, and 
then discuss) are 

2 equations of equilibrium 
4 postulated stress-strain relations 
1 plasticity condition 

The equilibrium equations of plastic flow are the same as those of 
elastic action since their mode of derivation is entirely independent of 
either plasticity or elasticity. These are (for zero body forces) 


dc x GTyx 
dx dy 


= 0 


xy day 

-+- 

dx dy 




J 


(9-11) 


There are many different postulated stress-strain relations, most of 
which are similar in form to the equations governing viscous flow (see 
Chapter 8). One such set of equations, due to St. Venant, is very fre¬ 
quently used, and we shall discuss these in some detail. This discussion 
shall be given in terms of the three-dimensional case, which will then 
be specialized to the two-dimensional plane strain condition. 

The St. Venant equations for plastic flow can be given in the following 


2 There is yet another approach to the plasticity problem, based upon “dislocation 
theory.” The procedures discussed above may be thought of as “macroscopic” or 
“large scale.” They are based essentially on continuum or field theories. In the disloca¬ 
tion theory approach, microscopic behavior is considered and the plasticity problem 
is analyzed by examining the behavior of crystals and the molecular structure of the 
material. 8ee Ref. (45) for a more complete description of this subject. 
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form (compare in Chapter 8 the derivation of the equations of viscous 
flow): 


TTl ?Vvx 


\y*v 

\yxz\ 


\yyz 1 

\yzy 

*z J 

G X T X y T XZ 

Ty X 

Gy T yz 

T zx 'Tzy G Zt 


/I 0 0 
"(^2:4“ Gg/ 4“ G z )i 0 10 


(9-12) 


in which E is here a variable, and t is the time. 

It is convenient to give this equation as the sum of two separate 
equations, one of which is in scalar form, i.e., has all terms multiplying 
^ 3 , the unit matrix. To do this, we note first, from the above, that 


d l-2v 

+ =-=- [<Sx + Gy 4- G Z ) 

at ft/ 


(9-13) 


which is in a scalar (invariant) form. In this equation, if v = £ then 
e x + e y + e z = 0. But it may be shown (see Prob. 5, Chapter 4) that for 
small deformations e x + e y + e z is (neglecting higher-order terms) the 
change in volume due to deformations of a stressed body. In the St. 
Venant Theory, v is taken equal to |, so that volume change is assumed 
equal to zero, and we have the so called “incompressible action.” 

Equation 9-13 is an equation of the required scalar form, since it is 
equivalent to 

d ( l ° °\ l-2v ( l ° °\ 

~-(e x + e y +e z ) 10 1 0 1 = —(o*+ a y + o*)| 0 1 01(9-14) 

ai \0 0 1/ \o 0 1/ 

However, in order to make Eq. 9-14 more useful for substitution in 
Eq. 9-12, we put it in the following equivalent form 


d ( e x 4- e.y -f- e z ) 
dt 3 _ 


c 

0 


1 1 + 1 ' J 

r 

0 

n 

• 

1 

0 
' J 

I = oP ( **X + Gy + G Z )\ 

f 3A | 

; 
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\0 

0 

1^ 


\0 

0 

i/ 


( 1 0 0 
0 10 
0 0 L 


(9-15) 


Note that the right-hand side of Eq. 9-15 is just equal to 

l-2i/ 


in which p is the hydrostatic pressure; see Eq. 8-13. 
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Subtracting Eq. 9-15 from Eq. 9-12 we have, finally, 
/ 2e x — — e z yxy Yxz 

3 ~2~ ~2~ 

yyx 2 e y — e z — e x yyz 

~2~ 3 ~2 

Yzx Yzy 2e z — t x ” Vy 


d 

2A — 
dt 


2 

2 

3 

) 


f 2 G x — Gy — O z 

T xy 

T X Z 


3 


Tyx 

2 Gy — G z — G x 

Tyz 


3 


T Z X 

r zy 

2 G Z —G X —Gy 

3 j 


(9-lb) 


in which A is a variable. 3 

Because of assumed volume constancy, e x + e y + e z = 0, the left-hand 
side matrix of Eq. 9-16 is just the left-hand side matrix of Eq. 9-12, and 
Eq. 9-12 is therefore equivalent to the following two equations, which 
are the St. Venant stress-strain relations, 




Yxy 

2 

Yxz 

2 

Yyx 


Yyz 

2 

e y 

2 

yzx 

2 

Yzy 

2 

e z 


2a x — Gy — G z 

~ 3 ~ — 


r xy 


Txz 


T yx 

t zx 


2 Gy — G z — Gx 


3 


Tyz 


T zy 


2 G z ~ G X — Gy 

3 


(9-17) 


and e x + ey + e z = 0 

8 Experiments indicate that pure hydrostatic* pressure does not produce appreciable 
plastic deformation. In Chapter 8 it was shown that hydrostatic pressure is measured 
by p am — \(o x + o y -\- o z ), and the hydrostatic effect has therefore been essentially re¬ 
moved or subtracted from Equation 9-16. 
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For two-dimensional plane strain these become, since e 2 — 0, a z ^ 0, 


e x 


7xy 

2 


0 



yyx 

2 


Cy 0 


Vo oo; 


2a x — Gy ~ <*z 
3 

Ty X 

0 


T xy 

2 Qy-o z - a x 

~ 3 

0 


0 

0 

2o 2 — o z — a y 
3 


and 


€ X + — 0 


(9-18) 


(9-19) 


Equations 9-11 and 9 - 12 , for two-dimensional plane strain, and 
therefore Eqs. 9 - 11 , 9-18 and 9-19 represent six independent equations 
in terms of the seven stress-strain components. One additional equa¬ 
tion is needed in order to permit a solution to the problem. This is the 
so-called “plasticity condition,” which is an equation in terms of stresses 
and which postulates the condition for the onset of inelastic action. 

The “plasticity condition” or “yield condition” is an equation in 
terms of the principal stresses, oi, 02 and 03. This relation generally 
requires the determination of a single experimental constant, 00, the 
yield stress in a simple tension text. This value, 00, is also assumed to 
hold for the simple compression test. 

In terms of the principal stresses, the St. Venant stress tensor be¬ 
comes 


/ 2<Ji — 02 — 03 

3 


0 


0 


0 

0 


2<T2 —03—01 

3 


0 


0 


203 — Ol — 02 
. 3 


(9-20) 


If we assume an isotropic material, then the yield condition, 

F(oi, 02, 03) = 0 


(9-21) 
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must contain the principal stresses in lumped invariant form, i.e., 

f(<J o) = Ko + Kill + K2I1 2 + K22I2 + Kzl$ + * ■ * (9-22) 

where (using the tensor of Eq. 9-20 and determining the invariants in 
the usual way) 


/1 = 0 


h= ~ 


(<Jl - (J2) 2 + (02 - <*3) 2 + (<*3 “ <*l) 2 
0 


h = 


(2(71 — ff2 — a3)(2(T2 — <73 — <7l)(2a3 — <Tl — (J 2 ) 

27 


(9-23) 


Also, the relation should be an even one in the stresses (if we assume 
that it holds for compression as well as tension stresses). Therefore, a 
relation in terms of 1 2 and /3 raised to an even power would seem 
to be called for. 

It was shown in Chapter 2 , in discussing the inertia tensor, a typical 
second-order tensor, that the maximum value of I xy is given (in terms 
of principal moments of inertia) by 

(/xv)?na* = (~ * ~ ) J (9-24) 

In terms of stresses this becomes 

2 

(9-25) 

where i and j are different and take values 1, 2 , and 3. 

This is just the “maximum shearing-stress yield condition/’ as pro¬ 
posed by St. Venant and Tresca. It states that, if cri > 02 > <73 then 
plasticity occurs when in the given structure, 



^2 _ 


<7L — <73 


(9-26) 


reaches the critical value T cr it as determined by a simple tension test . 4 

One other commonly used plasticity condition is the “energy of dis¬ 
tortion condition” introduced by von Mises and later by Hencky. It 
can be shown that the invariant I 2 is proportional to the energy of a 


4 This condition, stated mathematically, is that yielding will occur when 

[(<T 2 —<T3) 2 —4Tcrit][(a3 — 01) 2 —4r cr lt][(ai —C 2 ) 2 —4Tcrit] = 0 

and it may be verified that this is given in terms of the invariants /j, 7 2 . ^ 3 , Equations 
9-23. See Prob. 1 at the end of this chapter. 
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material subject to the stress-strain relation Eq. 9-16, when given in 
terms of principal stresses. Because this tensor has had the invariants 
e x + e y + e 2 and a x + a y + removed from it, and because a x + a y + <s z 
is proportional to the hydrostatic tension or compression (see Chapter 8) 
it follows that relation Eq. 9-16 is one from which hydrostatic effects 
have been removed. Also, as pointed out earlier, hydrostatic tensions 
or compressions cause pure dilatations or compressions. Since these 
have been removed from the general stress-strain tensors, the energy 
of relation Eq. 9-16 is, in effect, a “distortion” energy, hence the 
name given to this plasticity condition. As usually stated, this con¬ 
dition is 


(ai — 02) 2 + (<Jg — CT 3) 2 + (<73 — ffi) 2 = 2 do 2 (9-27) 

where do again is the simple tension test yield stress. 

Thus, the solution of the two-dimensional plasticity problem can, in 
theory, be obtained in terms of 

2 equations of equilibrium 
4 postulated stress-strain relations 
1 postulated plasticity condition 

We point out again that five of the above equations are postulates. 
Hence any solution obtained by the use of the above ecpiations must be 
compared with experimental results in order to determine the validity 
of the postulates. To date, no single set of postulates will account for 
all known plasticity phenomena. 

In addition, it may be well to point out that the boundary conditions 
can be given in terms of stresses or strains or rates of strains (velocities). 
It may be shown that if the boundary conditions are given in terms of 
the velocities, then these velocities must satisfy certain compatibility 
conditions in addition to the equations governing the plastic action. 
This fact is mentioned in order to emphasize the difficulties which must 
be overcome to establish an exact theory of plasticity. 5 

However, the theory based upon postulated stress-strain relations 
and plasticity condition has given some important information concern¬ 
ing plastic action, and in the next section we discuss a simple, well- 
known solution based upon this set of equations. 

9-5 A Solution of a Problem in Plastic Flow. To illustrate a 
typical application of the foregoing theory, the solution will be given 

5 Another difficulty may arise if the stresses and strains vary with time. There is 
somo question as to exactly what requirements must be imposed upon time derivatives 
of tensors in order that they behave in physically acceptable ways. See Ref. (49). 
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for a well-known problem in plastic flow, the infinitely long, thick circu¬ 
lar tube subjected to internal pressure; see Fig. 9.3. The method used 
is essentially that of Ref. (43). We assume a long cylinder and con¬ 
sider solutions which will be valid at large distances from the ends. 
Thus we have a plane strain problem, since at these points far from 
the ends, e z — 0. 



The problem is most easily solved by the use of polar coordinates 
(r, 0, z) (see Chapter 3). Also, because of the axial symmetry, the prob¬ 
lem is independent of the angle 0, and therefore all quantities are func¬ 
tions of r only. This property of axial symmetry, which essentially 
makes the problem a one-dimensional problem, is a tremendous simplifi¬ 
cation and leads to a relatively simple solution. 

For this case, since the problem is one of plane strain, let 

e r = unit strain in radial direction 
e 0 = unit strain in tangential direction 
e z = unit strain in z direction 
oy = unit stress in radial direction 
c 0 = unit stress in tangential direction 
o z = unit stress in z direction 
Ur = deformation in radial direction 
u 0 = deformation in tangential direction 
v z = deformation in z direction 




The equilibrium equations in the 0 and z directions are identically 
satisfied, 0 =■ 0. 

Let us furt her assume that the St. Venant plastic st ress-strain rela¬ 
tions hold and also the Von Miscs-Hencky plasticity condition, which 
for this case become, since <r r , &0> and a z are principal stresses (in view 
of the fact that the shear stresses are zero on the faces on which these 
stresses act): 



(9-32) 


and 

(a r — g 0 ) 2 + (<T, y -d z ) 2 + (a z - <r r ) 2 = 2 cto 2 (9-33) 

Equations 9 - 30 , 9 - 31 , 9-32 and 9-33 are six equations for the six 
quantities c r , e & , e z , a r , rs (h and a z and therefore on purely formal 
mathematical grounds, a solution to the plasticity portion of the prob¬ 
lem may be possible. We shall show that one can actually be obtained. 
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Physically, the problem to be solved is the following: 

The thick circular tube is subjected to internal pressure, pt. As this 
pressure increases, the radial and tangential stresses gradually increase 
as well. For smaller values of pi these stresses are within the elastic 
limit, and the problem is one of the theory of elasticity. At a certain 
value of pt the elastic limit is reached in accordance with the assumed 
Von Mises-Hencky condition (we shall show that this occurs at the 
inner radius, r = a ), and as pt is increased further the region of plastic 
stresses increases, such that the tube is under the condition shown in 
Fig. 9.4(a), which also shows the assumed stress-strain curve, (b). 

We wish to obtain the solution corresponding to Fig. 9.4(a). 



Fig. 9.4 


The initial steps in the solution require a consideration of the elasti¬ 
city problem. For elastic action we have equilibrium, as before (see 
Eq. 9-31), 

da r + ( fJr-tffl) 
dr 


= 0 


(9-34) 


Hooke’s Law (see Eq. 9-5), 

/e r o ov 0 ov no ox 

I 0 e 0 0 I = ——I 0 G 0 0 I - --(ry r + <x* + <r z )l 0 1 0 1 

\0 0 ej \0 0 aj \0 0 1 / 

(9-35) 


and instead of the compatibility condition of elasticity we shall use the 
incompressibility condition corresponding to Poisson's ratio v = £ or 

e r + ?o + e z = 0 (9-36) 

Using the values of c r , e e and e z as given in Eq. 9-28 (these values are 
independent of elasticity or plasticity action), Eq. 9-36 becomes, as 
before (Eq. 9-30), 

du r u r 


(9-37) 
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Equation 9-37 integrates at once to 

C 

u r = — (9-38) 

r 


or, in terms of quantities at the inner radius, r = a 


a 

U r = Ua- 

r 

Equations 9-28 and 9-35, with v = J, give 

<!r+°o 

= —- 

and therefore, from Eq. 9-35, 

* - ”•> 

which, using Eqs. 9-28 and 9 39, is also given by 

au a 



or 


G r ~ V () 


4E au a 
3 r 2 


Using this, Eq. 9-34 becomes 

d(i r 

dr 


4 E au a 
3 r 3 


which can be integrated at once to give 


2E au a 

dr = -- 2~ + ^ 1 

3 r 2 


(9-39) 

(9-40) 

(9-41) 

(9-42) 

(9-43) 

(9-44) 

(9-45) 


Equations 9-45, 9-43, 9-40 and condit ions at /* = a (a r = - p t at r = a) 
and at r = 5(d r = 0 at r = 6) are sufficient to determine the constants 
Cj, and also a r , g z . These last are given by 


« 2 /6 2 -« 2 /r 2 

(a) 

CTr ~ 1-C2/6 2 

o 2 /6 3 + « 2 /r 2 

<*>) 

«*/0T 


(c) 

"■ ” ! 'T- .«*/* 


/ 
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Equation 9-46 shows that 

a r is a minimum at the inner face 
is a maximum at the inner face 
g 0 — a r is a maximum at the inner face 
a z is a constant. 

Hence Eq. 9-46 indicates that plastic action will begin at the inner 
radius; see Eq. 9-33. 

Let us now assume that pt > pi crlt where p icrii is the internal pressure 
corresponding to the onset of yield. Also, let us assume that p% is less 
than the pressure necessary to put the entire tube in a plastic condition. 
Then the tube will be as shown in Fig. 9.4a, and we now r proceed to 
determine the stresses and strains for this case. 

In essence, the procedure used is the following: 

1. The solution for the elastic portion has been obtained and is given 
by Eqs. 9-42 and 9-46. 

2. The solution for the inelastic portion will be obtained using Eqs. 
9-31, 9-32 and 9-33. 

3. The two proceeding sets of solutions will be matched at the junc¬ 
tion p of the plastic and elastic regions. 

According to Eq. 9-33, plasticity w ill begin w hen 

(a r - a#) 2 + - <*z ) 2 + (<*z - <*r) 2 = 2(t 0 2 (9-47) 

For the case = p C rit and at r = a, i.e., the onset of plastic action 
in the tube, this becomes, upon substituting Eq. 9-46 with r = a, 

1 — a 2 /6 2 

(/*i)crit = —— 3 —Go (9-48) 

Vs 

Then at the radius r — p which is the junction between the elastic and 
plastic regions, Eq. 9-48 also holds, with a = p or 

I -p2/fc 2 

(l>*)cnt =-— <ro (9-49) 

Vs 


This value, (p t ) ct lu is therefore the value corresponding to pi of the 
elastic solution, Eq. 9-46, with a - p so that, the stresses in the elastic 
portion of the tube of Fig. 9.4(a) are given by 


G{) l 

/ 9 *> \ 

(p- p- \ 

(CTr)elast = 


GO i 

(p 2 P 2 ) 

(fffl)elast = ~^=\ 


CTO 

p 2 

Mel “‘ 


(9-50) 
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To obtain the stresses in the plastic portion, we use the equilibrium 
equations and the St. Venant stress-strain equations. These are, for 
equilibrium (see Eq. 9-31), 


da r (gy-gfl) 
dr ^ r 


(9-51) 


and for the stress-strain relations, which in expanded form (see Eq. 
9-32) are 


2A 

—dCf — 

dt 

2 o r - o 9 -a z 

(a) 
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2A 

it ie * - 

2a 9 -a z -a r 
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3 


2a.- 

dt 

2o z — a r — o 9 
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3 

J 


we proceed as follows in order to obtain relations independent of time. 
Divide Eq. 9-5*2c by 9-52a and then by 9-52b. Then since e z = 0 it 
follows that de z is also equal to zero, and we have, for both relations, 

2a z — a r - rj 0 = 0 (9-53) 


or 


gr + gfl 


Using Eq. 9-33 and the above value of we obtain 

2 

a °~ ar = V3 a ° 
which, when substituted in Eq. 9-51, gives 

da r 2 ao ^ 
dr \/3 r 

This may be integrated to give 

2 go 

g r = hi r+C 2 
V3 


(9-54) 


(9-55) 


(9-56) 


(9-57) 


and Cz is determined by noting (see Eq. 9-49) that for r — p, a r — 
- (Pi)cril or 


Cz= - 




(9-58) 
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Now from Eqs. 9-57, 9-55 and 9-53 we get finally 

oo / r p 2 \ 

(<Jr)pla 8 t = ^|(2ln--l+-j (a) 

<To / , r p 2 \ 

= ^(21n-+l + -J 


(b) 


ao / r p 2 \ 

(^) p iast= ^|(2ln-+-J (c) 


(9-59) 


Equation 9-59a permits the determination of the internal pressure 
corresponding to any radius p of the plastic front. 

To determine the deformations of the tube, we note that Eqs. 9-29 
and 9.30 hold for both the elastic and plastic states. Therefore Eq. 9-38 
holds as well, or for both regions of Fig. 9-4(a), 


C 

u r = — 
r 


(9-60) 


The determination of the constant C , for r = p, and a = p (see 
Eqs. 9-45 and 9-4Ga), leads to 


= 


or using Eq. 9-48, with a — p 


u n = 


Then, because from Eq. 9-60 


Icrit/ P \ 

(9-61) 

E [l-p^jbV 

3 crop 

(9-62) 

‘iVSE 


- IpL 

(9-63) 


we have, for the plastic region (r > p), and also for the elastic region 
(r < p), 

3 (Top 2 

u r = - - (9-64) 

2 VSEr 


Reference (43) contains additional solutions of the above type. 


9-6 Summary. The fundamental difference between elastic and 
plastic action was discussed from the point of view' of obtaining the 
equations necessary to solve the respective problems. It was pointed 
out that for the plastic problems, the exact equations have not as yet 
been obtained. However, by the use of postulated stress-strain rela¬ 
tions and plasticity conditions, useful solutions can be obtained in a 
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limited number of cases, and these can then be compared to experi¬ 
mental results for a check on the validity of the postulates. Some of 
the more commonly used stress-strain relations and plasticity condi¬ 
tions were discussed and finally the solution to a simple elastic-plastic 
problem was obtained. 


Problems 

1. Verify that the plasticity condition given in Footnote 4, p. 282 is 
equal to 

4/ 2 3 - 27/ s 2 - 38r* rU / 2 * + 96r 4 crU / 2 - 64r« m = 0 

2. The thick-walled spherical shell under internal pressure, in an 
elastic-plastic condition, can by solved in a manner similar to the 
solution for the cylinder (see Art. 9-5 and Ref. 43). Obtain the complete 
solution for this problem. 

3. Consider a beam of rectangular cross-section (6 = width, A = depth) 
subjected to bending effects. Assume the beam is stressed in the 
elastic-plastic range and assume further the beam is to be analyzed 
using the Engineering Plasticity Theory (see Art. 9-3). Show 

(a) The elastic moment. Me, is related to the maximum bending 
stress, a max by the equation 


bh 2 

Me = Umax” 
o 

(b) The ultimate moment, M ult , which is the moment correspond¬ 
ing to full yield stress, <r ?y , across the cross section is given by 

bh 2 

M\x\x — n y~~. 

4 

(c) For partial yield stress on the cross section, corresponding to 
the stress-strain curve of Fig. 9-2a with 2ah the depth of 
elastic action, show that 



(d) Recalling that, for a beam in the elastic range (see Eq. 5-56) 

d 2 v _ M z 

dx i* “ W z 

show that if, at any section, the moment is M>M £ , where M 
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is given by the expression in Part (c) above, then the de¬ 
formation (ie., curvature) at this point can be given by 

d*v _ M 
dx 2 E e t(I z 

in which E e it is an effective modulus of elasticity, related to the 
linear modulus of elasticity by the equation 


Eett — %E 



4 M 

1 - 

Gybk 2 


) 


4. Show that for a simply supported rectangular beam of length, l, with a 
concentrated load, P, at the center, the ultimate moment is given by 


and therefore 


-flfult = 


bh°- PI 



4 


OybW 

Pun = —V- 


5. For the beam of Prob. 4, with the loading a full uniform load of w/unit 
length, determine the ultimate loading w u it- 




Chapter 10 


TENSOR ANALYSIS AS RELATED TO DIMENSIONAL 

ANALYSIS 1 


10-1 Introduction. In this chapter we describe a type of dimen¬ 
sional reasoning which is based upon matrix-tensor analysis and which 
has many applications in the various fields of applied mechanics 
discussed in this book, and other fields as well. 

10-2 Outline of the Method. The equations of mathematical 
physics are given, quantitatively, in the form of partial differential 
equations. These equations which express laws or relations of nature 
must, in their fundamental forms, be given in an expression which is 
independent of the coordinate system used and also independent of 
the axial orientation of the coordinate system. If this were not so, then 
different investigators, using different permissible coordinate systems, 
would arrive at different solutions to the (essentially) same problem. 
Such a situation is not admissible in our existing physical system. 

The method, therefore, depends upon the fact that certain physical 
quantities must be independent of orientation of axes. For example, 
when we use the term “energy” in any physical or engineering prob¬ 
lem, it is not necessary to specify a system of axes to go along with the 
word energy. On the other hand if we say that a force vector has a 
component of 10 pounds in the x direction, it is necessary to state what 
the x direction is. 

Because certain quantities are independent of axial orientation or 
invariant—the equations for these quantities must be expressed in 
invariant form as well. In this discussion we consider the invariants 
of tensors and w c postulate a fundamental form of invariant differential 
equation. Then, knowing the variables that enter into any given prob¬ 
lem, and using this postulated form of differential equation, we find 

1 The material in this chapter is based upon a paper, “On an application of dimen¬ 
sional analysis*', American Journal of Physics , Feb. 1951. 

293 
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that certain equations can be written in qualitatively complete form, 
practically by inspection. 

The theory developed herein will be formulated on the basis of a 
three-dimensional (or two-dimensional) physical world such as we exist 
in. However, it should be noted that the fundamental theory is inde¬ 
pendent of the number of dimensions and if, in fact, there exists a 
four-, five-, or n-dimensional “physical” world then the theory given 
here would apply as well to these “worlds.” 

It will be recalled that the 3x3 tensor (see p. 45), 


/dll 

«12 

a is\ 


A = la 2 i 

a 2 2 

023 I 

( 10 - 1 ) 

Vai 

as2 

033/ 



has three invariants. These are 

1. The trace or sum of the diagonal elements, 

I\ = a\\ + 022 + «33 (10-2) 

2. The sum of the two-rowed principal minors, 
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023 


an 

Oi3 


an 

ai2 
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032 
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«31 

033 


a 2 i 
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3. The determinant of the matrix, 


an 

“12 

«13 

a 2 i 

0 2 2 

a 23 

®31 

032 

«33 


For the two-dimensional tensor, 


(10-4) 



there are two invariants, 


(10-5) 


and 


1 1 = ^ll + U22 


h 


an 

«12 

a 2 1 

022 


( 10 - 6 ) 

(10-7) 


Now, the elements of the tensor (Eq. 10-1) may be thought of as a 
measure of the variation of a characteristic quantity in a three- 
dimensional space. As an example, the stress tensor. 
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is a measure of the state of stress acting on a differential volume of 
material. 

Also, the differential volume is itself an invariant quantity. There¬ 
fore, the following basic hypothesis is made: 

Given a physical invariant, 77 , which is dependent upon the volume 
V , then if a characteristic tensor for the problem is known, the follow¬ 
ing must be a'form of equation among the variables, 

—— = C\K\I\ + K2(C2ih 2 + C22I2) + A r 3(C , 3i/i 3 + C32I1I2 + C33/3) + " * * 
a V 

(10-9) 

in which 


77 — the invariant 

K' s = physical invariants of proper dimensions 
to give dimensional homogeneity. 

C' s = constants 

/’s = tensor invariants 


There is not necessarily only one equation of this form for any given 
problem, since all physical problems have more than one tensor. 
There may be other secondary forms of the equation which do not use 
tensor invariants. But if the tensor elements appear in the equation, 
they must appear in the above form. 

The genera] three-dimensional surface area element dA is a vector 
quantity. Therefore, its elements are not invariants. An invariant 
form using area elements may be obtained by taking the scalar product 
of dA with a vector quantity. This will not be considered in the present 
discussion. That is, we assume that surface area effects do not enter 
into the equation for the invariant. However, the specialized two- 
dimensional form of the three-dimensional equations corresponding to 
identical conditions in parallel planes does apply and in this case our 
fundamental equation takes the form 


~ = C 1 K 1 I 1 +K*{C % J 1 *+C n It) + • ■ ■ ( 10 - 10 ) 

dA 


In Eqs. 10-9 and 10-10 it will be noted that the expressions assumed 
assign positive integral values to the exponents of the invariants. The 
reason for this is as follows: 

Each of the tensor invariant quantities may be either positive, nega¬ 
tive, or zero at any point. The left-hand sides of the equations are 
made up of real, finite quantities. In order that the right-hand side 
may not have imaginary or infinite terms, it is necessary that the 
exponents be positive integers. 
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Before proceeding with applications, we list several of the physical 
invariants which occur in the fields of applied mechanics: 

p = pressure 
I 7 = volume 
t = temperature 
77 = energy 

E , G = isotropic moduli of elasticity 
v = viscosity 

There are others, but the ones given above are typical. 

In order to illustrate the application of the fundamental hypotheses, 
Eqs. 10-9 and 10-10, we shall consider various fields in applied mecha¬ 
nics, including some of those considered in other chapters of this text. 


10-3 Applications to Theory of Plates and Shells. We consider 
thin plates with small deflections (see Chapter 7 ). In this field, we may 
make use of results obtained for the analogous one-dimensional 
structure—the beam—with small deflections 2 . We know that the 
fundamental quantities which enter into beam analysis. Fig. 10.3 (see 
Ref. (10) and Chapter 5 ), are (using xv to represent the deflection) 

d 2 u' 1 

- or the curvature (10-11) 

dx 2 r 

M, the bending moment (10-12) 

d 2 id 2 u'\ 
d.r 2 \rfr 2 / 
d 2 M 
dx 2 

and the physical invariant is 

El, the stiffness ( 10 - 14 ) 

By analogy, the corresponding tensor quantities for the two- 
dimensional thin plate (see Chapter 7 ) are given by 


(10-13) 


f d 2 w 



1 

1 

dx 2 

cxdy 

or 

r X x 

r xy 

d 2 w 

chv 


1 

1 

i dydx 

<< 

to 


k r yx 

r yy 


2 We arc, in effect, using in this case a “generalization technique” in which a one- 
dimensional result is generalized to higher dimensions. The key step in tho procedure 
as used here is the substitution of higher-dimensional tensor quantities for the corres¬ 
ponding one-dimensional term. Generalization techniques in different forms are used 

Footnote continued on page 297. 



TENSOR ANALYSIS AS RELATED TO DIMENSIONAL ANALYSIS 297 


/ ^ XX —xy \ 
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(10-18) 


8xdy 8y 2 , 

Corresponding to the stiffness we have the “flexural rigidity” given by 

Eh 2 


D = 


12(1 — v 2 ) 


(10-19) 


Proceeding now to some applications, we know that the strain 
energy stored in a beam due to bending moments (see Ref. (10)) is 


,-5f &)'i, 

1 2 Je.l.Ux 2 1 


( 10 - 20 ) 


For the plate, by analogy, and by virtue of Eq. 10-17, we would 
look for an expression of the form (.see Eq. 10-10.) 

rr f /d 2 w d 2 w\ 2 ichc d 2 tr / c 2 w \ 2 i 

’- j> JLhfe + v) + H* *-(=»)]" <1M, » 

and this is the actual form as given in Ref. (19). 


Footnote continued from page 296 

in different fields. For example, in visco-elastic problems (the exact theory of which is 
not yet known) several authors have arbitrarily generalized to three dimensions the 
one-dimensional stress-strain law deductible from models. See also Kef. (50) for other 
examples. 
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Other possible forms follow at once as 

V = D f f [cb(—+—)*+<*,(— — - — )*\dA ) 

JJa L vxx T yyf \ r xx r yy TxyJ J ( 


21 (if,* + Myy)* + C' 22 {M xx Myy - Jf***)] dA 


( 10 - 22 ) 


Now consider a plate subjected to a transverse load of q pounds per 
unit area. 

This loading does not depend upon orientation of the axes and in 
addition can be thought of as a term of proper fundamental form (see 
Eq. 10-10) 

d( ) 

— ( 10 -*) 


Referring again to the beam problem, we have for beams, with q 
equal to the running load per unit length (see Fig. 10.3 and Ref. 10), 


d?M 
q ~ dx 2 

(10-24) 

and 

d 2 (d 2 w\ 

q = El - ( - 

dx 2 \dx 2 J 

(10-25) 

The extension to plates using Eq. 10-10 and 10-18 would give at 
once (see Eq. 7-53 and Ref. 19) 

^ fd 2 M xx d 2 M yx d 2 Myy d 2 M xy \ 

1 \ dx 2 * dxdy * dy 2 dxdy ) 

(10-26) 

and (see Eq. 7-56 and Eq. 10-17) 


/d A w 2 d 4 w d*w\ 

q - + 8 yi) 

(10-27) 

As a further application we consider the thin plate with applied 
mid-plane edge stresses, and again we make use of beam results. The 
plate loaded with edge stresses (using the notation of Ref. 19) is shown 
in Fig. 10.1, from which it is apparent that the N f s are identical to 
the stresses a and t and therefore the N’s are elements of the tensor 

n = ( Nx ***) 

\N yx Ny} 

(10-28) 


The one-dimensional structure under bending and normal loads id 
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shown in Fig. 10.2, so that, neglecting higher-order terms, the compo¬ 
nent of F per unit length normal to dS is given by 


F d 2 w 

— = F - 

p dx% 


(10-29) 




Fig. 10.1 


For the plate, therefore, the normal components of the applied edge 
stresses would be given by 


/ \ / d 2 w d 2 w \ 

n - 

d 2 w d 2 w 


N yX Ny 


\ dydx dy 2 / 
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dx 2 V dydx dxdy dy 2 

d 2 w d 2 w d 2 w d 2 w 
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dx 2 


dxdy 


dxdy dy 2 1 



(10-30) 


Again referring to the beam, Fig. 10.3, the work done by the known 
force P, due to the combined action of P, q , and Q y is given (the reader 
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should verify this) by 



Fig. 10.3 


The extension of this result to the thin plate would give, for the work 
done by the N forces, the corresponding invariant of the following 
expression: 



l/du dv\ y 
2 \dy + dx) 
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(10-32) 


Equation 10-32, when expanded, becomes 
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(10-33) 
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from which, the work done by the N stresses (using the invariant /i 
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of the above) is given by 

V = f^+^(?+-l+‘Vv^+—(—+-) 

J J L dx 2 \tiy dx) ' dy 2 \dy dx) 


a ±(H!L\\*z 

2 [ dx) + ~ 2 
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(10-34) 


and therefore the total work done by the plate in bending and by the 
edge force is given (see Ref. 19) by the sum of the bending work (Eq. 
10 -21) and the in-plane force work (Eq. 10-34)— 
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(10-35) 


The equations corresponding to Eqs. 10-20 and 10-27 follow at once 
from Eq. 10-30: 
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dx 2 J dy 2 dxdy \ r.r 4 cx 2 cy l cy* J 


tx c 

— + ■ 


C 2 My X d 2 Myy d 2 M xy 

+ cy 2 dxdy 


Cxcy 


) 


(10-36) 


b*u> d*W' 


Equation 10-37 is just the Karman large deflection equation for 
plates (see Eq. 7-121b). Incidentally, the reader should note that 
although Eq. 7-121a does represent a balance of invariant terms (the 
reader should prove the terms are invariants), it is not an equation 
given in the fundamental form postulated in this chapter (Eq. 10-10) 
and hence the equation can not be obtained using the methods of this 
chapter. 


10-4 Applications to the Theory of Elasticity. The tensors 
which appear in the theory of isotropic elasticity arc the stress and 
strain tensors (see Chapter 4) given respectively by 
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and (in its linear form) 


1 = 
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(10-39) 


Just as for the plates and shells cases, some information may be 
obtained by analogy to the simpler types of elastic action. For example, 
the strain energy stored in an isotropic bar subjected to pure tension 
(see Ref. 10) is ' 


E r l /du\ 2 

= T J ot) 


dx 


(10-40) 


This leads at once to the following general expression for strain 
energy: 


r I /du dv dw\ 2 Y/dv dw du dw du dv\ 
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(10-41) 


and although this differs in form from the expression given by Love 
(Ref. 12) the two equations may easily be shown to be identical. 

Now consider the St. Venant torsion problem which was discussed in 
some detail in Chapter 5. We have, for the strain matrix for this 
problem, 


1 0 

0 



v = 1 0 

0 

ivvz ) 

(10-42) 

Wz* 

\yzy 
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(see Eq. 5-101) with 


Yzx 


Yzy 


-■£-») 

-•£«) 


(10-43) 


The twist per unit length, a, is an invariant. Therefore the invariant 
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for the torsion problem may be taken as 

with the physical invariants as follows: 

a = twist per unit length 
O = modulus of elasticity in shear 

Then for the energy stored in the bar we have (using the require¬ 
ments of dimensional homogeneity) 

* - “HKe-'HSHV « io - 45) 

Also, the applied torque Mt is certainly independent of the orienta¬ 
tion of the x and y axes, and* therefore we look for an equation in the 
form 

jfr=ci °*L[(S- ! ') !+ (i +i f] M <io - 46) 

and this may easily be put in the form for Mt as given by Eq. 5-130. 


10-5 Applications to Capillarity, Membranes, and Vibrations. 

The problems in these fields are similar to those in the field of thin 
plates; hence, in general the same tensors apply. 

In capillarity and membrane problems we have a relation between 
pressure p (i.e., lateral loadings similar to q in the plate theory), edge 
stresses, and radii of curvature. An elementary dimensional and 
invariant analysis indicates that the form of the equation is 


P = 



or equivalently, for small deflections u\ 



(10-47) 


(10-48) 


where S is the edge stress in pounds per unit length, the physical 
invariant in this problem. 

In the vibration of plates, the inertia term K(^hvjct 2 ) corresponds 
to the q loading of the ordinary plate theory. Hence, edges stresses 
neglected, the equation becomes (see Eq. 10-27) 


= DC\\ 
dfi 
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(10-49) 
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and edge stresses included (see Eq. 10-37), the equation becomes 

b 2 w /d 4 w d A w b A w\ 

v zy - = (-|-2-H-) 

J bxby \dx* dx 2 8y 2 by 4 / 


b 2 w 3 2 w d 2 w 
A— + N x — + N y — + 2 

0J 2 0£ 2 y 0i 


10-6 Applications to Fluid Mechanics. As a last example we 
consider the form which the energy equation takes in fluid mechanics. 
We consider an infinite fluid, steady state, with uniform conditions at 
infinity. We saw that the rate of strain tensor is a fundamental tensor 
of fluid mechanics (see Eq. 8-24), this being given by 



(10-51) 


1 / dw du\ 1 / 8 w dv\ 
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bz 


in which u , v, and w are the velocity components. 

The energy equation in general invariant form is 

% =. CiKih + K£C n Ii* + C-xh] + JfsfC m/i* + 

a V 


■]+ (10-52) 


Now, if the fluid is incompressible , then the continuity equation 
requires (see Eq. 8-10) that 


du dv bw 

- 1 - 1 - 

dx by dz 


(10-53) 


or I\ = 0 and K<i must have the dimensions of viscosity for dimen¬ 
sional homogeneity. Also, there is no known physical invariant A3 of 
the proper dimensions. Therefore, if a fluid is incompressible and 
non-viscous , it would seem that the mechanism for dissipating energy 
is not present, and therefore drag on the body is not possible—w r hich 
is a statement of D’Alembert’s paradox. 

It is interesting to speculate 011 the possible existence of a “world” 
in which there is a known physical invariant A3 of the proper dimen¬ 
sions such that the last term in Eq. 10-52 would not be zero (unless 
A 3 = 0). Under these circumstances the D’Alembert paradox would 
still hold—but not only would we require a non-viscous fluid but we 
would also require a non-As fluid. If, in this world, A3 were not equal 
to zero, then even though the fluid were non-viscous, the D’Alembert 
paradox would not be true. 
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Going back to Eq. 10-52, if the fluid is viscous and incompressible 
then the constant viscosity permits an expression of the form 


drj 

Jv 


/x(CW + CW 2 ) 


(10-54) 


which is equivalent to the energy dissipation equation given in Ref. (22). 

If the flow is compressible and nonviscous , then / j / 0 and a per¬ 
missible dissipation equation takes the form 


dr) jdu dr c'w \ 

Jv ~ p %:, + 


(10-55) 


in which p is the physical invariant, pressure, and which is shown in 
Ref. (22) to be the rate of dissipation of intrinsic energy of the fluid. 


10-7 Summary. A form of dimensional reasoning based upon a 
tensoral invariant argument has been presented. It is based upon a 
postulated fundamental form of differential equation, invariant in the 
tensor terms and also invariant in the physical terms. I Ising this postu¬ 
lated fundamental form and based upon a knowledge of the tensors 
which occur in the fields in question, it is shown that many of the 
differential equations of applied mechanics can be written in qualita¬ 
tive form following a simple dimensional reasoning. 
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